Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



EAuu^ > \t%,8t.il-| 



P 



Harvard College 
Library 




By Exchange 



3 2044 097 011 639 



"fii-Zll 


i. ■■'■■ 




lesab- 
engthy 
r linij, 
at Ihe 




c- ■.-, 


V 


difficult 
he most 
)n8, the 


^z#^2al 


. / V 




tho«e of 
Bl illuB- 



•-", ■' ■ 



THE SHELDON SERIES. 



SHELDONS' 



COMPLETE ALGEBRA. 



PART I. BEING SHELDONS' ELEMENTS OF ALGEBRA ; 



PART II. BEING More advanced Algebra. 



SHELDON & COMPANY, 

NEW YORK & CHICAGO. 



bY LAtnANut 



^ J/,W b 1937 

THE SHELDON SERIES 



EMBRACES: 



SHELDONS' ELEMENTARY ARITHMETIC. 



SHELDON S" COMPLETE ARITHMETIC. 



SHELDON? ELEMENTS OF ALGEBRA. 



SHELDONS' COMPLETE ALGEBRA. 

Part First of this book it tho Et«mentt of Alg«bn ; Part Second contains mora difficult Tatt- 

Examoias; Ganaral Damonstrations ; and such subjacts as ara usually 

ambracad in more advanced Algebra.) 



SHELDONS" WORD STUDIES. 



SHELDONS' MODERN SCHOOL READERS. 



SHELDONS' SUPPLEMENTARY READING. 



Copyright, 1887. 1888, *y Sheldon &• Co. 



■leetrotypwl by B. HAUiam Siimf * Son*. 8> B«ekmu. St.. Kew Totk. 



PUBLISHERS' PREFACE. 



1 >ABT I. of this book contains a treatment of all the sub- 
jects usually found in an elementary algebra. Lengthy 
and unnecessary explanations, and side issues of every kind, 
have been carefully excluded. For the reason that at the 
student's first acquaintance with algebra he finds it difficult 
to understand general demonstrations, they have for the most 
part been omitted. Instead of such demonstrations, the 
analogies between the processes of arithmetic and those of 
algebra have been brought out by means of numerical illus- 
trations. 

The aim has been to furnish an abundance of exercises 
properly graded, and sufficiently easy for the pupil of average 
ability. 

These exercises are in large measure original, and they 
have all been tested in the class-room. 

A want long felt by teachers of algebra is a book contain- 
ing examples, the solution of which shall really discipline the 
student in the principles of algebra, and give him dexterity 
in performing its operations. 
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8 DEFINITIONS. 

Again^ if a man has $50 and pays $30 of it for a coat^ 
actual subtraction gives $20 as what remains. 

But if he has m dollars and pays n dollars for a coat^ what 
remains is expressed by writing the sign — after m, the 
greater, and before n, the less ; thus, m — w. It is read, 
m minus n, 

5. The sign — , called minus, denotes subtraction. 

EXERCISES. 

6. i. IndiCc'^le the sum of a and J. The difference be- 
tween a and b. 

2. Indicate the sum of x and v. The difference between 
X and y. The sum of w, w, and r. Of a, by and c. 

3. Indicate the sum oip and q diminished by t. The dif- 
ference between a and b increased by c. 

.^. I had a dollars, earned b doUars, and then spent c dol- 
lars for a coat. How much had I left ? 

5. A is a years old and his wife b years old ; express the 
sum of their ages. Express the difference between their ages, 
if A is older than his wife. Express the difference if the 
wife is the older. 

6. A man paid c dollars for a horse and e dollars for a car- 
riage ; what did both cost ? 

7. Leaving home, I rode in the cars m miles on Monday 
and n miles on Tuesday ; how far was I then from home ? 
On Wednesday I rode back r miles over the same road ; 
express my distance then from home. 

8. A boy received a cents from his father, b cents from his 
mother, and spent c cents of what he then had; express 
what he had left. 
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9. A boatman rowed jp miles up a river, was towed q miles 
farther by a steamer, and then floated down stream 12 miles ; 
how &r was he from the place of starting ? 

10. A. man bought a house for b dollars and sold it so as to 
gain c dollars ; what did he get for it ? 

11. A merchant bought goods for t dollars and sold them 
so as to lose u dollars ; what did he get for them ? 

12. I have c dollars ; I owe A d dollars and B e dollars ; 
how much will be left after I pay them ? 

7. Let the pupil read the following algebraic expressions, 
and illustrate them by means of examples similar to the fore- 
going : 



1. 


a + b. 


7. 


x + y + z. 


13. 


a + b — c. 


2. 


x + y. 


8. 


a + c + 6. 


U- 


a — b + c. 


3. 


m + n. 


9. 


a — c. 


15. 


m — n — r. 


4- 


o + 8. 


10. 


m — n. 


16. 


a — c + 8. 


5. 


a + b + c. 


11. 


p-q. 


17. 


x — y + z. 


6. 


tn + n + r. 


12. 


a — 4. 


18. 


i> + ? - 20. 



8. The product of two or more numbers represented by 
figures is indicated by the sign of multiplication. 

Thus, 6x5;4x3x6. 

9. The product of two or more numbers represented by 
letters is indicated by writing the letters together with no 
intervening sign. 

Thus, ah expresses the product of a and b ; mnr expresses 

the continued product of m, n, and r. 

Hence, at a cents each, b oranges will cost db cents. 
Again, at m cents an hour, a mpn working n hours a day 

for r davs will earn in all mnr cents. 



10 DEFINITIONS, 

10. A number written before a letter denotes the product 
of the letter by the number. Written before the product of 
two or more letters, it denotes that the product of the letters 
is to be multiplied by the number. 

Thus, if a man earns a dollars per day, in 5 days he will 
earn ba dollars. 

Again, 5 casks of sjrrup each containing a gallons will cost, 
at h cents a gallon, bob cents. 

11. A co-efB.cient is a number written before a letter, or 
before the indicated product of two or more letters. It shows 
how many times the letter or product is taken. 

When no number is written, 1 is understood. 
Thus, 5 is the co-efficient of bx, bax, babe, etc. 
1 ^' " " Xy aXy ahcy etc. 

Note. — Strictly, one or more of the factors of a product may be re- 
garded as the co-efficient of the remaining factors. 
Thus, in the product Zahx, 

3 is the co-efficient of ahx, 

3a '' " " te, 

3a5 " " ** X. 






EXERCISES. 



13t i. Express the product of x and y. The continued 
product of X, y, and z, 

2, Express the product of myi and 8. Of 2 and xyz, 

3, Express the value of 8 loads of potatoes, each con- 
taining m bushels, worth x dimes a bushel. 

4' A grocer bought 15 tubs of butter, of jt? pounds each, at 
q cents a pound ; how much did the butter cost him ? If he 
sold the butter so as to gain r cents a pound, what was his 
entire gain ? 



DEFINITIONS, 



11 



J. A boy bought a apples at m cents each, and sold them 
at n cents each. If he gained, what was his gain ? 

6, A boy worked a hours a day for 6 days at h cents an 
hour. With the money he bought a hat for c cents ; how 
much money was left ? 

7. A ferry-boat carried an average of p passengers daily 
for d days, the fare being / cents for each passenger ; what 
were its total earnings ? 

S. A grocer bought a crates of peaches at h cents a crate, 
and sold them at c cents a crate. If c is greater than h, did 
he gain or lose ? How much ? 

9. A man bought a barrels of apples at b cents a bushel, 
and c barrels of onions at d cents a bushel. What did he pay 
for both, if the barrels held m bushels each ? 



13* Read tlie foUatving algebraic expressions, and ilr 
lustrate th-em by means of eocampies similar to the fore- 
going: 



1. Ibah, 

2. aim, 

3. 12xy. 
^. ab — ac. 



5. amn — amr, 

6. bob + d. 

7. ^xy — p, 

8. abc — abd. 



9. ab + cd + mn, 

10. abc + %bd — m. 

11, axy + bmy — 8. 
pq + pmr + mnr. 



14, Division in algebra is generally indicated by writing 
the numerator above, and the denominator below, a hori- 
zontal line. Thus, t denotes the division of a by 5 ; 

3a; 3 

-^ or 2^ denotes the division of ^x by 4, or what is the same, 

three fourths of x. 

In like manner, denotes the division of the sum of 

x — y 

fi and b by the difference between x and y. 
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EXERCISES. 



16. i. Write the product of x and y divided by their 
sum. Their product divided by their difference. 

2. Express 5 times the product of a, J, and c divided by 
the difference between m and n. Express the same product 
divided by the sum of m and n. 

3. At the rate of 5 miles an hour, how long will it take to 
go 15 miles ? How long to go a miles ? To go am miles ? 
To go Sab miles ? 

4> A man paid a dollars for wood at b dollars a cord ; how 
many cords did he buy ? 

5. I walked m miles at the rate of r miles an hour ; how 
long did it take me ? 

6. A grocer bought a barrels of potatoes for c dollars ; how 
much was that a barrel ? 

7. Mr. Brown drove 3 hours at the rate of 10 miles an 
hour, and walked back at the rate of 4 miles an hour ; how 
long did it take him ? 

8. A man drives for m hours at the rate of p miles per 
hour ; how long will it take him to walk back at the rate of 
r miles an hour ? 

9. A merchant bought b yards of cloth at c dollars a yard, 
and sold it all at a gain of d dollars a yard ; how much did he 
get for it all ? How much for each yard ? 

10. A speculator bought h horses at d dollars each, and 
sold them at a loss of I dollars on each horse ; what did he 
get for them ? 

11. A man traveled on the first of two days n hours, at 
the rate of r miles an hour ; on the second day he traveled p 
hours, at q miles an hour. How long would it take him to 
return over the entire distance, at the rate of ^ miles an hour ? 
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12. K I pay a dollars for b tons of coal, how much at that 
rate will c tons cost ? 

13. If c cords of wood cost W, what will e cords cost ? 

16. The sign of equality, =, is used in arithmetic to 
indicate that the numerical expressions between which it 
stands are equal. 

Thus, 2 + 4 = 0; 3x2x4 = 24. 

17. In like manner, the sign of equality is employed in 
algebra to show that numbers, represented either wholly or in 
part by letters, are equal. 

Thus, a H- ^ = 10 denotes that a and b represent two 
numbers whose sum is 10. 

a + & = mn denotes that a and b I'epresent numbers such 
that their sum is equal to the product of the numbers repre- 
sented by m and n. 

am H- 5 = pq — 7 denotes that the product of a and m 
increased by 5 is equal to p times q diminished by 7. 

18. An equation is an expression of the equality of two 
quantities or sets of quantities. 

19. The first or left member of the equation is the 
part that precedes the sign of equality. 

The second or right member of the equation is the 
part that follows the sign of equality. 

Thus, of the equation 5« — J = 2a; + y, the first or left 
member is 6a — b, and the second or right member is 2a: +y. 

20. An identical equation is one whose members have 
the same form, or are reducible to the same form. 

Thus, 2x3 = 6, and ax -\- y =: ax -^ y, are identical 
equations. 
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EXERCISES. 



21. 1. Indicate that the sum of a and h is equal to m 
times n. Im 
\ 2. Indicate that 4 times a is equal to h diminished by c. 
«?. Write an equation showing that the sum of a, h, and c 
i$ equal to 20 diminished by m. 

, 4- Indicate that the sum of m and n diminished by d is 
equal to the product of a, b, and c. 

3. Indicate that the product of a and b increased by the 
product of c and d is equal to 3 times the product of m and n. 

6. The letters a, b, c, and d stand for numbers such that 
the product of a and h divided by the sum of a and b is equal 
to the difference between c and d divided by the product of c 
and d. Write an equation showing this. | 

7. With %a I paid for 5 bushels of potatoes at %b a bushel, 
and received %c change. Express this as an equation. 

8. Indicate by an equation that a lb. of beef ^ at b cents a 
lb., cost c cents more than vi lb. of mutton at n cents a lb. 

9. Express by an equation the fact that a coat for a dollars 

and m yards of cloth at n dollars a yard cost together the j 

same amount as b cords of wood at c dollars a cord. j 

10. K can travel m miles at the rate of n miles an hour in 
the same time that B can travel a miles at c miles an hour. 

Show this by an equation. j 

11. A grocer buys a pounds of butter at b cents a pound ; 

he sells it at d cents a pound and gains by the transaction e i 

cents. Express the fact by an equation. 

12. A father works a weeks at b dollars a week and his 
son works m weeks at r dollars a week. With the money 
they pay for t tons of coal at 8 dollars a ton and have n dol- 
lars left. Write the equation. 



THEPABENTHE8I8, u 

22. The signs of aggr^^tion are the parenthesis, ( ), 
the bracket, [ ], the bra^ce, \ \ , the vinculum, , and 
the bar, |. Each denotes that the several quantities to 
which it is affixed are to be regarded as a single quantity. 

X 




^, 



Thus, {x + y), \x + yl, \x + y\y i» + y, and + y f 

indicate that a; + y is to be treated as if it were represented 
by one letter. 

!33. A quantity in parentheses may have a co-efficient to 
show how many times it is to be taken. 

Thus, 5 (a + J) denotes that the sum of a and b is to be > 

multiplied by 5, *\^^- 

ab {m — n) denotes that the difference between m and n is 
to be multiplied by the product of a by b, 

34. When two or more parenthetical expressions are writ- 
ten together without intervening signs, their product is 
denoted. 

Thus, {a -\- b){a — b) denotes the product of the sum of 
a and b by their difference. 

3m {a + m)(b —- n) denotes 3m times the product of 
(a + m) by {b — n). 

25. Two or more of the signs of aggregation may be used 
together. 

Thus, 3 {13 — (5 + 3)} denotes that 6 -f- 3 considered as 
a single quantity is to be taken from 12, and the remainder 
multiplied by 3. The value of the expression is therefore 
equal to 3 x 4, or 12. 

20 - {12 - [5 + (7 - 4)]} denotes that 7 — 4, or 3, is to 
be added to 5 ; that the sum is to be taken from 12 ; and that 
the remainder, 4, is to be taken from 20, giving 16. 



16 EXEBCI8ES. 

EXERCISES. 

26. 1. What is the value of 5 (2 + 3) ? Of (3 + 3) (5-2) ? 

2. Express 3 times the sum of m and n \ 5 times the 
difference, m being greater than n. 

3. A boy had 25 cents ; he paid 12 cents for a ball and 5 
cents for a top ; indicate by a parenthesis what was left. 

^. A man had a dollars ; he paid his grocer h dollars and 
his butcher c dollars ; indicate the remainder by a parenthesis. 

5. A grocer had 30 bushels of potatoes in one bin and 20 
bushels in another ; of these he sold to one customer 12 bush- 
els and to another 10 bushels. Express the remainder by 
means of parentheses. 

6. A farmer sold some corn for c dollars and some potatoes 
for J? dollars ; of the money he paid li dollars for a hat and m 
dollars for a muff for his wife. Show by parentheses what 
remained. 

7. A man had m children ; he bought for each a pair of 
shoes at a dollars a pair and a suit of clothes at i dollars. 
Indicate the entire expenditure. 

8. Show that the following equations are correct : 

3 [9 _ (7 _ 5)] = 21. 

(4-f 5)(12-3x3) =27. 
(2 + 3) (4 -f 2) (9 — 7) = 60. 

9. What is the value of 20 - [18 — (15 - 7)] ? Of 
5(15 — 5T6)? Of (5 + 3) (8 -2x3)? 

37. In the notation of arithmetic, when a number is to be 
taken in a product two or more times as a factor, there are 
two ways of indicating it. 

Thus, 5x5, or 5^, expresses the multiplication of 5 by 
itself. 



28. In the notation of algebra^ when a letter is to be taken 
in a product two or more times as a factor^ it is written but 
once^ and the number of times it is to be taken as a factor 
is shown by a small figure called an exponent. When no 
oxponent is written^ 1 is understood. 

Thus, Zojobbbo is written more briefly Zci^Vo. 

29. When a quantity enclosed in parentheseo is to be taken 
in a product more than once as a factor, an oxponent is em- 
ployed to Indicate how many times it is taken. 

Thus, (a h ^)^ means {a •\ V) (a -f- ft), and is read, the 
square of a -y-l. 

ZdFh{m — nY means Za^o{m — .'^) (m -- 7i) (m — n), and 
is read, three a sg^mre h times the wis of m — 7i, 

30. A product denoted by an exponent is called a power. 

Thus, a^, (« 4 J)^ {nmy, (ab ~\~ ly, are second powerr, 
gr squares. 

^9 (^ — y)^ {^(^y> {^t/Yy *i*® third powers, or cubes. 



EXFRCISC-t^. 
31. Read: 

1. a», ah), ba^bt^, 13a^a^^ a^h^f, l'\Mft^. 

2. {a + h)% {a - h)\ a^ - a^, x- + 2:cj \ y^ {a^ - b)\ 
a^b^ — 2r^^xy + x^i^ 

3. 6a^{x -h yy, {a H-J)5, a + i^, (ah by, 6a^{m—ny. 

4. (5« - b) {x - 3y)2, (a2 .^ b^) (^^ . (. k) J, (ab - c^y, 
15a(x — yy{x 4 yy. 
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Indicate: 

5. The square of the sum of x and y. The square of the 
difference between x and y. 

6. Three times the square of the sum of a and h. Five a 
times the cube of the difference between a and h. 

7. The product of ha by the sum of x square and y. 

8. The product of x square minus y square, by x square 
plus y square. 

9. The continued product of the cube of a;, the square of 
y, and the fourth power of z. 

10. The square of the sum of a square and b. The square 
of the sum of a and b square. 

32. An expression like bob is called a term; the co- 
efficient 5 is called the niuuerical part ; ab is called the 
literal part ; a and b separately are literal factors. 

33. Similar terms are terms having the same letters 
affected with the same exponents. 

Thus, %a%^c, 3aWc, — ba^b^c are similar terms. 

34. Dissimilar term.s are terms that differ in their 
literal factors or in their exponents. 

!rhus, ba^c, dai^(^y — ^atiW are dissimilar terms. 

35. A monomial is an algebraic expression consisting of 
one term. 

Thus, 6a? and Ibab^c are monomials. 

36. A polynomial is an expression consisting of two or 
more terms. 

Thus, X + y and a + b + x^y — ^z are polynomials. 
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37. A binomial is a polynomial of two terms. 
Thus, a; + y is a binomial. 

38. A trinomial is a polynomial of three terms. 
Thus, ah + cd — X is a trinomial. 

39. The numerical value of an expression is found by 
substituting for the letters contained in the expression their 
values, and performing the operations indicated by the signs. 

Thus, if in the following expressions, 

a stands for 2, 

'' 3, 
- 4, 



b 
and c 



<( 
(< 



then 



abc = 2x3x4 



ab {b -f c) 

{a + b){b + c) 

a^ + b^ 



abc 



2x3(3 -f4) 
(2 + 3) (3 -f 4) 
28+ 32 

2x3x4 



24, 

6x7 

5x7 

4 + 9 



42, 
35, 
13, 



a + c 2 + 4 



24 
6 






EXERCISES. 



40. Find the numerical value of the following expressions 
when a = 3, J = 5, e? = 8, a; = 10, y = 4, « = 6, w = 9. 



1. 


ab. 


5. 


V^y. 


9. 


^y i.^y — tf')' 


e. 


a^bx. 


6. 


%cJ>{a + h). 


10. 


uz (« + «). 


s. 


adh/. 


7. 


Za? (x - y). 


11. 


{X - y)\ 


4- 


a^bx. 


8. 


a («» + «»). 


U. 


(A« — xf. 
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NUMERICAL VALUEB. 



13. 

14. 
15. 
16. 
17. 
18. 
19. 
20. 

21. 

22. 



34. 

35. 

36. 

37. 
38. 



(« - 2)*. 
I (m» - c»). 
ab{u — c)\ 
Za{x + y). 
a* + le. 

^z + 32M. 

babe — xyz. 
a5*y — arjf*. 

ai + X — yz + «. 

J (a + J) -5- (y + 2). 
(a; + y) (a; — y). 

a & 

fl? 4. y -f g -f (a:8 ^ g8) 
u^ — {c^ -\- u) 

{a -^b){b + c) {x - c) 
a^ + y 

5 {xyz — a^c) «2 + ^ H- c* 

■ — -4~ — — — — — ^— ^— — • 
A^ — n.nr. ^n.h -i- »/ 



25. a8 + ja _ (a48 _ ^2). 

26. (2;3 - y8) - (58 - a8). 

28. he'--(x + «2 _ ^). 



^.9. (y + ^)-^y. 



5i. 



5c — ax 



Sab + y 



5 H J h u. 

ab -]- €— {a -\' x) 
b 
2xy b + y 



y c 



u 



dah^y — {2^32.2; _ [(^^ ^ ^) (ys _ |^)]|. 



41. In every arithmetical problem certain numbers are 
given under such conditions that other numbers not given 
may be found. 

Thus, if it is known that a farmer has $20 left after paying 
for 30 sheep at $4 each, the money he had at first may be 
determined. 



THE SOLUTION OF PROBLEMS, 21 

In this example there are four elements, viz. : 

II. Price of one sheep. 
2. No. of sheep bought. 
3. Money left after the purchase. 

One unknown, that may be found, The money at first. 

42. In the application of algebra to the solution of prob- 
lems, known quantities, or quantities that are assumed 
as known, are represented by the first letters of the alphabet ^ 
or by those letters in combination with figures, or by figures 
alone ; as, a, b, da, etc, 

43. Unknown quantities, or those whose Talues are not 
given, are represented by the last letters of the alphabet, as, 
X, y, Zy etc. 

44. In the solution of problems in algebra, the equation is 

always employed. 

In arithmetic, the known quantities are combined in 
accordance with the conditions imposed, and the unknown 
quantity is finally determined. 

In algebra, the unknown quantities are represented by 
letters, and then, as if they were known, they are combined 
with the known quantities in the form of an equation. The 
solution of the problem then consists in determining what 
values those letters must have in order that the members of 
the equation may be equal to each other, 

A solution in algebra therefore resembles what is called the 
proof in arithmetic. This may be seen by an inspection of 
the following : 



22 DEFINITION OF ALQEBBA. 

From New York to Philadelphia is 90 miles. In 3 days a 
traveler accomplished all but 15 miles of the distance. What 
was his rate per day ? 

Solation by Arithmetic. 

90 miles, entire distance. 
15 " , what he lacked. 
3 ) 75 ^^ y what he traveled in 3 days* 
25 " , " " " ^' 1 day. 

Peoof. (3 X 85) + 15 = So. 

Solation by A^bra. 

Let X = his daily rate, 

then 3a: = distance traveled in 3 days. 

Hence, 3a; + 15 = 90. 

Since 15 must be added to ^x to make 90, 3a; is 15 less than 
90, equal to 90 — 15, or 75. 

If 3a; = 75, 

ic = 75 -r- 3, or 25, his daily rate, 

45. Algebra is that branch of mathematics in which the 
relations of quantities represented by letters and figures are 
investigated by means of the equation. 

The practical utility of algebra consists in the application 
of the equation to the solution of problems. 

46. In order that the pupil may be able to employ the 
equation in its more difficult forms in solving problems, much 
practice is necessary in adding, subtracting, multiplying, 
dividing, and factoring algebraic expressions. Before enter- 
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ing upon that practice, however, the following simple exer- 
cises are given for the purpose of indicating more clearly the 
nature and use of the equation. 



EXERCISES. 

47. 1. If X is equal to 5, what is the value of 2x ? Of 
3a:? Of 4a:? 

S, If 3x is equal to 15, what is the value of a: ? Of 2a; ? 
Of 5a:? 

3. If X increased by 9 equals 19, what is the value of a: ? 

4' If y diminished by 9 is equal to 10, what is the value 
of y? 

5. The value of 2a: increased by 5 is 25 ; what is the value 
of 2a:? Of a:? 

6. When 3a: + 2 = 14, what is the value of x ? 

7. Find the value of y when 3y + 2 = 20. When 

2y + 11 = 31. 

8. Find the value of x in the following : 4a: — 4 = 20 ; 
3a: + 7 = 28 ; 2a: — 13 = 23 ; 7a: — 11 = 38. 

9. What is the value of x when a: + 2a: = 21 ? When 2a; 
+ 5a: = 21 ? When a;-f 2a:+4=28 ? When a:+2a:— 5=25 ? 

10. A coat and a hat cost together $25 ; what was the cost 
of each, if the coat cost 4 times as much as the hat ? 

Solution. 

= the cost of the hat. 

= '' " " " coat; 

= " " " both. 

= 125; 

= 125; 

= $25 -2- 5 = $5, the cost of the hat, 

= *5x4, or $20, '' '' " coat. 



Let 


X 


Then will 


4x 


and 


X + 4x 


Hence, 


x + 4x 


or 


5x 


whence. 


X 


and 


4.r 



U EXERCI8E8, 

11. A farmer sold some eggs and 6 pounds of butter for 
95 cents ; what did he get a pound for the butter if he re- 
ceived 35 cents for the eggs ? 

IS. To pay a bill of $i, a man gave 6 bushels of pota- 
toes, and by so doing overpaid the bill by 20 cents ; what was 
he allowed pei bushel for the potatoes ? 

13. The cost of 6 tens of coal and some wood was $23 ; 
what was the coal a ton if the wood alone cost $5 ? 

1^. A ball cost 20 cents more than twice as much as a 
bat, and together they cost 65 cents ; what was the cost of 
each ? 

15. Mary picked some berries, and Jane picked 7 quarts 
less than twice the quantity that Mary picked. Together 
they picked 29 quarts. What quantity did each pick ? 

16. Mr. Brown is 12 years less than 5 times as old as his 
sen, and the sum of their ages is 60 years. How old is each ? 

17. A boy paid 15 cents more than 3 times as much for a 
book as for a slate, and together they cost him $1.35. Find 
the cost of each. 

18. Ann bought 12 yards of ribbon, and Kate bought 7 
yards of the same kind of ribbon. Ann^s ribbon cost 70 cents 
more than Kate's. What was the price per yard ? 

19. A drover bought two horses, paying the same sum for 
each. One ha sold at a gain of $20, the other at a gain of 
$35. For both he received $415. What did he pay for 
them? 

SO. I bought two houses, paying $500 more than twice as 
much for the first as for the second. I sold both for $7900, 
gaining $800 on the first and losing $900 on the second. 
What did I pry and what did I receive for each house ? 



ADDITION. 

48* The Bum of two or more algebraic quantities is the 
simplest expression for their aggregate value. 

49. Addition is the process of finding the sum of two or 
more quantities. 

50. A positive quantity is one that has the sign + before 
it^ either expressed or understood. When no sign is ex- 
pressed^ + is understood. 

5i* A negative quantity is one that has the sign •— 
before it. 

62. In arithmetic the signs + and — are always symbols 
of operation, but in algebra they are employed sometimes as 
symbols of operation and sometimes as symbols of quality. 
The graduation of a thermometer conveniently illustrates 
this extension of meaning. When the mercury stands at any 
distance, say 10°, above a fixed point (called zero, the temper- 
ature is said to be + 10° ; an equal distance below zero is 
— 10°. The symbol + here does not mean that 10 is to be 
added, nor does — mean that 10 is to be subtracted. They 
are correlative in meaning; they simply indicate opposite 
quality or character. 

If motion or position northy east, up stream, above zero, 
to the right, forward, up hill, etc., is expressed by +, 
motion or position south, west, down stream, below zero, 
to the left, backward, down hill, etc., is expressed by — • 
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ORAL EXERCISES. 

53. 1. A rows 10 miles up a river from a given point, 
and B rows 8 miles down the river from the same point ; how 
may the position of each with respect to the point of starting 
be represented ? 

2. The town of A is in 35® north latitude and the town B 
is in 20® south latitude ; represent algebraically the position 
of each with respect to the equator. 

3, A miner works in a mine a feet below the level of the 
sea^ and lives in a house h feet above the level of the sea. 
Express algebraically the two locations, as compared with the 
level of the sea. 

4* A man has 112^ dollars in bank ; he draws out $3^, 
deposits $5m, draws out $9/», deposits $6r ; what is his bank 
account ? 

5. In a series of transactions a merchant's gains and losses 
were as follows : %a gain, I3i loss, %bc gain, |2m loss, %4tn 
loss, and $3r gain. Write the algebraic expression showing 
the result of the transaction. 

6. How may the financial condition of a man be expressed 
algebraically, who, when all his debts are paid, has property 
worth Iwi, and %n in cash ? How, if he has property worth 
%d and owes %e ? 

7.^ An army advances m miles and retreats r miles ; what 
algebraic expression represents its position with respect to the 
point of starting ? What, if it advances 3a miles, retreats 
%b miles, and then advances 5c miles ? 

8. The mercury in a thermometer stands at noon on Mon- 
day 5a degrees above zero, by noon on Tuesday it has risen b 
degrees, and by noon on Wednesday it has risen 2c degrees 
more ; at what point does it then stand ? 
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9. A lives m miles north of a certain town^ and B n miles 
south of the same town. Express these locations algebraically 
with respect to the town. 

10. lira in Ex. 9 is 20 miles and n 30 miles^ express alge- 
braically the location of A's residence with respect to Wb. 
Wb with respect to A's. 

11. A is worth nothing, and owes B ba dollars, C n dol- 
lars, and D ^c dollars. Express algebraically his financial 
condition. 

12. Mr. A owes his grocer $3^, he buys goods to the 
amount of $2g, he pays on account $3m, buys to the amount 
of %bn ; what does he still owe ? 

13. A man rows a boat 3c miles up stream, drifts %d miles 
down stream, ascends Am miles, and then rows down bn miles ; 
how far is he from the starting-point, and in what direction ? 

i^. By steam alone a certain vessel moves at the rate of m 
miles an hour, and by sails alone at n miles an hour. At 
what rate per hour would the vessel under both steam and 
sail ascend a river the current of which is r miles per hour ? 
At what rate would it descend the river ? 

ADDITION OF MONOMIALS. 

54. To add similar monomials with like signs. 

1. Kequired to find the sum of 6a and 3a ; also of — 6a 
and — 3a. 

Explanation. — Since 6 units of any kind Process. 

and 3 units of the same kind are together 4- 6a ^a 

equal to 9 units of that kind, it is obvious « ^ 

that 6 times the quantity expressed by + a ' 



and 3 times the quantity expressed by +a + 9a — 9a 

are together equal to 9 times the quantity 

expressed by +*a, equal to + 9a. In like manner, 6 times — a and 3 
times — a are 9 times — a, equal to — 9fl. 



Process. 


+ 7a 


-8a 


+ 9a 


-3a 
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55. To add similar monomials with unlike signs. 

2. Bequired to find the sum of ba, — 8a^ 9a^ 2a^ and 
— 3a. 

ExplanAtion. — ^The sum of the positive quantities is 
equal to 7a + Oa = 16a. The sum of the negative quan- 
tities is (- 8a) + (- 3a) = - 11a. Since lOa = 11a 
+ bcL, the quantity — 11a, being of opposite quality from 
+ 11a, will destroy it ; in other words, the sum of + 11a 
and — 11a is 0, and the sum of + 11a and — 11a and 
+ 5a is equal to + 5a. + 5a 

56. To add dissimilar monomials. 

3. Kequired to find the sum of Qa, — 3^, — 4c;. and 6w. 

Explanation.— Since Process, 

the monomials are dis- ^_ , / orx , / a \ * e* 

smi^lar m form, their ^ / • \ / » 

addition can only be in- "^ ^^ 4c -|- 6w. 

dicated. This is done 
by connecting them with the signs that indicate their quality . 

To illustrate, suppose that a man having $6a, spends $36, and after* 
ward %ic, and finally earns $6m. The foregoing expression will show 
the aggregate of his various operations. 

57. To add p^olynomlals. 

4> Required to find the sum of 2a + 4^ — c, 6a — 2^ + be, 
9* — 4c + by, — 7a + 3c — 6y + 3m. 

Process. 

Explanation. — ^The poly- 
nomials are written so that 2a -|- 4J — c 

similar terms shall stand in Qa 2d + 5c 

the same column. The alge- gi ±c A- 5«/ 

braic sum of each column is ^ 

then found in the manner al- — '^^ + 3c — 6y -f 3m 

ready explained. a -f \\h -f 3c — y -f 3m 
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68, Rule. — I. For Similar Monomials. — If the quan- 
tities have the same sign, prefix the common sign to the 
sum/ of the co-efficients and annex the literal part. 

If the quantities have different signs, a^dd the co-efff 
cients of the positive quantities and the co-efficients of 
the negative quantities^ to the difference between these 
sums prefix the sign of the greater and annex the literal 
part, 

II. For Dissimilar Monomials. — Write them in suc- 
cession with positive terms preceded by -f and negative 
terms by — . 

III. For Polynomials. — Write the expressions so that 
similar term^s shall fall in the same column, Cornbine 
each group of similar terms into one term, and write 
the result underneath with its own sign. 



EXERCISES. 
59. Find tfie sunt of: 

1. 3a, 2a, a, and 4a. 

S, 5x, 6x, 3x, and 2x. 

3. 2b, — Sb, — *, and 14*. 

4' 5ax, 6ax, — 9ax, Sax, and — lOoi, 

5. — 6abc, ^hc, abc, — 2ahc, and babe. 

6. 2y, — 5y, 6y, Sy, and —y. 

7. 2 (a -f *), 3 (a -f b), and 5 (a + b). 

8. 2{b + c), — 4 (* -f c), and 10 {b + c). 

9. b{x + y), 7 (a? + y), and a{x + y), 
10. x(a ■\- h), y {a -\- b), and z{a + b). 
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11. 2x — y, 3x + 5y, — 7a; + 3y, and 3x — 4y. 

i;^. 3x + 2y + bz, 4r — 7y + 8af, and — 5x + 3y — lOz. 

13. ax — 4ab + bd, 3bd — 2ax -\- ab, 7aA — 2aa; — Id, 
and 5aJ — 3fla; + 12&c?* 

i^. 3aJc? + 4abz — 5cx, Sex — llabx + 12abd, 9abx — 
12cx + 3abd, and Hex — 16abx + 3abd. 

15. lb — 2a2 — xy, ba^ — 6* + 3a:y, * — 3a2 + 4, and 
a^ ^b — dxy. 

16. 3J« — 2a« + 13, 3a8 _ 2*2 _ 5^ 4^ + 7^8 _ 3^ a^^ 
2*2 _ a3 ^. ^ 

i7. oar* — 2y -h *, 2y -h 2flKr« — 3A, 4flKB» — y + J, and 
2* — 3flKr« + *. 

18. 2^2 + ^2 4. 3^^^ 5^ _ 3flj2 — 2&?, c« + 2^2 _ Jc, 
and J + fc — 3. 

19. ab + a^ — b, Sab — 3^2^ + 7, 2a2(; ~ 2aA — 3, and 
ab + a^c + b. 

20. 3*2 — 2a2a; + J, — ja + 3a2a; ^SbyV — ahi + c, and 
3J2 + J _ 3^. 

21. 2a2 + 3 — ac, 3a2 — 7 + ac, doc — 6^2 + 9, and 
3ac + 4: — aK 

22. J2<j + 2 — y\ y« — 3*2^ — 10, 2*2^ — 3 + 2y2, and 

J2 _ y2 ^ 5^ 

23. 5a + 3J — ^c + rf, 2J + c — 3(/, and la — bb + \c 
+ 2rf. 

j?^. ic* + Ja; — 9, |a; + 17 + y, 3a:2 — a; — y, and _ 3 
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— 7w — 



9a? + 3y and bx — 4y. 

j25. a -{- b -^ c, a + h — c, a —• b + c, and a — J — c. 

27. cfi + b^ -^c -{-d, —6^2 + 3^ — d + e, and 6a^ — 
4^ — 3c. 

and — a + aJ. 



^ 



;^P. .26a* + c + .99*, 3aJ + %c + .01*, and .75a* + *. 



30. 7ax + 2bx + 6cx — 3ay + *y 4- 4£?y + 2aa: + 3*a; — ex 

— 4ay — 2*y — 5bx — 5ca; + 5ay — 4cy + by. 

31. Sa^ — 2a^+7x — l, - 9a:8 ^ n^ _ 2, 19afi -}- W 

— 10, and 16x^ + 100. 

32. 5a + ^ — i^, 1« — 2* + c», — 2a + * — |c. 

«?<?. 3x + y -^ 7z — 6y -^2x — Sz + 16x + Sz^Sy — 
9a; + 4y + j» — y — z — 2ar. 

• 

34. Sa^bx — 5a*2a; + 4a*ar» — 6a2*2a;, 3a2*2a; — 6a*2a; — 
2a2*a; — 5a*ar^, and 12a*2a; — a^bx + 3d^bx + 3a*a^. 

35. 4:ia^y — 3|a;y2 + 17a^f, IS^xy^ — Sfa^y — 21}ar^y«, 
Sia^y + 4^7^ f — ^xfy and 2|a;2y2 __ 4>2J8y _ gf a;y2. 

c?^. 2a8*2c8— 3a2*8c2 + i^a^*^^^, 18a«*V— 14a8*»c8 + SaS*^^^, 
IbaWc^ — 19a8*2c3 + 13a2*V, and VtaWtf^ — 12a2*8c2 -- 
Ila2*8c8. 

37. 7a^ — 3a:y — a;, 3a; — y^ + 3a;2^ 4a;v — 2ar«-h5y2— y, 
9a: — 7a;y — y*, and Qxy — 11a; + y. 

38. l7?^%x + \, — ar» 4. a; — 2, 2a^ — 5Ja;y — 1, 2:? 
+ SJary - 2|a:« + 1^, 



SUBTRACTION. 

60. Subtraction is the process of finding the simplest 
expression for the difference between two algebraic quantities. 

61. The xninuaAd is the quantity from which the sub< 
traction is to be made. 

62. The subtrahend is the quantity to be subtracted. 

63. The remainder or difference is the quantity 
obtained by subtracting. 

64. The sum of the remainder and subtrahend is equal to 
ihe minuend. 

65. To find tike difference between two quantities* 

1. Eequired to subtract 7 — 4 from 12. 

Explanation. — Subtracting 7 from 12 gives 
12 — 7 or 5. But since not 7 alone, but a quan- 
tity 4 less than 7, is to be subtracted from 12, the 
remainder 5 must be increased by 4. 

2. Eequired to subtract b — c from a. 

Explanation. — Subtracting b from a gives a — b. 
But since not b alone, but a quantity e less than b, 
is to be subtracted from a, the remainder a — b 
must be increased by c. Hence, the ci — b -f- c 

66. Rule. — Conceive the signs of the siibtrahend to 
be changed, and proceed as in addition. 



Process. 




12 = 


12 


7-4 = 


3 


5 -f 4 = 


9 


Process 


. 


a 




b c 
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EXERCISES. 

67. 1. From 25a take 12a. 

2. From \Oax take 7flKC. 

3. From 17a; take 4a; + bx. 

4* From 5a^c + 4^bc take 3aJc. 

5. From 12& take — 3*. ^^ 

6n From 9aa; + 3aa; take 15aa;. 

7. From 2a — 5* take a + 2*. 

^. From 3a; — 7y + 42; take 2a; — 3y + 2ar. 

P. From a; — y -f ;? take — a; — 2y — 3;?. 

10. From 2a — 3d -f 2c take — 2a -f * — 2c. 

ii. From 4a;* — 3a;3 _ 2ar^ — 7a; + 9 take a;* — 2a;8 — 2a;2 

+ 7a; — 9. 

12. From Sa^ — 4a2J — "Zhc + 10 take Za^ + a^d — 5. 

13. From 3 J^c + ada; + 2a;2^2 take l^c -- 3abx + %xy^ — 3 . 
i^. From 8aa; — Zby + ^dx take 3rfa; — hax + 3dy. 

J5. From ^Icx + 7a% — 4da; take 3dca; 4- 2aJy — 4ia;. 

16, From 3da; — 4acy + 5a;y take %acy — 6da; — ^. 

17. From 9aJ — 7^e + ^g take 3«i^ — 7rfe — 9ai. 
i5. From 2a;2 — 3y2 take 2a;2 + 3^1 

i9. From a^ + 2xy + y^ take a;« — 2a;y + yl 

J^O. From a;^ — 2a;y — y^ take ar^ — 2a;y + yK 

21. From 8a + 5d + c take 3a -f 5J — 3c. 

L From 5a; — - 2y -f- 2; take 4a; -f y 4- 3«. 
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23. From x -^ y take the sum of 15a: + 2y + Zz, — 9a; 

— 5y -f 2zy and — 5a; + 3y — 5;?;. 

;^^. From ax + bx -\- ex take — 7aa; — 3ia; + d> 

25. From 9am -\- yz — xy take 3aw 4- 3y« — a;y. 

j?6. From a -\-h — c -{■ d take the sum of i« + |J — |c, 
|a — 1^, and ^J + rf. 

27. From a; — .99a;y — .49a;2 take .05a;— .001a;y+2.51a;«. 

j^^. From |a; — |y + |;8; take fa; — |y — iz. 

29. From 2^^ + 3^3 — 4|c take a — h-\-\c. 

30. From 27 + 6aa; — thy -t- c take 4c + 9 + 5fla; — 2*y 

— be. 

31. From the sum of ^ -f d -- f c, ^+ic, and e—a^hy 
take ^ -— 1«. 



'. From the sum of .05a; — .ly + «, .02a; + .Oly— 1.22;, 
and .09y — .^z — .la;, take z — .03a;. 

33. From Baa; — 8*y + 3c -f 4«a; -f 5*y — 6c — 7ax+9by 
+ 2c take 5aa; + 3&y — 6c — 9aa; -- 6by -f 7c. 

34. From 5c — 3& — 2a — 5* + 4a — 2c + 4* — 5a — 6c 
take 3a — 2* — 9a — 3c + .3* + 2c. 

THE PARENTHESIS. 

68. The use of parentheses in algebra is so common that 
it is important for the pupil early to master the principles 
pertaining to it. 

From the laws governing addition and subtraction we may 
deduce the following 
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69, Principles. — I. A parenthesis preceded by the 
sign + may be omitted without affecting the value of 
the expression in which it occurs. 

Thus, a-f(J — c-fe?)=a-fJ — c + rf. 

II. Conversely: Any expression or part of an expression 
may be inclosed in a parenthesis preceded by the sign + . 

Thus, a-\-h — c + d=za+{Jb--c-\-d) 

= a + J + (— c -f rf), etc. 

III. A parenthesis preceded by the sign — may be 
omitted, provided the sign of every quantity within it 
be changed. 

Thus, a — {b + c-— d) =a — h — c + d. 

IV. Conversely : Any expression may be inclosed in a 
parenthesis preceded by the sign — , provided the sign 
of every quantity inclosed be changed. 

Thus, a — J-fc — rf = a— (h-S — c-f-eZ) = 

— (— a-f-J — c + (?) = a — J — (— c + rf), etc. 

V. Two or more parentheses affecting an expression 
may be omitted by the application of Principles L 
and III. 

Thug, beginning with the inner parenthesis, 

a-[h+ {c~d-(e+/)|] =a-[*+ \c^d^e-^f]\ 
z=La--\h + c — d—e — /] =a — S — c + rf + e+/. 

VI. Any expression may be ivritten with two or more 
parentheses by the application of Principles II. and IV. 

Note. — It is best to introduce the parentheses one at a time, begin- 
ning with the inner. 

Thus, a — h + c--d-\-e=za — b + C'—{d — e) = 
a — b + \c ■— {d — e)\ =z a—[h — \c — {d—e)\]y etc 
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EXERCISES. 

70. Remove parei%the»es and reduce to eitnpiegi fortn : 

1. 14 + 4 _ (8 — 2). 2. 10 — (6 4- 3 - 2). 

S. 13 + 8 — (5 + 12). 4. 16 - (12 - 7 + 9). 

5. 25- {18 — (13 — 4)|. 

6. 100 - [50 - {30 — (20 - 10)|]. 

7. 3a - ^ - (2a - *). 8. 32a + 3* — (5a + 17A). 
9, a — h + e — (a — h — c). 

10. 3a + 2ft — 3(r — (2a — * — e). 

11. 13a — (5c? -h 3ap — 7a — 5a? + 3a). 

12. a? -f (y - 2;) - (2; - 2y + 2a:) + (3a? - y). 
23, — 8a + 5ft — 3c — (7a — 3ft — 2c). 

Ji. 3a — 5tf + 3rf — (7a — 6<? -f 8c — 2e). 

15. 37a — 5/— (3a — 2ft — 5c) — (— 6a - 4ft + 3ft). 

16. a— {b — c-^ (rf — «)l- 

17. 2a - (2ft - rf) — {a - ft - (2c - 2rf)}. 

18. \a - (a?- y)} - (2a -f a? + y). 
i9. 3a — }ft + (2a — ft) — (a — ft)}. 

20. a? - [2y + |3« - 3a? - (a? -f y)}] + 2a? - (y + 3af). 

^i. aft — {(aft -i- ac -- a) -— (2a — ac) — (2ac — 2a)}. 

22. 2ah — 3ac — {(aft — 4ac) + (4a + 2ft) + {ac + at 
-4a -2ft)}. 

j?,?. oa; + ft2 — (rf — c) — {2aa? — rf + ft^ — (y2 + aa?)}. 
j»^. {(a — 2ft -f aft) — (a — ft 4- c)] — {a— (a— ft + aft)}. 



MULTIPLICATION. 

71. The sum of several equal numbers, as 28, 28, 28, 28^ 
may be found by actually adding them ; or it may be found 
by a process that consists in remembeHng that 4 times 8 
units are 32 units, and that 4 times 2 tens are 8 tens, or 80, 
and then combining 32 and 80 by addition. By the latter 
process, 28 is said to be mulUplied by 4, and the result is 
called the products Hence, 

72. Multiplication is a short method of finding the 
sum of any number of equal quantities, 

« 

73* The multiplicand is one of the equal quantities 
whose sum is to be found. 

74, The multiplier is the quantity that expresses how 
many of t)ie equal quantities are to be combined. ' 

. 75. The multiplicand and multiplier are factors of the 
product. 

76* To multiply one algebraic quantity by another* 

I. THE SIGNS. 

i. Required to multiply 8 — 5 by 4 ; also a — b hj c. 

Process. Explanation. — It is evi- Process. 

g 5 = 3 dent that 4 times 8 — 5 is ^ j 

. . equal to 4 times 8 minus 4 

— times 5. In like manner, c * 

32 — 20 = 12 times a — 5 is equal to c ttc — be 

times a minus c times h. 
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2. Bequired to multiply a — i by c — rf. 

Explanation. — Multiplying a—h Proccsi. 

by c gives ae — he. But the multi- a — h 

plier is not c, but e diminished by ^ ^ 

d ; hence, ac — he \& too large by d 



tiines a-h. ac -- be ^ {ad ^ bd) = 

Diminishing ae — hehjd times ac — bc — ad -}- bd, 

a — b, and simplifying the result in 

accordance with the rule for subtraction gives the correct product of 
o — 6 by c — <f . 

77. In the last result above, 

1. The term ac shows that the product of a positive 
quantity nvuLtiplied by a positive quantity is positive. 

2. The term be shows that ths product of a negative 
quantity multiplied by a positive quantity is negative. 

3. The term ad shows that the product of a positive 
quantity multiplied by a negative quantity is negative. 

4. The term bd shows that the product of a negative 
quantity multiplied by a negative quantity is positive. 

78. Hence, in the multiplication of one quantity by an- 
other, 

1. Like signs give plus. 

2. Unlike signs give minus. 

II. THE CO-EFFICIENTS. 

3. Required to multiply 7a by 5b. 

Explanation. — It is here required to multiply 7 times a Process. 

by 5 times h; that is, to find the continued product of 7, ij*^ 

a, 5, and b. Since the product will be the same in what- , 

ever order they are taken, they may be arranged thus, 

7x5xax& = 35xa&=s 30a^, HeuM, 3^5a& 
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The co-efficient of the product is equal to the product 
of the co-efficients of the nvviltiplier and the multipli- 
cand, 

III. THE EXPONENTS. 

4. Required to multiply d^b by aW, % 

Explanation. — ^The multiplicand may be written axaxh and the 
multiplier ay,axay.hxh. Their product, therefore, will be composed 
of a taken as a factor five times, multiplied by h taken as a factor three 
times^ or a* x ft* = a*ft*. Hence, 

The exponent of any letter in the product is equal to 
the sum of its exponents in the multiplicand and the 
multiplier. 

79. Letters in the multiplicand or the multiplier, but not 
in both, must appear in the product with their own expo- 
nents. 

Thus, a^b^c x adn^ = aWcdn^» 

80. To multiply a monomial by a monomiiaL 

Rule. — To the product of the co-efficients of the m/ul- 
tiplicand and multiplier annex in al^phaheticol order 
all the different literal factors. Give each literal foA^tar 
an exponent equal to the algebraic sum, of its exponents 
in the multijAicand and multiplier. Prefix to the 
product the sign -f or — according as the signs of the 
midltiplicand and multiplier are like or unlike. 

Note. — In finding the continued product of three or more monomials, 
an odd number of negative monomials mil give a negative product, and 
an even number will give a positive product. 

Thus, — 5ax-86x-2e=- dOabc ; 5a x - 86 x - 2c = dOabe, 
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EXERCISES. 



10. 



81* Find the product of: 

1. 5mif and 3mx. 

2. Say and 7fly. 

5. AaW and QaV. 
4" lOaV^ and 7cxy\ 

6. — bd^b and 4a*2. 
6. lab and — bah^. 

IS. Sab, ba% %b(?y and Aa^bch^. 

IJf. — xy, 2yz, — ah^h, and 12a&fl;y*. 

J5. — abc, — 6m^ — 3a%i, i^c^, and 5aw'. 

itf. 2ah;, — Sxy^, ba^y, — Sah^y^, and — ay', 

J7. a^, xy^, a^y% 2ay, and da^y\ 

IS. 2aW^, 3aV, 4*3^2, ba¥i^, and — a^ic. 



7. — %aJ^c and Sa^ftSc. 

<S. ZaH and 7a8a^^y. 

5. 4ww* and 9m*w. 
— 8a:*y and 7iiy*. 
ii. — V6a(^ and 7a^6?. 
Ij?. 2bam^n and 5a'i»*. 



i9. 13ac8 and 4a^^c^. 
20. 12a8*2 and ba^b<^. 

23. 3a*dc and 2a*J*A 



Zl. 2bah? and 4a;. 
j?j?. 20w2» and 5wV. 



J^^. — 31a=^y and — lOayiK^. 

J?5. ~ Ibm^ny and 3aVm'. 

J^e. Sax, — 5a2, and 2flKr«. 

27. 2mhi^, 9m^n\ and 4w2w«ir. 

28. Sc^y, 4cy^ — acy^ and 2a^<^. 

29. bc^^ — 4a%y, — 3ay, and 2ac«y. 
30^ Za^c*, Qab^c, and 2a^. 
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Process. 

ajio_5a^+ 5a^_ 3a4 



X 



10 



17a:«+ 7a:* 



9 



82. To multiply a polynomial by a polynomial. 

J. Kequired to multiply cfi — bx^ + 5ic^— 3 by x^+b7?+^. 

Explanation. — For 
convenience, the multi- 
plicand and multiplier 
are written so that the 
exponents in each di- 
minish in value from 
left to right. The con- 
trary order would do as 
well. The product of 
the multiplicand by a^, 

.the left-hand term of the multiplier, gives the first partial product. 
The product by M gives the second partial product, which is written so 
that similar terms shall stand in the same column. The product by 3 
gives the last partial product. The sum of these partial products gives 
the product required. 

Rule. — Multiply the multiplicand by eadi term of 
the multiplier and add the partial prodUfGts. 

EXERCISES. 
83* MuiHpiy: 

1. a + h hy a + b. 

2. 3a: -h 2y by 2a; -f 3y. 
' Sab + 4:b^ by 2ab — 3ft*. 

a + b — 2c hy 2a — b^ 

x^ -^ f/^ -\- z hy x^ — yK 

a2 — a* -f- ft2 by a2 ^ a J — J2, 

a^^ab + 2*2 by a^ + ab + 2!^. 
a8 — 4^2 + 11a — 24 by a2 + 4a 4- fi. 
2a^ -^^ + Sx + 16 hy Sx — 6. 
27a:® + ^^y + Sxy^ + y® by 3sc — y. 



3. 

4' 

3. 
6. 
7. 
8. 
9. 
10. 
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11. «* ~ 2a»J + Aa^V^ — Soi^ + 16** by a + 2b. . 

12. tc* + 3ic» + 5«» + 7a; -f 9 by «» — 2« + 1. 

13. a^ + ^a^ + 5a» + 7a« + 9a + 1 by a^ — 3a» + 4fl« 

4a + 4. 



*t£* -f- *. 

14' m* + 2w» + 3w* + 4w + 6 by w2 — 2m + 1. 

i5. ic* + 2ir» + 3iB2 + 2ar + 1 by a:2 — 2a; + 1. 

16. 2a* — 3a»J — ba^V by a« — 2a2J + 3ai2. 

17. a* — a*J + a** — i» by a + J. 

i*. a* + i^ + c8 — aJ — ac — Jc by a + ft + <?. 

iP. a* + 3a2J + 3a*2 + *8 by a» - Za^h + 3ai2 — V. 

SO. 27a2 — 13aA + 6J2 by 7a3 + V^. 

21. 7^ + 2a;8y + ^^ + 8a;y» + 16y* by a; — 2y. 

^^. a:* + 5a;* + ISa;^ + ISa;^ + 6a; 4. i by t^^^t? + 
10ar8 — 6a; + 1. 

«<?. 3a;8 — 16a% + 20a;y2 — 12y« by a;« + 6a;y + 3y«. 

24. m» + 3m* + 4m8 + 4m2 + 12m + 21 by m* — 3m« 
+ 6m2 — 7m + 1. 

«5. 42a* + 105a3A + 23a2ft2 4- 6ai«.+ ft* by 2a2— 6aJ+J2. 
«e. 81a;* + 27a;8y 4- 9ar^y2 + 3a;y3 + y* by 3a; — y. 

27. a;» + 5a;* + ISa;^ + 30a;2 4. 24a; + 21 by a;* — 6a:« 4- 
10a?» — 5a; + 1. 

Find the product of: 

28. a; + 4, a; + 10, a; — 7, a; — 9, and a; + 2. 

29. a; + 8, a; — 8, a; + 5, a; — 5, a; + 3, and a; — 3. 

30. a + by a — b, d^ -{- ab -{- l^^ and a^ •- ab + J^. 

31. a: — 4, a; 4- 4, a; 4- 3, and a; — 3. 

32. a^ + ab + b^, a^ — a^ + b\ and a — i. ' 

33. 1 4- a?, 1 4- a:*, and 1 — a; 4- a^^ — a;^. 
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84. There are certain cases of multiplication that are im- 
portant on account of their frequent occurrence in algebraic 
operations. 

85* I. The square of the sum of two quantities is 
equal to the square of the firsts jAus twice the "product 
of the first by the second^ plus the square of the second. 



Thus, 



(a; + 3)« = ar* + 6a; + 9. 



86* Write, by inspecHan, the squares of the foUmving: 

1. a + b, m + n, x + 2, m + 6y n + 7y a -f 10, 
z + lly y + S. 

2. 2a + 3J, 6x + 6y, 3m + Un, 7c + 4rf, 11a; + y, 
« + 7y, a + 9by x + 20y. 

3. ax + 5, mn + 7, J»y + 11> ac + 13, xy + 1, 
7 + 6ab, 11 -f 2mn. 

4> aj^ -f y% a^ -f wi^ a^ -h b\ m* + w*. 

5, ax + by, mn + pq, mhi -f- xy"^, 2ab -f 3inn. 

87. Numbers may be squared by the foregoing principle. 

Thus, (83)2 -, (80 + 3)2 = 6400 + 480 +' 9 = 6889. 

(72)2 -- (70 + ^)2 = 4900 -f 280 + 4 = 5184. 

(104)2 -_ (100 + 4)2 = 10000 + 800 + 16 = 10816. 

88. II. The square of the difference of two quantities 
is equal to the square of the first, minus twice the prod- 
uct of the first by the second, plus the square of the second. 



Thus, 



{x — y)2 = a:2 — 2xy + y\ 
(ar — 4)2 = ar»- 8a: -f 16. 
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2. (a; — 5) (a; - 3) = aj2 + (- 5 _ 3) re + 5 x3 

= «» — 8a; + 16. 

S. (« — 5) (a; + 3) = ar» + (- 6 + 3) a; — 6 x3 

= a;2 _ 2a; — 15. 

4. (a; + 5) (x — 3) = a;* + (+ 5 — 3) a; — 6 x3 

= a;* + 2a; — 16. 

95. WriUf hy^ ingpeeHan, the products of the foUaw» 
ing binofniala: 

1. (a; + 4>(a; + 3), (a; + 1) (a; + 4), (a; + 2) (a; + 3). 

2. {x + 7) (a; + 2), (x + 6) (a; + 4), {z + 9) (a; + 2). 

3. {x - 4) (a; - 1), (x — 6) (a; — 3), (x - 7) (a; - 9). 

4. {a — 12) (a — 10), (m — 11) (m — 5), 

(y - 8) (y - 9). 

5. (a; - 12) (a; + 6), (y - 9) (y + 7), 

{Z — 11) (i5 + 10). 

6. {a - 5) (a + 4), {b — 6) (* + 5), {m — 12) (w + 5). 

7. (a; + 9) (a; - 7), (a; + 11) (a; - 5), (a; + 12) (a: - 7). 

*. (x + 25) {x — 4), {x + 4) (a; — 25), 
{m — 30) {m + 6). 

96. Any power of a binomial may be written without 
actual multiplication. An inspection of the following powers 
wiU show the laws governing their formation. 

(a; + y)^ = ar» + 2xy + y\ - , 

(a; — y)« = a;8 — 3ar^y + 3a;y2 — y». 

{x + yY = a;* -h ^7?y + 6a;2y2 4. 4a;y3 ^ y4^ 

(ic — y)5 = a;5 __ 5a4y ^ I0a;3y3 _ I0a;2y3 ^ 5a;y4 __ yS, 
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I. The number of terms in the power is greater by one 
than tJte exponent of the power. 

II. The signs are all + or alternately + and — , 
according as the sign between the terms of the binomial 
is + or — . 

III. The co-effieient of the first term is 1. 

The co-efficient of the second term is equal to the 
exponent of the power. 

The co-efficient of the third term is found by multi- 
plying the co-efficient of the second term by the expo- 
nent of X in that term^ and dividing the prodiuct by a 
number greater by 1 than the exponent of y. 

The co-efficient of ea^h succeeding term is found in 
the same manner from the term, preceding. 

. IV. The exponent of x in the first term is the sam^e as 
the exponent of the power, and in ea^h succeeding term 
it diminishes by 1. 

V. The exponent of y decreases from the end of the 
power as x does from the beginning, 

97. If a number is used instead of x or y, the number is 
treated exactly as the letter would be. Thus, 

(ic -h 3)5 = 2^3^524 X 3 + 10a:8x32+10ic8x33+5a;x3*+35 
= a:^ ^ 15a4 ^ 90a:3 + 2700^^ + 405a? + 243. 



98. Writey by inspection^ the following jHMvers: 



1. 


{a + by. 


6. 


{d + ey. 


11. 


(^ - yy- 


2. 


{a - i)*. 


7. 


{d - ey. 


12. 


{y - «)'. 


3. 


{a + cy. 


8. 


(a - 2cy. 


IS. 


(to + «)*. 


4- 


(b - dy. 


9. 


(y + '')'• . 


u- 


(m — ny. 


5. 


(a — 'cy. 


10. 


(x + yy. 


15. 


{p + qy- 



DIVISION. 

99* Division in algebra is the process of finding one of 
two algebraic factors when their product and the other factor 
are given. 

lOO* The dividend is the given product. 

lOl* The divisor is the given factor. 

102* The quotient is the required factor. 

103» To diiride one algebraic quantity by anotlier. 

I. THE SIGNS. 

Since (+ a) x (+ J) = + a J, it follows that 

(-ha*) H- (-ha) = +*. 
Since (—a) x (— i) = + ab, it follows that 

{+ab) -5- (— a) = — J. 
Hence^ 

1. Like signs in the dividend and the divisor give 
-f in the quotient. 

2. Unlike signs in the dividend and divisor give -^ 
in the quotient. 

. THE CO-EFFICIENTS AND EXPONENTS. 



Since Wb^ x 5a^ = 7 x Sa^+ajs+i, it follows that 



d6a^* -^ ha^b = 35-^5 a7-2^4-i ^ 7^5^3, 
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1. The coefficient of the dividend divided by the co- 
efficient of the divisor gives the coefficient of the quo- 
tient, 

2. Hve exponent of a letter in the dividend dimin- 
ished by the exponent of that letter in the divisor gives 
its exponent in the quotient, 

104. The literal factors of the dividend that are not in the 
divisor must appear in the quotient. 

Thus, aWc -i- ab = aPc, 

105. Since a^ -r- a^ = a^^ = a^ ; and since any quantity 
whatever divided by itself gives 1, it follows that efi = 1, 

That is, any quantity with zero for an exponent is 
equal to 1, 

106* To divide when the divisor is a monomial. 

1. Required to divide Sa^b^c — 9aW + 15a^bhi by — da^b^. 

Explanation. — In di- Process. 

viding 6o«6»c by - 8a«ft», _ 3^2^3 \ ^^2^5^ _ g^sjs ^ I5ej8j% 

the sign in the quotient ; 

wiU be -, since the signs — 2*2c + dab^ — 6ahi 

in the dividend and divi- 
sor are unlike; the co-efficient in the quotient will be 6 + 3, or 2; and 
the literal part will be a*-*b^-*e = l^c. In dividing — 9cfl¥ by — 8aV, 
the sign in the quotient will be + , since the signs are like ; the co- 
efficient will be 9-«-8, or 3; and the literal part will be c^i^ = oi*. 
In the same manner the other term is found. 

Rule. — Write the divisor at the left of the dividend 
and divide ea>ch term in succession of the dividend by 
the divisor. 
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EXERCISES. 

107. 1. Divide acd by c. 

2. Divide UaJ'bh? by 8aJ^. 

3. Divide lahm by am. 
4' Divide 6a^bhd by 3aJ. 

5. Divide — l^a^a^y by — taa^y^, 

6. Divide — SGa^i^c by ISab. 

7. Divide 15a%» + 30a:»y' by 6«». 

*. Divide 8«»fc + IGa^Ac — \a^<? by 4fl%. 
5. Divide 20a*Jc + 16a*d» — lOa^ie by hah. 

10. Divide Qa^Jc — 3a% + ISa^ic by ^ab. 

11. Divide — Oa^ic — l%a¥c + ISaic?^ by -^ 3a/>c. 
iJ?. Divide 36m8 — 42w% by 6w«. 

i<?. Divide 45^2*2^ — %Oahc^ by Ibabc. 

14. Divide 5^2* + 20a^&hi — 35aA»2 by 5aJ. 

13. Divide 9qp^z — ^%xy^s^ -4- 45axyz^ by Q^^y^zp. 

16. Divide a^i^c + aV>c — aW(? + a*J*c« by a^Ac. 

17. Divide ISoa^ — 26fa:8y + Zbcxy^ by — 6». 

18. Divide whi/xhf^ — mnh^ by mnxy. 

19. Divide 6o«J« — lOa^c + 7a*Aa; by 2aK 

20. Divide 5a^y» — AQah^y^ + 25a^y by — 6xy. 

21. Divide Oa^S^cS - ^a^Vc*' — 3a«A*c» by 3aAc. 

22. Divide 24a;2y2 — Sa:^'^ — 2ixy^ — 40a;2y» by %x. 

23. Divide 21a8ic3 — ta^ + 14aa; — 63 by tax. 

24. Divide 42^3 — lla^ -f- 28a -f- 35 by 7a. 
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108. To divide when the divisor is a polynomial. 

I. Beqnired to divide ix? + 2xy + y^ hy z + y. Also, 

a^ + 2xy + y2 \x + y a^^^db + V^ {a — b 

ofi + xy X + y a^ — ab a -- b 

+ ^y + y^ — ab + b^ 

n. Bequired to divide a^ — y^ hy x + y. Also, a* — re* 
by a^ — ^3. 

a;3 — y3 \^ + y a* — ic* \ a^ — a^ 

^ + xy a; — y g* — gV a^ + a^ 

— ^y — y^ a^ — ar* 

— a^ — y2 g^ic^ — 7^ 

III. Required to divide g* + g^aj^ + ii:* by g^ -|- ga: + ic*. 

a^ + ah^ + x^ I gg + ga; + g» 

g* + g^ + q V g2 — ga; + ar* 

— g^a: + x^ 

— dhc — cM — ga^ 

ah? -f ga:^ + x^ 
ah? + ga;^ + x^ 

IV. Required to divide a;« -s9 + W—IW by S + ar^+Sa;. 

a^^lW+W — ^ I a:8 + 5a; + 3 

Q? + bQi? + Za? T^ — ba^ + bx-'-'d 

— 5a;* — 20a;8^ 7^ 

-- 5a;* — 25a;8 — 15a;g 

b7? + 22a? — 9 
5a;^ + 25a:g + 15a? 
^ 3a;«--15a; — 9 
— 3a?» — 15a; — 9 
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Rule. — ^I. jirrange Hie terms of the dividend and di- 
visor in the order of the ascending or descending powers 
of the same letter. 

II. Divide the first term of the dividend by the first 
term of the divisor for the first term of the quotient. 

III. MvZtipLy the entire divisor by the first terwf of the 
quotient; write the product under tJie dividend, and 
subtract it from the dividend for the first remainder. 

IV. Divide the first term, of the remainder by the first 
term* of the divisor for the second ten^v of the quotient. 

V. Multiply the divisor by this term, write the product 
under the first remainder, and subtract as before. 

YI. So continue until the last remainder isO,or untU 
the first term, of the remainder ivUl not contain the first 
term of the divisor viithout a change in the sign of the 
exponent of the quotient. 

Note. — ^When there is a final remainder, it is to be written over the 
diyisor, and annexed to the quotient in order to complete it. 

EXERCISES. 
109. JMvide: 

1. af^ + 2xy + y« by a; + y. 

J?, a:* — 2xy + y* by « — y. 

S. 7? — 3xh/ + Zxy^ — ys by a? — y. 

4. a^ + a:3 + 4a; — 20 by a; — 2. 

5. «* + 2a:3 _ 3a;2 _ 4^ + 4 by a; — 1. 

6. 2a;3 _ ij4i ^ 3^. _ 9 by 2a; — 3. 

7. a;* — 9a;2 _ ^xy — y^ by a;* + 3a; + y. 

8. 8^2 — 26aJ + 15*2 by 4ii — 3J. 

9. a;» -f 6a;2 4. 9a. ^ 4 by a; 4. 4. 
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10. a:^ — 3a; + 2 by ar« — 2a; + 1. 

11. a;8 — 5arJ — a; + 14 by a;2 _ 3^ _ 7. 

12. a^ -. aW - U¥ by a^ + 3J2. 
J<?. a;» — 86a; — 140 by a; — 10. 
i^. a;3 _ 5a^ _ 46a. _ 40 by a; + 4. 
i5, 7a;8 _ ^j^ + 533; _ 2I by tx — 3. 
i6. a;* — 2a;3y + 2a;2y2 __ ^jys i,y g. __y^ 

17. a;* — 5a;8 + lla;^ _ 12a; + 6 by a;^ _ 3^; ^ 3. 

18. a;* + 64 by a;8 + 4a; + 3. 

19. 27a;3 ^ gy^ by 3a; + 2y. 
^0. a;* _ 16 by a; __ 2. 

. a;« — 2a;8 + 1 by a;^ — 2a; + 1. 

;^^. 7a« — 48a*&2 + J^ i,y ^2 _ ^ah + J*. 

«<?. a* — «2J2 ^ 4^j3 __ 454 i)y a? — a* + 2*». 

24. 6a;* — 96 by 3a; — 6. 

25. a;« + 10a; — 33 by a;^ __ 2a; + 3. 

26. 7^ — 81y* by a; — 3y. 

27. a4 _ Q^y ^ 9a;2y2 _ 4^4 by a;^ _ 33.^ + 2y2. 

28. ^a? + 4y3 + 6a;y2 _ i6a;2y by 3ar^ — y^ — 2a;y. 

29. a;« — 6a; + 5 by ar8 — 2a; + 1. 

30. 1 — a; — 3a;2 — a;s by 1 + 2a; + a;2. 

31. aW — a^ — ^ + 1 by a* + a + ft + 1. 

32. aW + %at^c — a^^a 4. ja^^ by aJ -f «^ + J^. 

33. 12a* - 26a8ft — ^aW + 10aJ8-8J* by 3a2-2aJ + ft^. 
3J^. 3a2 4- 8aJ + 43^ + lOac + 8Jc + 3c2 by a + 2S+3c?, 
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35. a:* + y* + 2J^ — Zxyz by a* + y* + «^ — xy-^-xz-^yz. 

36. cfi — ¥ by a« — 2a% + 2a*« — *«. 

c?7. 1 — 5ar + 10ic« — 10ic« + SiC* — a:* by 1 — 3a; + 3ar« 
-a:8. 

38. 1 — 81y* by 1 - 3y. 

55. a5 + 31^ _ 56 by a8 + 4« + 7. 

^0. a;« — 6a? + 6 by a:^ — 2a; + 1. 

^i. afi -^2a^'-4x^'-2x^ + 12a^ — 2ar--l by a;»4-2a;— 1. 

4^. a:8 + 2a;« + 3a;* + 2a;8 + 1 by a;*— 2a;3^3^_2a;+ 1. 

43. a^ — 13a;* — 12a; + 8 by a;^ + 3a; — 2. 

44. 2a;« — 9a;* — 8a;8 — 1 by a;^ + 3ar8 + 3a; + 1. 
43. 3ofi — 46a;* + 43ari — 36 by a;^ + 5a; + 3. 

46. a^^ + 16a* — 6a« — 15a — 5 by a* + 2a« — 3a — 1. 

47. x^^ — 29a;* + 62a;8 + 3a?» + 16a; — 352 by a;* + 2a:« 

— 5a; — 11. 

48. x* 4- 389a;y — 149a;y« -f 115y' by a;» + 3a;8y — a;y» 

+ y^ 

^P. 32a;8 + 4^:3 _ 2a;« — 1 by 4a;S + 4a;3 ^ ga; + 1. 

50. 7n>^ — 6m8 + 5w — 2 by w* + 2m8 ^ 3m — 2. 

51. ^-- 51a;»y3 — 66aJ»y« + 186a;y^ — 95y8 by a;* — 3a;»y 

— 4a;y^ + 5y*. 

52. a^ — W 4- 49a« + 24a8 + 52a2 _ 19^^ + 20 by a» — 
5a8 + 3a — 4. 

53. m^ — 67m*n^ -f bSmhi* — 9w* by m^ + '^m^n — 4mn^ 
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There are certain cases of diyision which^ on account of 
their frequent occurrence, are important. 

HO. Pbinciple I. — The sum of equal odd powers of 
two quantities is exucUy divisible by the sum of the 
quantities. 

Thus, {x? + f) -r- {x + y) z= Q? ^ xy + f* 

(a« + 8) -r- (a + 2) = a« — 2« + 4. 

(a5 + 243) -^ (a + 3) = «< — 3a« -f 9a2— 27a+81. 



Ill* Determine an exa4it divisor and the quotient for 
each of the following ^ by inspection : 



1. 



3. 

3. 



^ + a«, m^ + n\ «» + 1, m^ + 8, a;^ + 27, 7? + 125. 
8 + < 1 + a^, «® + 64, y« + 216, m^ + 1000. 

^5 + w», ic« + a», ic* + 1, 1 + w«, 32 4-^5, ic« + 243. 
a«a:3 ^ i^ ^3 + ^jj^s^ g^s ^ i^ 27a:8 ^ ^a^^^ ^s^s + 54, 

a« + ?7i5a^, a5^ + 1, ay + 1000, 8a^8 + 729, 



112. Principle II. — The difference of equal odd 
powers of two quantities is exactly divisible by the dif- 
ference of the quantities. 

Thus, ipi^ — if) -IT {x — y) := a^ •\' xy + y^. 

i^ — y^)-^{x — y)=:x^-ha^y + a^f + xy^ + y^. 

(flS _ 8) ^ (flj _ 2) = a3 _|. 2a + 4. 

(a:« — 243) -v- (a; — 3) = a:* + 3ii:» -f 9a;8 + 27a; + 81. 
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113« Find an eamet divisor for each of the foiUntring 
binomiais, and write the quoHentf hy inepeetion: 

1. a;^-27, o^-i*, m«-l, ai'-ias, 216 -A 

2. S-aj', l-8y«, o^-lOOO, aW-1, «y-8. 

S. m» — »», a^ — 32, a^ — 1, a» — 243, 1 — y^ y»— 1. 

4. rnW — 8a;», j/^^ — 1, 125aj» — ay, 64m» — 8»», 
32a:« — y». 

5. a:* — 243y», a:'-y^ «•— 1, a^J^ — l, aW— 64a*, 
a' — a;*y*. 



; > 
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114. Peinciplb III. — The difference of equal even 
powers of two quantities is exa4iUy divisible either by the 
sum or by the difference of the quantities. 



Thus, («*— y*) 



(«+y) = »» — a^ + ary» — y«. 
(a;— y) = aJ» + a:^ -f ary' + »•. 
{x+y) = a^— a:*y+a:«y'— aV+ay*— y«. 
(x^y) = a;«-f a^y+aV+a^y'+^y^+y*- 



llff • Divide the foUcwing in €iccordance with Princi'' 
pie III.j by inspection* 

2. a« - y«, a* — J*, w« — w«, a^ — y«, a* — 64, a:*~1296. 

2. x^ — Sl,x*- 625, a:«-64, m^ - 16, m* — 64, a^— 1. 

3. a*-l, x^-- 256, 1 — a^, 16 - Sla^*, a^^ — 64. 

4. a^-^l, a^- mhi\ 16a^ — 81, 625a;* - 81y*, 
a%8 — 162;8. 
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116. A factor of a quantity is any quantity that will 
exactly divide it. 

117. Factoring is the process of finding such divisors 
of a quantity as will produce it when multiplied together. 

PRINCIPLES OF FACTORING. 

118. I. Any pclynomial coivbaining a common fdo 
tor in ecbch term, m^ay be factored by dividing the poLy- 
noinial by the com^m^n factor. 

Thus, han^ — UaW + 10a«J2 = haW (a — 3J + 2). 

119. Find the factws of the following: 



1. 

2. 

3. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 






ea^y^ — 9x^f. 5. 

9m^* — IbmWx. 6. 

aWc — aJ V + a%(?. 
havn? + l^hnn + \^cmn^. 
9a%% — 12a:^yV + \hxy^. 

39a*A«c8 — 52a^JV' -f ^a^^c^. 

9^fz^ + 180ic5y8;jV — 225a:8yV. 

39a;y^ — ^hy^yz^ + 91ar8yV _ WWy^z!^. 

36o2J— 60aJ8 + 84aJc2— n^^a^l^—naWy + lUal^i^. 
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\ 



ISO* II. ndny binomial expressing the difference 
between squares may be separated into two binomial 
fa4!tors, one of which is the sum^ of their square roots, 
and the other the difference. 



Thus, a« — J2 
a* — 4 
ic* — 16 



(a + b){a--b); 
{a^ -f 2) (a» — 2). 

{a^ + 4) (jr* — 4) 
{a^ + 4) {x + 2) {x 



-2). 



131« Fiwtar the foUowing: 

1. 7?^y\ a:* — y*, «« — 9, a* — 81, 225 — 64a^y. 

2. m^'-n\ x^'-a^ a^--h\ p^ — fy IGa^ — 81*^. 
8. a^V^--a^h\ a^J* — 16, a^y^-^^b, xY - Sla^b^ 

4. a« — 625 J*, 256m* — 1, 1 — 81 wV, 49w* — 1. 

5. a* — 729, x^ — y\ mhi^ — af^y^, m*n^ — 256. 

6. 9a2 — 25J2, 16 — 25ar2, 81a*^ — 64a2a;*. 

7. 4a2-.9a^, 16^2 — 25^2, 49^2 — 64a:2, 81^^ — lOOr^. 

8. 81a2 — 25, 49-J2c2, 16a^ — 4y*, 9a2 — 16t?2, 



133. III. ,4/^2/ binomial expressing the sum, of 
equal odd powers may be separated into two factors, one 
of which is the sum, of the quantities. 

The other factor may be obtained by division, and, after 
some practice, by inspection. 

Thus, x^ -{- f =z (x + y){x^ — xy + y^). 

x^ -{- y^ =z {x -{- y) {x* —- x^y -{- a^y^ — xy^ + y*), 
2^3 -f 8 = {x -\- 2) {a^ -- 2x -h 4:). 
1 + 32a^ = (1 + 2x) (1 — 2a; + 42^ — 8a:3 ^ 16a:4), 
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1!33« Ftictar the foUowing : \ 

1. a^ + y% «« + b^, m* + 8, p^ + f, a^ + 216. 

g. ic» + 1, a^ + 8, m^ + 27, 125 + n^ 64 + ar^. 

3. (xfi+1, 1 + a^ m^ + 32, 243 + *«. 

4. a^b^ + u^y\ 8m3 + %tn\ l%b7?y^ + 64J', 32w»+l. 

134. IV. ./i?i'T/ binomial expressing the difference be- 
tween equal odd powers may be separated into two fac- 
tors, one of which is the difference between the quantities. 

Thus, a;» - y» = (a; - y) (a;* + a;8y + a^8 + a:y8 + y*). 

135* Ftictar the foUatving : 

1. a^'-fy a^ — a^y x^-^V, a^ — b^ «» — 8. 

2. 2^3 — 1, ic8_8, 2^3 — 27, a;8— 125, a^ — 64. 

3. a« — 32, x^ — 128, 1 — a:^^ 125 — a^ 216 — f. 

4. 8a;8 — 27y», 64??i8 — 125^8, 343—^3, 512—^8. 
6. 216^8 — 512^8, 32a:5 — 1, ah^-^VHb, a^y^--Sz\ 
6. c^ — b^, w8 — Sah^, 32mW — 1, a^l^ — m^n\ 

136. V. t/iw^T/ trinomial of which two terms are post- 
tive squareSy and the third equal to tivice the product of 
the square roots of the other two may be separated into 
two equal binomial factors. 

Thus, a^ + 2ab + b^ = {a + b) {a + b). 

a^ -. 2ab + b^ = {a -' b) {a — b). 
ic8 — 20a: -}- 100 = (a: - 10) {x — 10). 
16a^ + 56a; + 49 = (4ar -f- 7) (4a: + 7). 
9a:* — 30ar«y + 25y2 = {3a^ — 5y) {3x^ — 6y). 
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127« t^adar the following : 

J. a* + 2xy + y\ w? — 2m» + n», a* — 2a*J» + ^*. 
J?, a;* + 2a:ay + yt^ ^8 _ 2a4ja + J*, ^w _ 2^8* + ^2. 

5. a» — 18« + 81, 4a» + 4aJ + **> ^a:' — 8a:y -f- 4y2. 

^. a* — ISfl^ -}- 81i«, 121x« + 220ay + 100y«. 

5. 226m* — 30»i«»» + «S 36a:« — 84cy + 4%2. 

tf. a:* — %3^ + y*, 42;* + 12iry + 9y*. 

7. 25wV — 30m2»a?« + 9ar*, 25^2 -f 60a* + 36*». 

<S. 49m< — 140mV + 100< 225^^2 + 360a;y2 4- 144y*. 

iO. 815*c8 — 126J2c# + 49«?«, 121ay _ 2^0ayH 4- 100^2. 
ii. 400a2— nOQalf^ + 900**, IGOOm^— 40007?iw» + 2500n«. 

1I38. YI. •^/t'^ trinomial whose terms are positive^ 
the extremes being squares and the middle term the 
product of the square roots of the extremes, may he sepa^ 
rated into two trinomial factors. 

Thus, a* 4- 4^8 + 16 = {a^ 4- 2a 4- 4) (a' — 2a 4- 4). 
a4 4. a;y 4- y* == (a?J 4- a:y 4- y^) {a^^xy + y^). 
m^ 4- 25m* 4- 625 = (m*4-5m«4-25) (m*— 6m24-25). 

129« Factor the foUotiring : 

1. a* 4- a^y^ 4- y*, m* 4- mhi^ 4- n^, p* +p^q^ 4- q*. 

2. x^ 4- 9a;2 4- 81, 16a* 4- ^^ -h ^, a;^ 4- xh/* + y\ 

3. a^ + x^y^ 4- y\ rn^ + mH^ 4- n^, 81a* 4- 36a8 4- 16. 

4. y 4- i?* 4- I, ni^ 4- ^' 4- 1. ^-^ 16a:2 4- 256. 
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130. VII. Any trinomial may be separated into two 
binomial factors when one of its terms is the product of 
the square root of one of the others by the algebraic sum 
of two factors of the third. 

The binomials will be the algebraic sum of this square 
root and ea^h of the factors respectively. 

Thus, «3 + 7a + 10 = (a + 6) {a 4- 2). Here la is the 
product obtained by multiplying the square root of a* by the 
sum of two factors of + 10. 

Again, a^ — 7a + 10 = (a — 5) (flf — 2). In this case 
the two factors of + 10, whose sum multiplied by a equals 

— lay are — 5 and — 2. 

Again, x^ — x — 1% ^ (« -- 4) (a: + 3). Here the two 
factors of — - 12 are — 4 and + 3, whose algebraic sum is 

— 1. 



131. Factor the following : 

1. rc8 + 3a; + 2, ar» + 10a; + 21, a^ + 8a + 12. 

2. x^ + Ibx + 56, OD^ + 21a; + 20, m^ + 13w + 42. 

3. a;2 + 14a; + 40, x^ + 11a; + 28, m^ + 11m + 60. 

4. a^—9a + 20, a^ — 11a + 24, m^ — 10m + 21. 
6. ar« — 9a; + 8, a;^ — 15a; + 36, a;^ — 20a; + 96. 

6. a^ — 19a; + 84, a^ — 15a; + 44, a^^ + 11a; — 102. 

7. y^ — 2y — 15, yi — ^y^ 77, a;2 — 7a; — 60. 

8. x^ -i- 11a; — 42, x^ + 11a; — 60, x^ + 11a; — 210. 

9. a;4 — 9a?J — 22, a* + ba^ — 24, a;* — Sx^ — 65. 

10. a2 + 27a + 50, y8 — 6y — 50, a;3 + 43a; — 90. 

11. «« + 8a + 15, c* + 20c2 — 69, J* ^ 2A« — 120. 
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132. VIII. A trinomial may often he factored Try ar- 
ranging the factors of its extreme terms. 

To show this, let us take 10a;* + 19a; + 6. 
We naturally suppose^ 

1. That it is the product of two binomials. 

2. That its first term^ lOar^, is the product of the first terms 
of these binomials. 

3. That its last term^ 6^ is the product of the second terms 
of the binomials. 

4. That its middle term is the algebraic sum of the products 
of these extremes taken diagonally. 

5. That the signs of the binomials determine those of the 
trinomial. 

Taking bx and 2a: as the most probable factors of lOa;*, and 
2 and 3 as those of 6, we consider how we shall arrange them 
for multiplication, so that the algebraic sum of the cross 
products shall be 19a;. A brief trial leads to the following 
arrangement and signs : 

bx + 2, 
2a; + 3. 

The factors are, therefore, (5a; + 2) (2a; + 3). 

Had every arrangement of these factors failed, lOa^^ and 6 
might have been factored differently. A little practice will 
enable the pupil to factor such trinomials by inspection alone. 

133. Factor the foUowitig : 

1. 63^ + 11a; + 2, 6a? + 7x + 2, 2y^ + lly + 15. 
^. 3a2 -f 22a +7, Sa?^ 4 36a; -h 7, llm^ 4- 34?w 4- 3. 
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3. %x^ — 17a; + 21, 2^3 — Vln + 35, %n^^n — 21. 

Jf. 15m» — 587?i + 11, 39a;2 -. 34ic + 7, 3y2 — y— 14. 

5. 15^2 + 44^ — 3, 7y2 — 34y + 39, 16a?» — 7a; — 30. 

g. 2a?* -f a; — 66, 3y« + 2y — 65, 21«2 -f 11a — 2. 

7. 91m2 — 10m — 21, 15a2 _ ^f _ 6, Sa;^ __ 4^; _ i. 

*. 2a;* — a;3 — 10, 15w* — »2 _ 28, 22a;« — 41a;3 — 35. 

9. 4m^ — 25m2 4. ^6, Sx^ — lOa;^ — 27, 6a;4 — 6a; — 6. 

134. IX. J. polynomiaZ viay sonvetimes he factored 
by grouping its terms. 

Thus, a brief inspection of the expression 

mx + am + 2wk; + nx -^ an + 2nc, 

will show the propriety of the following groups : 

{mx + nx) + {am + an) + {2mc + 2nc), 

where m + n occurs in each group. The transition to the 
expression 

x{m -\- n) + a{m + n) + 2c {m + n), 
and finally to {x + a + 2c) {m + n) is evident. 

In like manner, 2aa; + 3bx — - ca; — 4ay — 6by + 26?^ be- 
comes successively, 

(2aa; — 4«y) + (3Ja; — 6bt/) — {ex — 2cy), 

2a {x — 2y) + 3 J (a; — 2y) — c (a; — 2y), 

and {2a -f 3 J — c) {a; — 2y). 
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135« Factor Hie foUowing : 



1. 

S. 
S. 

4. 

6. 

6. 

7. 

8. 

9 
10. 
11. 
12. 
13. 
14. 
15. 
16. 



ar 
ax 



mx + 2a: + 2y + my, ax + bx -\- a + b. 

4x + 2ax + da -\- 6, ac •{- bd -i- ad + be. 

a — Sb -{- ab — 3, 3a;y — y — 6a; + 2. 

2a:* — 3my — 2ma; -|- dxy, 2a?* — 3m -^ 6a; + mx. 

inq^ -{- a^ + pq -— qx — mqx -- px. 

ap ^ cq + C8 -k- aq — cp — as. 

— %bc + 2&r — ac + Hn -f 2an. 
ax •— ex + 2by -\- ay -— cy -{- 2bx. 
2cd + 6bc — 12abc — 4ac«? -{- ad -\- dab. 
bd — bm -\- 2am — cm -{- cd — 2ad. 
dan — 4tbr — 6bn + 2ar — Sbc + ^ac. 
an + 2br8 — acd — bcda -\- 2ar + bus. 
2ax — cz — ay •\- 2cx — cy — az. 
6sy 4- 9ny — 2px -f- 6;ia; + ^sx — Spy. 
2y — 6ay — 2a; — 4:by + 6ax + 4:bx. 
21a; — Stj + Snx — 35 — 14y — 2ny. 



136. X. ITie continued product of several binorniiaZ 
factors whose first terms are alike, may he faxsbored. 

Thus, {x + a) (a; + b) (x + c) 

z=i 7? ■\' {a -\-b ■\- c):^ ■\- {ab -^ ac ■\-bc^x ■\- abc. 

(x + «) (a; -— b) (x — c) 

^ 7? '\- (a — b — c)qc^ ■\- {— ab — ac + bc)x -^^ abc. 

(a? + 5) (a; - 3) (x + 1) 

= :r8 + (5 _ 3 + 1) a^a + (-_ 15 + 5 - 3) « — 15 
= a;8 ^ 3^48 _ 13a: -. 15. 
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1. The first term is the continued product of the first terms 
of the factors. 

2. The exponent of x diminishes by 1 in each succeeding 
term, and disappears in the last term. 

3. The co-efficient of the second term is the algebraic sum 
of the second terms of the factors. 

4. The co-efficient of the third term is the algebraic sum of 
all the products of the second terms of the factors taken two 
at a time. 

5. The last term is the algebraic product of the second 
terms of the factors. 

Assuming that ic^ + 42:^ — 17a: — 60 is the product of 
three binomial factors of the form a; ± «> let it be required 
to find those factors. 

1. The first term of each is a:. 

3. The continued product of the second terms must be 
— 60, and their algebraic sum + 4. 

3. The algebraic sum of all the products of the second 
terms taken two at a time is — 17. 

4. One, but not three, of the factors of — 60 must be 
negative, since their algebraic sum is +4. 

Taking 3, 4, and 5 as the factors of 60 most likely to be 
the second terms of the binomials, we determine which shall 
be minus that their sum may be + 4. By making them 
4-3, — 4, and + 5, the requirement is met. 

It remains now to see whether the sum of their products 
taken two at a time is — 17. 
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(+3)x(-4)= -12 

<+3) X (+5) = +15 
(-4) x(+5) = -80 

+ 15 — 32 = — 17. 
Heaoe, a^ + 4ar» — 17a: — 60 = (a: + 3) (a; — 4) (« 

137> Factor the foUtywing: 

1. «» + 6l» + lla: + 6. 

«. S^ + i,3»— %%x + 16. 

3. 3? + 53? ~ Zx — %L 

4. ^+ 12x> + 5ar— 150. 

5. a* — 3? — Z1x + 35. 

6. a* + iE» — lU — 30. 

7. a:" — garS— 25a; — 21. 

8. a:«— 10a:» + 31ar— 30. 



9. ^ + i3? — x~&. 

10. a;» — 28a! — 48. 

11. a* — 27a: + 64. 

12. aJ" — 76a; + 260. 

13. 2« — 39a; — 70. 

14. a?~\^a?—\95x~Zn. 
16. a:' + 19a:'+1033:+165. 
16. a:* — 2a;» — 89a: + 90. 



138. XI. A pdlynonhial consisting of the square of a 
binomial and some multiple of that binomial may 
easily be factored. 

The method of factoring them vill be seen from their 
formation. 

(2a! + 5)* + 4y (2» + 5) = 4a;» + 20a: + 25 + &ey + 20y. 
(3a; _ 2)a - 5m (3a: - 2) = 93:* — 12a: + 4 - 15ma: + \Qw. 
(a* — 2J)' — ex {at — U) = a* — 4a^ + iH^ ~ a'cx + 2bcx. 

Beversing this process with the exprossion, 
m* — 6mht + 9n' — 6m^ + ISnp 

= (m' — 3n) (m' — 3m) — 6p (m> — 3n) 
= (m' — 3w - 6jo) (»»' — 3tt)- 
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139. Fa4!tar the following : 

1. ^ + %(jix + a2 + 6a; + 6«. 

2. iB2 — tec -f 4^2 + 9a; — 18«. 

5. tn?' -" 10m + 25 — mn + 6iu 
4. a?^ — 14a; — 5aa; + 35a + 49, 

3. a^ + da^ — eax + 2a-- 6x. 

6. hy^ + y^ + byz + z^ + 2yz. 

7. i^^4ai^Sl^c + 4ac + Sbc^ — A 

8. 6mr + 25n^ — dOnr — lOmn + m\ 

9. 16y2 — \hxz + 9a;^ — 24a;y + 20yz. 

10. 21zy + 49a;« — 6y + 4 — 28a;. 

11. m^ — 6m%8 + 9»* — 6m^ + 18»*p. 
ij?. 1 + 4» — lOmw — 5m + 4w«. 

-Z5. a;8 + 6a;y — 2<?a; — 6e;y + 9y2. 

i^. a;8 — 12a; — 14a;y + 84y + 49y*. 

15. By — 12a; + 4y2 + 9a;« — 12a;y. 

16. ah? — eaJa; + llflca; — 33fc + W. 

17. a* -f 4*2 — 4a2J + lOhc — 5a*c. 
i<S. 6fo — 12ac — 4aJ + 4«* + **. 
J5. JE>8 + 45^2 — 12pr + 4pq — 24qr. 
20. 9aM + 9^8 — Qabc + 4c8 _ i2c£Z. 
«i, 9J» — 395 + 42aft — 91a + 49a2. 
22. 4*2 -f 4aJ2 — lOa^ + 26a^ — 20flJ. 

j?c?. a^i^i' + 5awa; + 6am + 15a; + 9. ^j. 

24. 90? + ISax + 12a; + 12a + 4. .0 

26. 9f + 2bcG^ + 30ay — 12y — 20a;, ^ 
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MISCELUNEOUS EXERCISES. 



140. Factor the fcUomimg : 



illL 



1. 

2. 
3. 

4- 

5. 

6, 

7. 

8. 

9. 
10, 
11. 
12. 
IS. 

15. 
16. 
17. 

18. 
19. 
20. 
21. 

22. 
23. 



o* — 81. 

a^ + y». 
«»-l. 
vf — «*. 

••—125. 
•» — 1. 

a»-t- 64. 
•»-*» 

a» + 216. 

a»»+ looa. 

a^— 100. 
1 +ar». 

3» + 34a. 

«!»+ 1. 

«» — 1. 

tt^ — HY. 

(mn)* — {pqy. 
X* — 625. 



24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 

34- 
35. 

36. 

37. 

38. 

39. 

40. 
41. 

42. 

43. 
44. 
45. 
46. 



>»-64. 

sfi + 243. 

a? + iay + 4^. 

(^ — 6ab + 9J». 

4a* — 12oa; + 9a?. 

16m» — 40m + 25. 

a? — 10x + 9. 

a!» — 34a; + 225. 

a!» + 5a; — 14. 

a* — 26a? + 25. 

o» + 6a + 8. 

m* — 29m* + lOO. 

a!» — 5» — 14. 

16o» + 50a — 21. 

3i» — 2J — 16. 

Zy* — 25y + 28. 

2a» — 7« + 6. 

5o» + 22a + 21. 

16a;* — 62a;» + 21. 
lOpS _ 4lp + 39. 

a? — lQz + 64. 
10j»» + 19m — 16, 
6a;* + « — 2. 
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47. 

48. 

49. 

SO. 

51. 

57. 

58. 

69. 

60. 

61. 

62. 

63. 

64. 

65. 

66. 

67. 

68. 

69. 

70. 

71. 

72. 

73. 

74^ 
75. 

76. 

77. 



52. a2J — ^2 -f a^a; — a?. 

53. a3 — 2a;y + y2 _ 4^8, 

54. ^x^ + 20y5J— 4y2— 252;3. 

55. aa^ — at^ + VhC'-7?. 

56. (aJ2 — yzy — iez\ 



4^4 + I3a4j _ 12. 

4^2 — 20n + 25. 
49a:2y2 + 1543;^ + 121. 

^8 — J2 + 2Sc — (^. 
(^a — J2)2— (c2 — iPy. 

ax — cy ■\- cz ■\- ay -— ex — az. 

^x^ — Ibxy — 6a; + 5y + 1. 

mx —- nx + 2by + my — ny -{- 2bx. 

6xy — 2mx + 9ny -f 6nx -f- 4a^ — 3my. 

a;3 ^ 2a;2 — 19a: — 20. 

4ya _ 6y;2; ^ 28y — 215; + 49, 

2^3 — 10a;8 + 31a; _ 30. 

a;8 _ 9^4! __ 22a; -f 120. 

2ay — a8 — y8 + J2 ^ ^ _ 2bc. 

a;3 — 4a;« — 17a; + 60. 

lex^ — 40a;y — 24a; + 30y 4- 25y«. 

a^a + 6a?« — 27a; — 140. 

^3 + ^2j + ^2^ _ ^j^ — J2^ — bc^. 

aV — aia; — ojxy + aJy + i^ + &a;y — Ja;^ «. jg8y^ 
2/wa; — 4mr + Znx — ex -— 6nr + 2cr. 
ai^ffi^€^^d^^2ad + 2bc. 
€? + }?<? + hbcm -f- 2abc + 5om. 

y^ 4. 2ar^y — 23a;y2 — mf. 

aa; + 25a; -f- ca; — ay — 25y — cy. 



HIGHEST COMMON DIVISOR. 

141. When two or more polynomials are arranged accord- 
ing to the descending powers of some common letter^ the 
expression containing the highest powers of that letter, and 
which will exactly divide the given polynomials, is their 
greatest or highest common divisor. (H. 0. D.) 



143. The H. G. D. of two or more monomials is equal to 
the product of the greatest common divisor of their numeri- 
cal co-efficients multiplied by the highest common divisor of 
their literal parts. 

In algebra^ as in arithmetic, there are two methods of 
finding the H. C. D. : 

Ist. By fEtctoring. 

2d. By division. 

I. BY FACTORING. 

143. While algebraic factors cannot be said to be prime, 
quantities may be separated into factors analogous to the 
prime factors of numbers. 

Thus, of a* — ¥ such factors are a — b, a + b, and 
a'+ft^; of 2aa^ -f ^(i^y 4- 2ai/^ they are 2a, x+y, and x+y. 

I. Required to find the H. C. D. of ^^Pc and Ga^JA 
Separating the quantities into their simple factors, 

4m^Pc = 2x2xa^xl^xc. 
6a^bc^ = 2xSxa^xbx€^. 
H. C. D. =z2xa^xbxc = 2a^bc. 
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II. Bequired to find the highest common divisor of 
a^ + 7x -i-10 and ar* -f 8aj + 16. 

Factoring the quantities, 

a^ + 1x -\- 10 =1 {x + 2){x + 6), 
a^ + Sx + 15 = {x -i- d)(x+ 5). 

Hence, a? -f- 6 is the H. C. D. 

Rule. — Separate the quantities into their simple fa^ 
tors, and observe the f abators common to aJZ. The con- 
tinned product of these common fojctors u/iZl be the 
H. C. D. 

EXERCISES. 

144* JFind the highest camtnon divisor of: 

i. 9ax^y^ and Ibdhcz. 

2. aH^cuh) and Za^lmiNo. 

S. ^db\ 12a^x, and 8a%. 

^. 81a;^^2J and ^babxhf^T^. 

5. a^ + 2ab -f J^ and a^ — V. 

6. iK* — 1 and ic2 — a; — 2. 

7. m^ -f n^ and m^ — n\ 

8. a2 ^ 2a — 3 and a^ + ba + Q. 

9. ar» — 3a; — 10 and a?« — 8a; + 15. 

10. 3a:» — 3ar^ — 126a: and bofi -- 55a; + 140. 

11. m^ — m -— 42 and m^ -f 16w + 54. 
22. V^--l^ 110 and i^ -. 166 + 55. 

i<?. ha/31? 4- 30aa; + 25a and bm^ — 5wa;2 — ISOwa?. 
IJ^. a« — 13a; -h 36 and a« 4- ic — 90. 
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6. 2!* — 33a: + 132 and a? — 4a: — 77. 

6. 22* — a; — 15 Rnd 6a:* + 13a: — 5. 

7. 6a:* — 19a: + 10 and 3a:» — 14a; + 8. 
*. a:» + 27, a:* — 9, and 2a:» + 5a: - 3. 

9. a:* + 4a: + 4, a:S + 8, and Sa:" + a: — 6. 

0. a:* + 6;e + 9, a:* + a: — 6, and 3a;* + 7a; — 6. 

1. a:* — 126, a:* — 10a: + 25, and 2a:* — ILc + 8- 

2. 8y» — 216, 4^" — 241/ -f- 36, and Vif - 26y — 12. 
S. a* - 274*, a' — 6a6 + 9**, and %a^ — ah- 15J*. 

4. 30" — 48o, 3a*ft — 165, and 5a% — 30c. 

II. BY DIVISION. 
45. The procesB of finding by division the highest com- 
1 divisor of two or more qaantitiee depends npon the 
swing 

'rinciptes. — I. A divisor of a qttanUty is a divisor of 

I multiple of thai quantity. 

'has, a divisor of ^ is a divisor of mA. For if ^ ia 

ol to g' times a divisor D, mA is equal to mq times that 

aor, 

[. A common divisor of two quantitieB is a divisor 

he sum or difference of any m-ultiples of those qtian- 

es. 

'huB, if P is a common divisor of A and ^, it is a divisor 

mA + nB and of mA ~ tiB. For if A is equal to q 

9s D, mA is equal to mq times D ; and if £ is equal to r 

33 D, nB is equal to nr times D. Hence, 

(mA + nB) -^ /) = m^ + «r; 
, {mA — nB) -^ D = mq ~~ nr. 
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146. To show how these principles are applied in finding 
the highest common divisor of two quantities^ an illustration 
is first given^ and then a demonstration. 

I. ILLUSTRATION. 
Explanation. — Let there Process. 

be two quantities equal re- 13J9 ) 33J9 ( 2 
spectively to 132) and 33 A OAT) 

Since 13 and 33 are prime to 

each other, D is their highest ^D ) 13Z) ( 1 

common divisor. The process f^j) 

«hows how the factor asso- _. \ ly n / i 

ciated with D is decreased by / • "^ ' ^ 

dividing the greater by the 62) 

less, the less by the first re- 2) ) 6Z) ( 6 

mainder, the first remainder ^ 

by the second remainder, and 2±! 

80 on. The factor associated 

with D finally becomes 1, and the highest common divisor appears as the 
last divisor. 

II. DEMONSTRATION. 

Explanation. — ^Let a and h represent Process. 

two numbers of which a is the greater, or h \ n, ( m 
two algebraic expressions of which the , 

highest exponent of the expression a is 
not less than the highest exponent of the c) b { n 

expression b when both are arranged ac- ^^ 

cording to the descending powers of some — -7 . . 

leading letter. Divide a by 6, and let a ) C (r 

the quotient be m and the remainder c, Td^ 

Divide h by e, and let the quotient be n 

and the remainder d. Divide c by d, and let the quotient be r and the 
remainder zero. Since d divides e, it will divide ne + d, which is equal 
to b. Since d divides b, it. will divide mb ■{- e, which is equal to a. 
Hence, disa divisor of a and b. 

Again, every divisor of a and & is a divisor of h and a — wi, or c. 
Every divisor of b and c is a divisor of e and ft — nc, or d. Hence, every 
divisor of a and ft is a divisor of d. But no divisor of d can be greater or 
higher than d itself. Hence, d is the greatest or highest common 
divisor of a and b. 
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I. Bequired to find the H. C. D. of 

2«» — 7a: — 2 and 2jr» — a? — 6. 

2«» — a: — 6 ) 2aJ»-7a: — 2 ( x + 1 

2a:» — a« — 6a? 



1 

(Multiplying by 2 

1 


a?- 


— X 

-2x 

- X 


-2 

— 4 

— 6 








' (Multiplying by - 

■ I 
1 


-1.) 


— X 

X 


+ 2 
-2) 


2a«. 
2a;a- 


- a: — 

- 4ar 


6 ( 2a; + 3 


1 , 

Hence, the H. C. D. 


= X 


-2. 




3a;- 
3a;- 


-6 
-6 



IL Bequired to find the H. C. D. of 

7a;* — 23a; + 6 and 6af^ — 18a« + 11a; — 6, 
Multiplying by 7, to render divisible, 

5a^ — 18a;» + 11a; — 6 

7 

7a;«--23a;+6 ) 35a;»— 126a;'4-77a;-.42 ( 5a;+ll 

35a;»>-115a;«+30a; 
(Multiplying - lla;« + 47a;— 42 
by - 7.) -7 

77a;«— 329a; -1-294 
77a;»— 253a;-h 66 

-76 ) — 76a;-h228 
(Rejecting the factor — 76.) a;—3 ) 7a;«— 23a;+6 ( 7a?— 2 

7a;»— 21a; 



Hence, the H. C. D. = a; — 3. 



— 2a;+6 
—2a; 4-6 






HIGHEST COMMON DIVISOR. 75 

Rule. — Arrange the polynomials a,ccording to the de- 
scending powers of a common leading letter. 

Reject any factors discoveraible by inspection^ preserv- 
ing those thai are common to all as factors of the 
H.C.D. 

Select as a dividend that polynomial the highest 
exponent of whose leading letter is equal to or greater 
than the highest exponent of the same letter in the 
other polynomial, and if its first term, is not exactly 
divisible by the first term^ of the divisor, render it so by 
multiplication. 

Divide the dividend by the divisor, then divide the 
first divisor by the remainder, the second divisor by 
the second remainder, and so continue until a divisor 
exa^itly contains a remainder. This last divisor, multi- 
plied by the reserved common factors, if any, wUl be the 
H. C. D. sought. 

If there are jnore polynomials, divide the third by this 
exoyct divisor, and so proceed until all have been em- 
ployed, 

» 

Note. — Whenever possible, reject from each new divisor any iactor 
not found in the dividend. 

EXERCISES. 
147. mnd the H. C. JD. of the foUawing: 

1, r« + 2a; — 3 and a^» 4- 5a: -f 6. 

2, a:8 — 6a;« + llic — 6 and a:3 ^ 4^48 ^ a- _ 6. 

3, 2a^» -f a; — 3 and Zx^ — 4a; + 1. 

4, 12^3 — 88a: -f 128 and Sar^ — 33a:2 ^ 96a; — 84. 
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6. 2^ -f 9r^ -H 4a: — 16 and 4c» + Sa:" 4- 3a: -h 20. 

6. a?< — 9a:* + 29a:« — 39a: + 18 and 4^— 2'7ai^ + 56a: 
— 33. 

7. 20a:* + a:^ — 1 and 25a:* + 5a:» — a- — 1. 



8. a:* — 2a:« + ^a:* — 6a: + 3 and a:* — a:» — 2a?» 4- 3j: 



-1. 



I '^ ' I 






].! 



1 ,|i 



d. 2a:* — 96a:« + 14 and 7a:* — 48a:* + 1. 

10. a:*-fa^-fiK' — a: — 2and2a:* + a:* — a:« — a:* — 1. 

11. a:* — 6x -f 5 and a:* + a:* — 11a: -f 9. 

12. a:* ~ 2a:* + 25a:» — 39a: + 14 and a:*+17a:»— 13a;-+.2. 

13. 7? — 17a:* + 7a:« — 9 and a:* — 16a:* + 2a:* +5a:— 12. 

14. a:* — 16a:* + 2ar« + 5a; — 12 and 2a:* — 5a;* — 12a? 
+ 4a:2 — 9. 

15. dh^ + 83a2a:* — 48a*a: + 54a« and 2mwV — ^mn^^ 
— %^fwnh? — 36m»». 

le. cfih — 5a*Jc3 + 9a2Jc* + 112adc* + 147Ac* and a*a; — 
ba^c^ — 12ac*a: + 28<;*a:. 

17. a;* 4. 8a:* + 9a^« — 2 and a:* — 3a:* + 3a:2 _ 1^ 

18. 3a:5 — 46a;* + 43a:* — 36 and a:* — 17a:* + 7a:3 — 9. 

19. a;* — 8a:* + 8a:2 — 1 and ofi — 30a:* + 32a:8 _ 3, 

20. a:* — 5a:* + 9ar2 + 112a: + 147 and a:* — 27ar« — 77a; 
-245. 

21. 2a:* — 10a:* — 38arJ — 98 and 3a:* + 36a:8 + 237a: +84. 

22. 2abQfi — 164a&a:— 6ai and 3m^na^^S4mHiX?'-2'Jm^ 



]\ 1 1 



LOWEST COMMON MULTIPLE. 

148* When two or more polynomials are arranged accord- 
ing to the descending powers of some common letter, the 
expression containing the lowest exponents of that letter, 
and which is exactly divisible by each of the given polyno- 
mials, is their lowest common multiple. (L. C. M.) 

The L. C, M. of two or more monomials is equal to the con- 
tinued product of the highest powers of all their different 
factors. 

149. To find the Lu C. M. of two or more quantities 
that can be factored by inspection. 

I. Required to find the L. C. M. of Sa^bc and 21a^i^€^. 

Sa^bc =z 2^xa^xbxc 
21a8J2^ = 3x7xa^xb^xc^ 



L. CM. = 28x3x7xa8x^xc2 = 16Sa^l^(^. 

Explanation. — The L. C. M. of the quantities must contain each of 
their factors with its highest exponent. These are 2*, 3, 7, cfl, 6*, and 
e^f and their continued product is the L. C. M. required. 



II. Required to find the L. C. M. of a^ — ja^ a^ -f 2ab + b^, 
and a^ — 2ab + b^. 



o«-^ 

a^ + 2aS + ^ 
a^ — 2ab + b^ 



{a -f J) (a — b) 

{a + J) (a + b) 
(a _ h) (a _ h) 



L. 0. M. = (a -f 3)2 {a - by = a* - 2a^bi + ^. 
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150. To find the L. C. M. of two or more quantities 
that cannot easily be factored by inspection. 

III. Eequired to find the L. C. M. of a^ — 5a:» — 17a: + 21, 
a;" — 3x»-29a: — 42, and aH'-lIa;' + 31x — 21. 

Proceat. 

aa _ 6x» - 17a: + 31 1 / (« _ 1) (a; + 3) 

aa _ 2a:* — 29a: — 42 > -1- (a; — 7) =] (a: + 3) (a: 4- 3) 
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EXERCISES. 
151. Find tlie L. C. JIT. of tlie fMmvitig: 



1. 4mW and %a^b. 

2. 9a3&7 and 15aW 
6. 2:r + 1 and 2 (4ar^ — 1). 
6. a;8 — 8 and ir» — 4. 



3. IbQE^H and 21x^y^zK 

4. ^a^yz^ and l^sfiyH. 



7. ^{01^ — xf) and 16 (rc^ — j^). 

<S. a^» + 2a? — 35 and a^ -{- x — 42. 

9. a^ — Bx-^^ emd a^ — x — 12. 

10. ar» + 2a; — 99 and ar» — a; — 132. 

ii. ar» — 3a; — 28, ar^ + ar — 12, and a;2 — 10a; + 21. 

12. a^ — x^ ^ x-^1 BXid T^-^tx + Q. 

13. 12ar» — a; — 1 and 6a^« — 5a; + 1. 

14. Za^'-bx -{-% and 4a;8 — 4a;8 — a; + 1. 

15. a^ + %a -^1 and a^ — 2a2 + 8a — 7. 

le. 15 (a8^ — alP), 21 (a^ — alP), and 35 (a*2 + ¥). 

17. a;2 — 1, a;8 + 1, a;* + 1, and a;« — 1. 

18. a^ -{-Bx^'-X'-Z B,nd 7^ + 4tx^ ■\-x^Q. 

19. a;8 — 7a; — 6 and a;3 ^ ^48 _ 9a; _ 9. 

20. a;4 — 7a;8 — 7a^^ + 43a; + 42 and a;* ~ 9a;3 + 9a;2 ^ 
41a; — 42. 

21. 7^ ^^7? + 11a; — 6, a;^ — 9a;8 + 26a; — 24, and 
2:8 _ 8^ ^ 19^; _ 12. 



FRACTIONS. 

IAS. A firaotion is an expreeaion of division in which tht 

diyidend is written above, and the divisor below, a horizontal 

line. 

_, a ax ^ i mn a + b x~ y 
Thus, 1, —, -T- or =ar, — , — !— , — -^. 
Syo o pg xy m + n 

153. The numerator is the qnantitjr above the line. 
The denominator is the qnantitj below the line. 

154. The terms of a fraction are its nnmerator and de- 
nominator. 

REDUCTION OF FRACTIONS. 

155. To reduce entire or mixed quantities to the 
ft>actlonal form. 

156. Any algebraie expression may be written as a 
fraction having 1 for its denominator. 



157, Bo^ terms of a fracHon may be Tnultiplied by 
the same qiuintity tvitkou-t changing the value of the 
fraction. 
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I. Required to reduce ba + 3i to an equivalent fraction 
whose denominator is ba — 3d. 

Explanation. — ^The Process. 

given quantity is first 5a + 3J 

written in the form of oa + oo — ; 

a fraction whose de- 
nominator is 1. Mul- ba + 3d ba^-^b _ 2ba^ — 9^ 
tiplying both terms of i ^ 5a^ — 3ft ~" 5a — 3ft 
this fraction by the 

proposed denominator changes its form but not its value. The result is 
the form required. 

II. Required to change 3a — — ^ — to fractional form. 

Explanation. — ^The entire Process. 

part, 3a, is first reduced to an 3a 2 6a 

equivalent fraction having the — X „ = "o"? 

same denominator as the f rac- 
tional part. The entire part g^ j _^ 6a — (ft t- a) 

and the fractional part are -« o — ^^ o 

now expressed as fractions 

with equal denominators, and __ la o , 

may be written as one frac- 2 

tion and then simplified in 

accordance with the principle explained in Art. 69. 



Rule. — I. For En^tire Forms. — Multiply the entire 
quantity by the required denominator, and write the 
product over that denominator, 

II. For Mixed Forms. — Multiply the entire part by 
the denominator of the fractional part ; to the product 
annejc the numerator of the fractional part with its 
sign; under the result write the denominator of the 
frOiCbional part. Unite the terms of the numerator, if 
possible. 



If 
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REDUCTION OF FRA€TI0N8. 
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EXERCISES. 
158* RedMce to fractUmai form: 



X 



1. 3a + - 

y 



2. 2 + -< 

X 



3. 3a + 



ah — a 



^. 3a2a? — 



ah? — a^ 



5. 1 4- 



X 



6. 2a + 



1 +x 
4*« 



7. a -{- X + 



8. d + 



a — b 

a^ + afi 



a — x 



9. a« + 4 — 



aa? + 4a: 
a + X 



10. 



11. 



6bx 



— 2a:. 



a + b + c 
a + c 



12. 3a — J — 



— 1. 

2a»— b 
a -f 1 



2^. a + 2d + 



iJ. a{m + n) + 



a — 3b 



a^ — l 



16. a — « + 



m — n 
a^ + g^ — 5 
a + X 



17. oi^ — xy + y^^ 

18. aj2 + 2a: — 1 — 



a:* + y* 



iP. a;3 + 3a: — 5 — 



x^-\-xy + f 

W-\- 9 x 
a: + 5 ' 
6a:8 _ 13a. 



a^ — x-^ 1 — 



a^ + 2a: — 1 
a:4 _ 2a:8 — 3a: + 2 



a:* + a: + 1 

21. Change Sah^y^ to an equivalent fraction having 2ah? 
for its denominator. 

22. a^ — a? to a fraction whose denominator is a^ + a^. 

23. 6a?y^z to a fraction whose denominator is 4:axz. 

24* oac{x-\- y) to a fraction whose denominator is a: — y. 
25. a' + a^i + oft^ + J^ to a fraction whose denommator 
is a — i. 
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159. To reduce fractions to entire or mixed quan- 
tities. 

I. Required to reduce 



Explanation. — Divid- 
ing 17a' by 5, as in the 
division of monomials, 
gives the form required. 

II. Required ta reduce 



5 
17a« 



to a mixed form. 
Process. 






a + b 



to a mixed form. 
Process. 



(«« - 2a^ -f V) -^{a + J) = 

'%ab 



a2 — oA + ^a 4- 



■■ ■ ■ M 4 



Explanation. — Dividing 
the numerator by the de- 
nominator gives a*— oft + J*, 
with a remainder —%ab. 
Adding the remainder to the 
quotient gives the form required. 

Rule. — Perform the division indicated by the fraction. 
If there is a remainder, mrite it over the denominator, 
and to the entire part of the quotient annex the fraA>- 
Hon thus formed, placing before it the sign + . 

Note. — ^When the remainder is a single term and negative, the sign 
— may be written before the fraction and omitted from the numerator. 

Thus, in the foregoing example, a* — oJ + J* + j- may be written 

2db 



a* — ah -hb* ^ 



a + 6' 



See Arts. 168 and 169. 
EXERCISES. 



160* Reduce to integral or mixed farms: 



1. 



4' 

5. 



23^ 
9 

■ « 

9 

Sa^ + 3A 

4a 
12ar^ — by 

6x 



16abc 



e. 



7. 



8. 



9. 



2a^x — a^ 

a 
gg -^ 3a? + 2 

« + 3 
2g8^6a;--l 

a: — 3 
a^ — ixy -f- 4y^ 



*« 
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HEDUOTIOir OF FBACTIOFB. 



I ' 



I r 






*!• 



I ii r 



;j 



i 'lii: 



'I ' f'ii: 



' I 



^!i '!( 



' ; , i. 1 
il,': lii 



I 



l| 



|i 






I ', >( I 



i.i: 



■| lO'' 



I! 



1 1 









I I 



10. 



11. 



12. 



16. 



17. 



18. 



g' + y* 

g* + y 

a + ft* 

a* — g* + 2a? + 1 
x — l 



15. 

i5. 



a;»~37 

•a; + 7' 

a« — o«A + oft* 



— ft« 



a — ft 



a« — 4a:3 + 4a; — 7 
2a» — _6«*-^^2^jh5^ 
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aj» ^ 5a:3 4. 5x — 3 



— 9 



161« To reduce a firaction to its simplest form. 

162. A fraction is in its cdinplest form when its terms 
are not themselves fractional^ and have no common factor. 

163. Both terms of a fraction may he divided by the 
aam^e quantity without changing the value of the frac- 
tion. 



rrct ab -T- b a 



1^ 



but -J- = ab -r- b =: a =z -^ 
1 



Hence, Factors eomjnon to both term/8 of a fraction 
m^ay be omMted vMhout affecting the value of the frac- 
tion. 

ISflj^aJi/^ 
I. Reqnired to simplify gg^,- 

Explanation. — Sepa- 
rating each term of the 
fraction into two factors, 
one of which is their ^h- 
est COTunon diviser, and 
omitting tiiis common factor, giyes the simplest form of the fractioiL 



Process. 



Iba^xy^ _ hdhoy^ x 3g _ 3g ^ 
25a^?y8 "" hdhcf x hxy "" Say* 
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a^ — ^2 
II. Required to simplify ^ ^ ,^ ' 



Process. 



gg — y 

a* - d* "" (a« - *2) (a« + *«) ~ a* + ja* 

Explanation. — The denominator may be separated into two factors, 
of which one. is equal to the numerator, a* — ^. Omitting this common 
factor gives the simplest form required. 



III. Required to simplify 



a^ — 2a:« — 14a; + 3 



i»8 -. 24a; + 5 
Process. 
(a;8 — 2a:g — 14a; + 3) -^ (r^ — 5a; + 1) _ a? + 3 
(a;8 __ 24a; -h 5) -f- (a;^ — 5a; + 1) "" « + 5* 

Explanation.-— Since the terms of the fraction are not easily factored 
by inspection, their H. 0. D. is found by the method of division. Divid- 
ing both terms by their H. 0. D., a^ — 5a; + 1, gives the simplest form 
required. 

Rule. — ^I. Resolve the terms of ihe fraction into their 
simple fcbctors, and om/it those that are eom^mon ; or, 
II. Divide the tenns by their highest comjnon divisor. 



164. Simplify: 

3a;8y2 



EXERCISES. 



1. 



3. 



4> 



6. 



2. 



9a;3y4 

^dpqm^nzy 
na^bcde 



14a;yV 
49a^' 



6. 



7. 



8. 



9. 



JL2^y^^ 

17^2^ 

■■-■ I ■ • 

Sda^c^a; 
'^^Wc¥y 



n 
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REDUCTION OF FBACTIONS. 






I 












II 



1, ; I '''•;' 



I 



kl 



I M 



10. 



11. 



Ig. 



IS. 



U- 



15. 



16. 



19. 



go. 



<^ + ab 
2ab 

efl + ab 
fl* — ab 



Idflftc — 10a f 

ax + bx 

3a» + 3aar 

(g + iy 

g« + y 



27 tjzJ^l. 



5a*af — 15ay* 



a (a: + y)» 

2a^ + jg - 15 
2a? — 19a; + 36" 

^^- aa-2ar-15" 



«5. 



ar* + 2a; — 3 
ar" + 4a; + 3 



i?^ 



«5. 



;?tf. 



27. 



g8. 



29. 



SO. 



SI. 



32. 



33. 



34- 



35. 



36. 



37. 



Tl^ + lfi 

aa — 7a; + 10 
a;* — 2a; — 15* 

a? + 5a; + 6 
a;» + a; + 10* 

3a? + 23a; — 86 
ia? + 33a; — 2?" 

a + U 
17a» — 153i»" 

3? — 03? 

3? — 2az + a'* 
axy 



b3?y + cxj^ 

dmn -f 2mr 
M» — r» 

1 + a; + a? 
1 — a? 

ea^a -f a; — 15 
62:2 _ iiip _ 35* 

6ffl2 + wa; — 15a:^ 
15^2 + l&mx — 16ar»' 

6a:» ~ 11a; — 10 
6x^ — 19a; + 10* 

2x^ -^3x + 1 
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38. 



39. 



40. 



a:3 4- 2a^g — 5a; — 6 

ics ^ a^ _ 64a; _ 64' 

9a:« — 46g + 35 
15a^ + 46a^ — 4^' 



4i. 



42. 



43.. 



4a:3 — 23a; + 5 

a;* — y* 

a;8 + a;' 4- a; + 1 
a;* — 1 



165. To reduce two or more fractions to equiyalent 
fractions having^ tlie lowest common denominator. 



a 



m 



I. Required to change t;^> t^> ^^^ m" j to their lowest 
common denominator. 



. Process. 

L. 0. M. of b(?, hd, and ¥cd = I^(?d. 

a xbd ^ abd 

bd^xbd ~ Wd' 

c xb(^ ba^ 

bdxbc^ ■" iW' 

m xc cni 



V(?d^b(^ = bd\ 
V^(?d^bd = Jc2; 



VM-T-V^od = c; 



l^cdxc 



¥(?d 



Explanation. — A common denominator of two or more fractions is a 
common multiple of their denominators, and the L. C. D. of two or more 
fractions is in like manner the L. C. M. of their denominators. The 
L. C. M. of the denominators Ix^, hd, and l^cd is l^t^d. Dividing this by 
the denominator of each fraction, multiplying its numerator by the quo- 
tient and writing the product over the L. C. M., gives the fractions re- 
quired. 

Rule. — Find the L. C. M. of the denominators, Di- 
vide it by each denominator. Multiply the numerator 
of each fra^ction by the quotient obtained by thus divid- 
ing by its denom^inator, and write ea^ch product over the 
L. G. M. of the denominators. 



BBDUCTtON OF F&ACTIONB. 



'.educe the foUotHno fraction* to equivalent frac- 
Ing the L.C.I>.: 



b' d' f 



' ac' be 

-b a + 2 



3a 6ax 6£ 
^', &cy>' icy" 

a — x a + X 



a~ h a' + y b 

+ «* + **' o* — A»' a — b 



■\-x* 4 + 4a;' I — a? 



-y' x + y 


' ^-f ^ + y' 


a 


b c 


-ab + &>' 


a^ + ab + ^' a* + a»S> + 4* 


x~l 


a: + 3 x — b 


— &r + 15' 


3? — ix — b' a;a + 4a: + 3 


-3 X- 


-2 a? + i^ 


-4' x' + 


X — Q' 3? + Gx + 9 


5 


3 3 


+ x — 20' 


a!>~x—Vi' x' + x — Q 


b + x 


a + x 



-*)("-»)' <"-*)(»-»)' 
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ADDITION AND SUBTRACTION. 

167. Since the addition of a negative quantity is equiva- 
lent to the subtraction of an equal positive quantity^ it follows 
that algebraic addition and subtraction are substantially the 
same process. 

168. To add or subtract algebraic firactions. 

Operations in addition and subtraction of fractions are 
often much simplified by first making changes in the signs of 
the fractions to be operated upon. To show how this may be 
done without affecting the value of the fraction^ 

Let T be a fraction such that a contains h exactly m times. 

Then^ by applying the principles governing the signs in addi- 
tion^ subtraction^ and division, 



1. 



2. 



+ 



+ 



+ a 



3. - 



4> 

6. 
6. 



+ 



+ 



7. - 



8. 



+ b 


• 

— a 


-b 


+ a 


+ 1 


— a 


-b 


— a 


+ * 


+ a 


-b 


— a 


+ b 


+ a 



= + 



= + 



= + 



= + 



-J 



-f m) = + m. 

+ m) = + m. 

+ in) = -^m. 

-f w) r= — w. 

— m) = — w. 



— m) = 



m. 



— . m) = + m. 
—. m) = -f w. 



I , 



I : 



1 1 
I ' 



.» 



Ik 
t 

I ■ 

1 

i-i 

■ i 

; I 



I I 



|t 



'I i 
I 



■ni.^ 



ii I. 



1 1 



I'l ■■■ !■! 



' , I 



I I ' 



I ! 



■i'^ 



'■ii'''i'' i! 
I, ''■'.'!' j! ' 

,■/, 1'!!; 

A ' 1 Hi 1 1 



I I 

» I 



I I I 



t 



■il:-! 



I 
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FBAOTJONS. 



Hence, 



1. Changing one sign cfuinges the sign of the rmiue of 
the fraction. 

2. Changing two signs does not affect the value of the 
fraction. 

3. Changing three signs changes the sign of the value 
of the fraction. 

169. To apply these principles when the terms of the 
fraction are polynomials^ changing all the signs of a poly- 
nomial term coilhts as one change of sign. 



Thus, 


a - 

C - 


-b 
-d~ 


Also, 


C — 


b 

d~ 


Aorain 


• 


-^ 



— c 



i, which is usually written -=- 



a 



h — a 



V^^a^ 



c2 — (^ <^» — c2 



and 



a — 


* 


c — 


d- 


*»- 


-a* 



a 



d ^ c 



d^ 






Changing the signs of both terms of a fraction is equivalent 
to multiplying both terms by — 1. 

Thus, \ ^f ^ = -—j,y or -J 



170. A fraction whose numerator is equal to is itself 
equal to 0. 

^, 33 3-3 0,,33 ^ 
Again, T - T = —T— = t; but ^---. = 0. 



u I 
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a 



X 



I. Required to find the value of Ij + 5 + ^' 

L. 0. D. = bcP. 



b(P -r- -{ d =z bd; 
d^ =b; 



a^ xd 
bdxd 
c xbd 
d xbd 
x_xb 
d'xb 



ad ^ 

bd^ 

bed 

bd^ 

bx 

bd^J 






ad + bed + bx 



bd^ 



,An8» 



II. Bequired to find the value of — ^ + ^^^ — • 



L. C. D. = 36 ; - 36 -r- 

(3a; — 2y) X 3 _ 9x-^6y 
12 X 3 "■ 36 

(5y — 4rg) X 2 _ >~ 8a; + lOy 
18 x2"" 36 



12 = 3; 
18 = 2; 



_ a;-f 4y . 



TTT r> • J X • i.-_ aa; Ja; 2abx 

III. Required to simplify ^ + j, + 



a — b a + b b^ — a 



T . i_ . 1 2aia; . , , — 2fl^a; 

In this example, t:; s is the same as 



2 



*2-a2 



-^2 



(a - ^) =z {a + b); 

L.C.D. =a2-.*2. (a2-*3)-=-^ (a + ^) =(«-&); 



aa; x (a + J) _ «^ + abx ^ 

K^"^ X (a + ^) "" d^-^ 

bx X (a — J) __ aSa; — ^ 

(oT"*) X (« - S) "" d'-b^ 
— 2a&a; x 1 — 2^^.^ 



(a3-A2)xl 



a2-Z>=« 



^ a;(a«^y) . 



„, Q. ,., 3x + 5 3 — 5X xiZi — x) 



x(2i — x) _ —iix + x' 
a!"-4 ~ 4 — a» 



j (2 - ») =i + x) 
((4-«') = l ) 



L. C. D. = 4 - a;« 



(5a; - 3) (8 - 1) = -6 + 131 — Sa:" J = J^75= 1, Ans. 
(- 2ti + a?) X 1 = 



1*71. When the denominatora eonsist of two or more fac- 
tors enclosed in parentheses, signs may often be olianged so 
as to simplify the operation. The following examples will 
show how these changes may be made withont affecting the 
value of the fractions. 

(a — J) {c — d) = ac — be — ad + bd. 

{—a + b)(c — d) = ~ac+bc + ad — bd, one factor 
changed changes sign of result. 

( — a + l) ( — c + d) =: ac — bo — ad + bd, two factors 
changed does not affect the result. 

Again, (a: — y) (a: -(- y) (a:= + y!) ^ x* — y*. 

(.9 -!')(' + y) i!^ + f) = J* - x-. 

(y-a:)(-i-y)(a? + y') = i- - y". 
fa - I) (- 1- - S) (- »• - y') = 9'-'^- 
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V. Find the sum of 



+ 7Z Hwl Zv + 



(a; - 3) (a: - 4) "^ (a; - 2) (4 - a;) ^ (2 - a:) (3 - a:) 

As the example stands^ there seem to be no like factors 
in the denominators. It may^ however^ be written 

1 -2 1 

+ TZ SwZ IT 4- 



(x - 3) (a; — 4) ^ (a; — 2) (a: - 4) ^ (a; - 2) {x - 3) 

The L. C. D. is now easily seen to be 

{x — 2) (a; — 3) {x — 4). 

Dividing the L. C. D. by the denominators in order gives 
respectively a; — 2, a; — 3, a; — 4. Whence, 

(a: — 2) + (a; — 3) X (— 2) + (a? — 4) = 0, the sum of the 

numerators. 

Hence, the result is 7 ^77-7 — -^n tt- = 0. 

(a; — 2) (a: — 3) {x — 4) 

Rule. — Heduce the fractions to equivalent fra>ction8 
having the lowest common denominator. Add the nu- 
merators of these equivalent froAsbions and write the 
sum over their commnjon denom,inatar. Simplify the 
result, if possible. 

EXERCISES. 
172. Perfirrtn the operaHans indicated: 



1. ^ + ^+^' 

X X x^ 



a + b , a-^i 

6^9 



, 0? + ^ , 3?-f 

3' — 9- + -ia— 

, 6 + « , 8 — ax , h 



••f 
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FRACTIONS, 



I , 



I , 



N| 



I I 



!i, i' ' 
• i '■ i 



I 



I 



ii I 



I , 1 



Ml 
« 



• 1 






I ' I ,4 



l' il' 



h, :!:!■'■ lil 






. I-, 






I' 



I 1,1 



^ 3fl — 6* . 4d — 2a 

O. 5 H ;; " 



7. -i-.4- ^ 



10. 



ij. 



23. 



a — b a + b 

8. ^+ ' 



x+y x—y 



9. ^- P 



am 4- h 



a 



m^ 



n' 



m + n 



g + y _ x — y 

x — y ic-fy 



x-^ff x — y 
be ac ao 



14^ 



15. 



16. 



17, 



19. 



21. 



a 3a 



2ax 



a — X a + X a^ — a^ 



1 




m 


m— 1 


m? 


'-1 


3 — 8a; 


«»+3a;+l 


x*-9 




a?+3 


a; + 5 "*" 


65 


-25 


l + 3x 


1 


-3a; 



1 — 3a: 1 + 3a; 



12 



o* o*J o*J^ 



+ 



+ 



8a:* ' 13a; ' 20»«a: 



20. J^^^ + t. 



X — y «* — y^ 



a; 



y 



^ — y y — 2; 



J^i^. ^— + ^ 



2 



x — a X + a X 



2A. ^ (% + 1) 7/^ + 2yt m -- 2w 



Q? — y'^ 



x + y 



x — y 



1^ 1-^ 2£-l 

a; + 3 ^a; — 2 ^ a; 4- 2 

„ ^ — 2d-. &-^3c . 4a5 + 35i? 



3c 



2a 



Qac 



)m 
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„ 3a + 7 __ g-3 2(2g + 9) 
13 3 "^ 39 * 

28. -^,4- ' ' 



J^9. 



m^ — n^ m -{- n m — n 

1 ^ ^_ 

a + ^ + ^2 _ j2 a2 + i8' 



"^ X %x—\ 4ar^-l' 

3 5 2a; - 7 

' X %x—\ 4ic2 — l' 



55. — r-T r-s + 



5^. 



S6. 



37. 



88. 



39. 



x-\-l a: + 2'a; + 3 

3 _ 1 _ g + 10 

2a; — 4 a; + 2 2ar2 + 8' 



5^. 2 _,^^Zl3 + «^ 



a; + 4 ar^ — 4a; -f 16 ' a;» + 64 
a {2a — ft ) g — J 

g^ + 3g^ftg + ¥ a^^ah + V 
2a; + 14 1 — a; 



2a;^ ^ -f y 



r«^»* 



a:* - yf V .is ^• #y -f a;y« -f ^- 



-JS3^- -.— 



li III 



•*"• I— 1 i + S {x + 2)" 



■«i- 


ab(a-h)' b 'a ^ 


■it- 


X Zx izy 
x-y ' x + y ' y"-;^ 


4S. 


a 3a Zai 
i-a a + i if-V 


U- 


T. xTTZ n + 71 rwl X 



4S. ' 



l — 2x l + 2x 4a!'— 1 





(»_»)(a 


-J) 


(J- 


«)(4-a) 


47- 


]i.4- 


« — 1 


[- 


15 +(^+1)4" 




6 


1 




24 




3 {a^ + 1) 


10(a:- 


-1) 


5 (to + 3) 


49. 


^.-r 






+ 






(»-»)(«-«)(»-«) 


SO. 


«3 ^ 63 


-H- 


b 

; + 


si- 


«»(« + ») 


1 


HI. 


1 







,^, ., + ,„ ' 



(X - 3) {» - 4) ^ (4 - I) (a: - 2) ^ (i-x) (3-a 

! *_ + « i_ + -L-. 

-2& a — 4^o a + 6^o+2i 
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MULTIPLICATION. 

173. Since an entire or a mixed quantity may be expressed 
in fractional f orm^ multiplication of fractions consists of but 
one operation ; that is^ 

174. To find the product of two or more f^ractionso 

I. Bequired to multiply t by c. Also t by — 

a a c ac . 

j-xc = T X zr = ^, Ans. 
o 1 

a »^ _ «^ J 
n on 

II. Required to find the product of —2-3 by 3 ■ 

a^b omh? c^hcmh? __ a^hnh^ cm __ C7n 

m^ aW "*" c^yhnx^ "~" a^brrM ab ^ ah' 

c^ — 'x^ Q^ -4- 1/^ 

III. Sequired to find the value of -; . x — -^-^ • 

^ ^ — y^ a ■\- X 

a^ — x^ a^ + y^ __ (a + a;) (a — x) {x^ -f y^) 
a;4_y4 X a + x - (a-}-x){x^-y^){x^ + y^) 

a — x . 

y Ana. 



^ — y^ 

IV. Required to find the product of 



\a^ ay "^ yV ^ \a^ '^ ay '^ yV 



If* 



D8 



MULTIPLICATION OF FRACTIONS. 






a' ay y* "" 



«y 






<1 



ay ^ ay 



This result may be written 



_ ay + g^Wey + 0*^ 

ay 



oy"^ ay "*"ay* 



reduced to simplest form it is 



g* Wgg y 
a* "^ ay "^ y*' 



1 111 
I '11 



11 1 
'V, 1 



1 jf 



1 'I I 



' ' I 



1 I 

! I 



1 I 



u'M; 



i ^ 



»' h 



' il I 



! |;r 



Rule. — Multiply the numerators together for the nu- 
merator of the result. Multiply the denominators 
together for the denom,inator of the result. Seduce the 
fraction thus obtained to its simplest form, 

EXERCISES. 
175. Mnd the vaitie of the foUowing: 



- a* mn 
1. -jt X 

c 

Q 6a^y Ibabn 

Q 2a Sbc 



U 



oa" 



, a^ y c* 

be ac ab 

^ 6a 6a; 8 

^ 3 (a + g) Ax 



2 



a -{- X 



I 




n 



■V^r^ •■ ^ ^^ 
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7. 



19. 



a —x 



a^ 



a^ — a^ 



^ Z$? 30« — 60 

^- s^^To'' — 4 — 
iO. — = — X 



10 



«a;» — 4k 






"• (' + r)x(-0 



» 



i + « a; (« — d) 






«» — fflSJ «« + 4» 



,-, « + ! « + 2 « — 1 

I/. ;r X -:; =- X 



« — 1 X* — 1. (« + 2)' 

1R ^y^** ,, y* + gy + * 

y» — 8 '^a!«-3« + 9* 



1 — »» 1— y» 

l + y *^a; + a?^ 



(' - ,4-J 



^^ 3«a; «* — «8 *(? Hh 



€ —X 

X • 



44jf c* — «* a^+oi; « — a? 



g«~64 ^g - 6x + 36 
«3 + 216 «« -j- 4a + 16* 

23. » . ,o X 7 — r-T-« X 



a^ j^V^^ (a-^tlf^ {a — Vf 



2h ^(^-^) X ^ ^^ "^^^ 



«2 4- 2flw; -f- «* a* — 2aa; + aj2 



,1» 
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MULTIPUOATION OF FRA0TI0N8. 






ill i' 



, ! 



I ' 



I : I 



I,!' 



': i 



li 1 



M 



i"i.:!h, 



r ' ' 






i r^ 

, i 

! I 
M 



25. 



26. 



31. 



32. 



37. 



a^ — ¥ 



a — b 



a* — iab + l^a* + ab 



o»-a« 



tn* + mn + n* a* + a^ 



m* — «• (^ — ax + 3^ 

X —^—. — r X — 



-»•» 



«7. I J- — X ■ — • 

*' a* — 2x + 4^ 0^ — 8 



^fl, ^ ? — X - 



a:* — 6a: 



a^ — 6a; 



^"•{■-^thi^-^a 



— af» o» — «» 

X 






a -f > «af -f ar* 



ar {a — a;) x{a + ar)^ 



«* -f 2«af + a:* a* — 2aa; + a;* 



._ g» + 2a; — 3 4a^ — laz — 40 
at* + Sar + 6 ^ 3a? — 18a: + 15* 



a 



3 



3a^» (rt — ^») — ^ ^ a3 -f b^ 
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DIVISION. 

IVG* Division of literal fractions is precisely similar to 
that of nomerical fractions. 

Rule. — Invert the divisor and proceed as in multijjlU 
cation of fractions. 



EXERCISES. 



177. i. f^^- 
a 



4- 



9. 



10. 



11. 



IS. 



amn m'n* 
2 3 



i^. ^-T- 



S. 



5. 



6. 



7. 



a3^ 



a» 



a 



2 



a:8 



^ • a2 -I- a^ 



(^ 4- y2)» • 2^* + y» 

^^ . y 



(a^ — y^) a?y . xf {x + y) 
{a -I- hy ' a^ + ab 

aJ8 — 5a; + 6 «» — 3a; 



<5. 



^ + .y' ' y + ^ 

ax — 7? 7? 



{a -^xf ' tf2 _ ar» 



aJ8 — 5a; • a^ _ 6a; + 6 

^ — y* . ^ + ay 



ar« — 2a;y 4- y2 • a; — y 
2wi% 3mw' 

a;4_y4 g + ft , (a; — y)» 



7^. 



a^ -f a^ (a; + y)* ' 

W ^ a;/ • V y ^' 



oft 



-r 



.*» 
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COMPLEX FBAVTiONS. 



16 



■ e-^ 



9 * + 9> 



/ • \2a: — 2y 2ap + 2y/ 



Vr-y ■ » + y/ \2a: — 2y 2ap + 2yj 

a* _ 6 J + 8 3!* — 5ar+ g _^ (ar — 2)» 
'^* a? — 4z + 3^a»-2j; + 8* »— 1* 



178. A oomplez fraettom k s fraction that has a frac- 
tion in its namMator, or in its depominatw, or in both. 

A oomfAKX fraction is simi^ an expreesion of diTision of 
fractions, and may be simplified by treating it as sach. 



Thos, 



111 



= («^!)-(''-7) = 



»c+6 . t^+e 



f 



gg + » / _ /(gg + t) 



•f 



179. SlmpHf^ ike foUawing emmpieat flmeHmkm 



1. 



i. 



s. 



2,\mhh 



3mn^ 
m? + mn 

{a + hY 

(a?-f y)xy^ 

o2 4- o$ 



5. 



tf. 



a>» 



«»-J» 


ad> 


o» + a* 


as«-y« 


a!»-3afy + y» 


a!» + !ry 


ar y 


2fl» "^ a* 


x 3a 
2a X 



ll 
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7. 



8. 



9. 



a ■{• b a — b 

c -\- d c — d 

a + b a — b 

c — d c + d 

f 

gg — 5a? 4- 6 
a:^ — 5x 
a^ — dx 



X—1 + 



6 



z^6 



a: — 2 + 



10. 1 + 



a; — 6 



X 



1 +x + 



2a^ 
l—x 



11. 



12. 



13. 



U^ 



1 + 



g — 1 
a + 1 



1 — 



a 



a + 1 



1 — 



2pq 



J^ + Q^ 



a -^b 



^3pq 
a — b 



4- 
a — b a + b 

a + b a — b 

a ^b a + b 

dx x — 1 
-g-{^ + l)-3 



2 



%x 



X 



+ 

T 



15, z+JL ^-y ^-f. 



+ 



X 



x+y ^—t 



16. 



X 



x—y x+y 



Q? 



+ 



r 



a4^y2 • ar^—y* 



i7. 



a -"b a ■\- b 



a + b a — b 
aS + J2 + ej-4 - J2 



SIMPLE EQUATIONS. 

180. The degree of an eq,iiation is detennined by th 
highest power of the tiiiknoTn quantity in any term, or b 
the great«at number of unknown factors in any term. 

Thus, dx — 5g = iZ ia aa equation of the first degree 
bj^ — 3xy = iZx + 20 and iary — 6yj = 3*' — 20 are eqna 
tiona of the second degree ; St* — bxi^ = % — 5xyz is ai 
eqaatioa of the third degree. 

181. A simple equation is an equation of the firel 
degree. 

183. The first, or left member, of an equation is the 
expression on the left side of the sigD of equali^ ; the 
second, or right member, is the expreerion on the right 
side of the sign of equality. 

183. A numerical equation is an equation in which 
the known qnsntities are represented by figures. 

Thus, 6a: = 30, a: + y = 7, Qj? + hxy = 100, are nu- 
merical equations. 

184. A literal equation is an equation in which some 
or all of the known quantities are represented by letters. 

Thus, ax -\-f, =:b, z^ + 03? = Zi, ax + b ^ ex + d, 
are literal equations. 
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185. An identical equation is an equation whose 
members are alike in form^ or may be made so by perform- 
ing the operations indicated. 

Thus, (5 X 2) +8 = 18, ax+^ = ax+b, {a — x) (a +x) 
= a^ — 2^, are identical equations. 



SIMPLE EQUATIONS CONTAINING ONE UNKNOWN 

QUANTITY. 

186* In the solution of an equation^ the operations de- 
pend upon the following principles : 

I. If equal qmanUties he added to bath mewbers of an 
equation, the resulting sums wiU form an equation. 

Thus, if any number, as 10, be added to each of two equal 
expressions, it will haye the effect of making each expression 
greater by 10, but they will still be equal. 

II. If equal quantities be subtra^eted from both mem' 
bers of an equation, the resiMing remainders mill form 
an equation. 

Thus, if any number, as 10, be subtracted from each of 
two equal expressions, it will have the effect of making each 
expression less by 10, but they will still be equal. 

III. If both members of an equation be multiplied by 
the same number, the products ivill farm an equation. 

Thus, if equal expressions be multiplied by any number, a9 
10, the results will be 10 times as great, but still equal. 



I 
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SDiPLB UqUATIONa. 



lY. If both members of an equation be divided by the 
earns number, the quotients wiU form an equatUm. 

Thug; if equal expreesions be divided by any number^ as 10, 
the qaotients will be only ^ as large, but stiU equal. 

187« It is convenient to have all the unknown terms of an 
equation in the left member and all the known terms in the 
right member. This may be effected by Principles I. or II., 
and is called 



TRANSPOSITION. 



Given the equation 



t) 



I I 
I 



^^ 



5a: — 12 = 3a; + 8. 
Subtracting 3a; from both members. 



Or, 



5a; — 3a; — 12 = 3a; — 3a; + 8. 



2a; — 12 = 8. 



Adding 12 to both members. 



Or, 



2a; - 12 4- 12 = 8 4- 12. 

2a; = 8 4- 12 = 20. 



Hence, Any term in an equation may he transposed 
from one wsmiber to the other, provided its sign be 
changed, 

188. An equation may be cleared of fractions by the appli' 
cation of Prin. III. 



1 

.J 



ill 
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CLEARING OF FRACTIONS. 

Given the equation 

X X t/C ^^ B< 

2-3 + i = ^«- 



Multiplying both members by 12, the L. 0. M. of the 
denominators 2, d, and 4, 



1^(1-1+3 = i^^^«- 



Or, 6a; — 4a; + 3a; = 300. 

An equation may be cleared of fractions by muZti' 
plying every term by the L. C. M. of the denominators. 

189. After transposing and uniting terms, the value of 
the unknown quantity is found by dividing both members by 
the co-efficient of the unknown quantity, in accordance with 
Prin. IV. 

Thus, in the foregoing equation, 

6a; — 4a; -f 3a; = 300. 

Uniting terms, 5aj = 300. 

Dividing by 5, the co-efficient of a;, 

X = 60. 

190. To solve a numerical simple equation contain- 
ing one unknown quantity. 

I. Required to solve the equation, 

6ar 4- 2 (11 — a;) = 3 (19 — x). 



]06 HIMPLB HqUATJONS. 

Performing indicated operations, 

6ar + 22 — 3a: = 67 — 3a^ 

Adding ^ and — 22 to both members, or what is 
Bame, adding Sx — 33 to both members, 

6a: + 22 — 2a: + (3a; — 22) = 57 — 3;r + (3x — 22). 

Or, 6a; — 3a: + 3a: = 57 — 82 ; 

whence, 7a; = 36. 

Hence, a^ = 5. 

II. Required the ralne of x in the equation, 
x + Z X — a Zx — b 1 



The equation may be written, 

a; + 3 — (a; _ 2) — (3a; _ 6) _ i 
2 "*" 3 ■*" 12 ~ 4' 



-z + 2 — 3a: + 5 _ 1 



"5~ 
Mnltiplying by 12, 

6 (a: + 3) + 4 {- a; + 2) + (- 3a; + 5) = 3 ; 
)r, 6a; + 18 — 4a: + 8 — 3a; + 5 = 3. 

Tranfiposing terms, 

6a; — 4a: — 3a; = 3 — 18 — 8 — 5. 
Whence, -x= — 28. 

Dividing by — 1, the co-efiScient of x. 
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Prom the foregoing solution it follows : 

1. // an eqtbation contains a froAition preceded by — , 
tn cleaHng the equation of fractions every term obtained 
from the numerator of that frojction rmust have its sign 
changed. 

2. The signs of all the term,s in both members of 
an equation may be changed without destroying the 
"quality. 

EXERCISES. 
191. Find tFie value of x in the following equations: 

1. 5a; + 50 = 4x + 60. 
^. 7a; — 6 = 6a; — 4. 

3. 8a; 4- 7 = 6a; 4- ^7. 

4. 4a; — 48 = 24 — 2a;. 

5. 27a; — 14 = 190 — 41a;. 

6. 21a; + 7 = 4 (a; — 3) + 3a; + 61. 

7. 2 (3a; — 1) — 20 4- 7a; = 5 (2a; + 1). 
S. 8 (2 - a;) 4- 7 (1 - 2a;) = 37 — 28a;. 
9. 3 (a; — 5) — 5 (a; — 3) = 21a; — 46. 

10. 9 (2a; — 1) — 7a; = 89 — 3 (4a; 4- 2). 

11. 7 (a; — 10) 4- 54a; = 2 (1 - a;) — 3 (5 — 2a;). 

12. f4-?f? = 3~-. 
3^5 6 



1l 
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aiMPLK RQUATIONA 



13. ^-^ + 31+^ = 0. 



14. 19a: - 4a: = 17^ — 



7a; -2 



^^ 3a: — 5 ,^ 2a: — 4 
Jo. a: H s — = 12 jr — « 



^^- l + l+i + I-i^ = - 



^j,_ £+l_^^16_5 + 3, 



^ ' I 






^^ a: — 1 ^ 23 — a: 4 + a? 
iP. — = — = 7 = \ — • 



20. 7z + 13i-| = ^-8f + ^. 



21. 



a: — 3 2a: — 5 41 3a: — 8 5a: + 6 



60 



15 



! 1 



i f 



! 1* 



I ,■,'' 



11 



. II 



|! I 



22. 



23. 



7a! + 9 



f^-('-^) = '- 



-{1-?^) = ,. 



7 + 9a: 



' 11 



^^. !£^_?l=^ = 4.-14}. 



2 (a; - 8) 3 (9 - a;) 5(a;-ll) _ 3 (a;— 17) 
^''- 3 4 6 '^ 8 • 



A I 



^e. 
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3a; — 1 4a; ~ 2 __ 1 
2a; — 1 3a; — 2 ""6* 



3— a; 2 — a; 1 — x 



28. 



2a; — 3 3a; + 2 a; — 2 

29. bx — [8a; — 3 {16 - 6a; — (4 - 5a;)}] = 6, 

30. (a;— 5) (a;— 2) — (a;— 5) (2a;— 5) + (a;+ 7) (a;— 2) = 0. 

19!3. It is sometimes best to clear au equation of fractions 
only partially, and to complete the operation after reducing. 



III. Required the value of x in 

7 (^ ~ 1) . 5 (a; + 6) __ 2\x - 2H 

39 "^ 3a; + 5 " 13 ^ ^' 

Multiplying by 39, 

7^ _ 7 + l^y^) = 7x - 65H- 136i. 

Omitting 7x and reducing, 

195 (a; + 6) _ 
3a; + 5 " '^^• 

Dividing by 39, ^3^^ + f = 2. 

Clearing of fractions, 5a; + 30 = 6a; -f 10. 
Whence, x = 20. 



1 1 



.4 



M 



• •♦ 



I 



'I 






I 



i. 



!r'i 






1 I 



I ■ '"j, I 



hi ' i 



1 I 



I :ih!! 



i^ 



- 1" 

I, ' I : 



I 
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SIMPLE BqUATIONS. 



EXERCISES. 

193« Find tiie value of the utUcmown quantity in the 
foUawing: 

J 9x -f ^0 _ ^ — 1 ^ X 
36 ■" Jx'^i' "^ i' 



g. 



4^ 



5. 



6. 



7. 



11. 



7a; 4- 16 a: + 8 



21 



4a; — 11 



X 

— » 
3 



^ 6a; + 7 . 7a; — 13 2a; + 4 



9 



6a; + 3 



4a; + 3 8a; + 19 7a: — 29 



18 



5a;— 12 



3a; — 2 21 — 3a; 6z -{- 13 



2a; — 5 5 

6a; 4- 31 3a; + 5 



10 



15 



5a; — 25 



' + ' 



2x 
6' 

37 



a;-+-2a;-f-3 ar« + 5a;-f-6 



25-? 



>? 3 16a; -f 4i _ 23 

^- a;-hl "^ 3a; + 2 ""^"^i + l 



'•I 



+ 

7a; — 1 _ 8 (a; — i) 
6| — 3a; "" 3 (:i; — 2) 



10. ?^ + 8a; 



7 36a; + 15 _ lOJ 



14 



6a; + 2 



56 



x^7 2a; - 15 



'f 



a; 4- 7 2a; - 6 ' 2 (a; -f 7) 



14 



= 0. 



1 1 
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^^- 13 - 120^ "^ ^"^ + —24— - ^ 3 

18a; — 19 11a; + 21 _ 9a; + 15 
28 "^ 6a; + 14 "" 14 ' 

7 / ^^ + ^i _ 13g^ — ^ ^ __ 7^ _ a; H- 16 



ic5. 



9 17a; — 32 ' 3 12 36 

10a; + 17 __ 12^ +^ _ 5a; — 4 
18 13a; — 16 "~ 9 



1 — 5a; "^ 2a; — 1 ~ 3a; — 1* 

6 — 5a; __ 7 — 2ar^ __ 1 + 3a; _ 2a; — 2^ 1 
15 14 (a; - 1) " 21 6 "^ 105 



18. 



a; 4- 3 



a; — 1 2(a; + l) 2(a;2+])""a;* — 1 



194:. To solve a literal simple equation eontaining 
one unknown quantity. 

I. Required the value of x in 

a? -— a^ g — a; _ 2a; a 
bx b ^ b X 

Multiplying by bx, the L. C. D. of the denominators, 

x^ — a'^ ^ ax + x^ = 2x^ — ab. 

Subtracting 2a;2 from each member, 

— a^ — ax =z — ab. 

Transposing — a^ and dividing by — a, 

X = J — a. 



I 

I 

ill 



III 



I I 



u 



I • 



• » 



ii ' 



^ 



IT' 
'■ I 



I'l 



l|iili 



i ! ■' ! 

i I I 



I' I t 

1 i'' 
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SIMPLE EQUATIONS. 



11. Required the value of z in 



a^ 



{a + z)(b -{-x) -^aib + c) = -J + a?. 



Performing the multiplication indicated. 



a^c 



ai-^ax-^bx-^-a^^ah — ac = ^ + a?. 

Subtracting 2^ from each side^ and canceling ^ab and --o^, 

flKT 4- to — oc = -^ • 
Clearing of fractions, 

«Aa; -|- Kr — abc = aV. 
Transposing — abc, and factoring, 

(a + J) &c = cw (a + J). 

Dividing by a + }, fcc = oc. 
Whence, dividing by i, a; = -^ • 



EXERCISES. 

195* JFVfMi ^i^ value of the unknown quantUy in Hu 
following: 



1, X — a =z {b — a)x. 

^ x X — b de 
a c ac 

«5. flKC — c ^^ d — bx* 



3. 



a— b a + b 



= 1. 



X X 

A, - 4- c = - — rf. 
^ a 



6^ Sax ~ iab = 2ax — 6ac 
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7. ax^ + dbz = cdx. 

8. aa? + to = da^ -|- ex. 

9. f + - = «« + *». 

ox ax 4 

iO. ^ (^ - ^) ^ (* + ^) = 3^ 

^^ g (a; - g) ^ & (a; — t) _ ^ 

ijg. a (a; H- a) — J (a; — ^> = SflKC -V (<r — J)* 

a: a da; 

^ , ax ex 

14. a; H- -T- + -T- = w. 

i^. a; (a; — a) + a; (a; — i) = 2 (a; — a) (a; — J). 
i6, (a: — a) (a; — J) = (a; — fl — - J)^. 

,7. "--^^ 1 ^ 



i^. 



a (J — a:) h (c^— a;) a (c — a;) 

a; — a a; -f- a _ 2aa; 
a — b a -j- b ^ a^ — S^ 



a^c 



19. (a -f a;) (* -f- a;) — a (S + c) = -T- + «*. 

^/) ^^ + ^ a; — & __ 3g a; + (fl? — ft)^ 
6> a ' ao 

^^ a^ + a;> <g (a; — a) ga; , g _ l(£j:^) 

ojr x{x + a) a^-^a^ a (a; — a) 






^ 6 
3a: — 1). 
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/ 1 ^—'^ _ 3a; — 1 __ 4g + 2 _ 
10 35 45 " 

12. (3^±il|!i±i) _ (3^ + £+i) 



_ Ito (3a!— 2) 

~ 46 ""• 



13. l(l + 25a;)-(l-^^) = lSte. 

14. i(9a:-l)-(3a;-?^) = 5. 



i<5. 



a; — 4 ar — 3 x — 2 x — 1 



17. (2 — a!)« + 8 = [2 (1 + a!) — x\ x. 
IS. ^^(i2 + l5f^),.13 = 4. 

19. 5.6a; - *^^ 7 ^'"^ - .8a; = 4a; + 5.8. 

• 

2 2 4 

20. \--r+-^=:2ax + hx + cx. 

ac ao oc 

21. ^i^-^==M + ^. 



22. 



ex 

7a; + 10 4a; — 29 __ a; + 45 7a; — 122 

2a; — 10 57 ""19 57 ' 

a; — 3 a;-f-6 5a; — 2 



a; — 5 a;-f-4""a;2_aj_20 



• » 
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SIMPLE EQUATIONS. 



24. {%x + 3) (3a: -f- 2) -H (5x + 7) (3 - x) 

= {Ix + 27) (a: ~ 7) - 2 (3a? — 7) (a; - 11). 



25. 7a:— 10a? 



-(' 



9a: + 6 



^) = »-3«. 



x^ b b + X b — x b + x' 
27. i^x^.Zf^^^^^^^^lx^{^^ 



S8. 



+ 



amn -f- mux abc + Jca: ahnc — mcoi^ 



1 1 



i'' 



■ ii 



i I- 



= 1! 



!(l ' 



I ' I 



r ■! 



1 : t. ! 



!l 



II I 



I'll 



I I i 



,i:: ' 



it 



W-:. 



I- , I 



; ^\K 



I ,1'^! 



I; 



M^i 






■li n 



I:i 



•1^ 



^-^ fit — bx b — flWJ 

29. — i = oa? + or. 

b a 

30. ^-^ = a + b. 

b a 

31. (2a -f- ^) (a: + 1) = (25 -f- «) (a: - 1). 

5^. (a — i + c) (a: — a) = (i — a -h <j) {^ -f «)» 



17 



34 



^, 4a:-ll , ^^ 7/,^ a:-13\ 

34. g + 17a: = g^l9a: —y 

35. (a — a:) (a: — &) + (a -f x) (a: — *) = (a — b)K 

36. (a:-7)(2-ar) + (Ua:-l)(fa: + 6^ = 5(1 + 7). 

37. {2x — 3)2 = {11 — (llf — x)] 4tx. 



1 1 

1 iiA) 
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PROBLEMS LEADING TO EQUATIONS CONTAINING 

ONE UNKNOWN QUANTITY. 

197. In the application of the equation to the solution of 
problems two things are necessary : 

1. The statement of the conditions of the problems in the 
form of equations. 

2. The solution of the equations thus obtained. 

DIRECTIONS FOR STATING PROBLEMS. 

1. Study the problem so as thoroughly to understand its 
meaning. 

2. Bepresent the unknown quantities by final letters of the 
alphabet. 

3. Employing these final letters as if they were known 
values^ express the relations of the known and the unknown 
quantities in the form of an equation. 

PROBLEMS. 

198. I. What number is 165 greater than the sum of its 
third and its fourth parts ? 

Solution. 

Let X = the number. 

Then, a: - (| -f |) = 165. 

Clearing of fractions, 

12a; — 4a; — 3a; = 1980. 

Whence, 5a; = 1980, 

and X = 396, the number. 



120 SmPLS SQUATIom. 

I. A man spent -^ of his money for ii suit of clothes an 
of it for A watch, and had t54 left. How mnch money 1 
he at first ? 

;?. What number diminished by the anm of its htdf and 
third leaves a remainder of 36 ? 

3. A farmer put J of his land in corn, ^ of it in wh( 
and ^ of it in oate. The remainder, amounting to 37^ aci 
was meadow. How large waa the farm F 

^. I expended | of my annual salary for rent, ^ of it 
food, -fj of it for taxes, { of it for clothing, and had $500 li 
What waB-my salary ? 

5. A hat cost | as much as a coat, and together they c 
til. What did each cost F 

II. The sum of two numbers is 633 and their difference 
167. What are the numbers ? 

SolntioD. 
Let X = the greater number. 

Then x — 167 = the lees number. 

And ■ x + {x — 16?) = 533. 

Transposing and uniting terms, 

2x = 700. 
Whence, x = 350, the greater number. 

And X — 167 = 183, the smaller number. 

6. A house and lot cost $3775, and the house cost 114 
more than the lot. What did each cost ? 

7. John and his father earned #165 during a eerti 
month, and John earned $37.60 less than his father. H 
much did each earn F 
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8. A gentleman paid 1600 for a horse^ carriage^ and sleigh. 
The horse cost 125 more than the carriage and 165 more than 
the sleigh. What was the cost of each ? 

9. A man dying left a fortune of $15800 to his wife, son, 
and daughter. The son was to receive 12500 more than the 
daughter, and 13300 less than the wife. What was the share 
of each ? 

10. A man drove 155 miles in three days. On the second 
day he drove 15 miles farther than on the first, and on the 
third 20 miles farther than on the second. How far did he 
drive each day ? 

III. A man worked 25 days during a certain month. For 
some of the time he received $1.45 a day, and for the rest of 
the time $1.65 a day. How many days did he work for $1.45 
a day, if during the month he earned $38.65 ? 

Solution. 
Let X = number of days at $1.45. 

Then 25 — ic = '' " $1.65. 

So that, $1.45:r -f $1.65 (25 — x) = $38.65. 
Multiplying by 100 and performing indicated operation, 

145a; + 4125 — 165a; = 3865. 
Whence, — 20a; = — 260. 

And re = 13 days. 

11. A grocer mixed tea worth $.40 a pound with tea worth 
$.50 a pound, so that 100 pounds of the mixture was worth 
$44.50. How many pounds of each did he take ? 



122 BtMFLB EQUATIOAS. 

It. From two towns 204 miles apart, two traTelers set a 
at the same time, with the intentioa of meeting. One of thi 
goes 15 milea and the other 19 miles a da;. In bow m& 
days will they meet ? 

J3. A foreman, S journeymen, and 3 apprentices earn 
t333.tiO in a certun time. The foreman got $5 a day, 
jonmeyman (3.7fi, and an apprentice tl.35. How longc 
they work ? 

14- In ft certain family there were four children bom 
intervals of three years. At the end of each year of th 
lives their father deposited t5 in a bank for each child. Hi 
old was each child at the time of the last deposit if they b 
in the bank «260 in all ? 

IV. A certain sum of money was divided among A, B, a 
G. A and B received i65 ; A and G, tn ; and B and 
t87. How mnch did each r 







Let 


X = what A received. 


Then 


65 - a: = " B " 


And 


92 - I = •' C " 



But B and C received 187 ; so that 

(65 -x) + (93 — x) = 87. 
Whence, — 2a: = — 70. 

And X = 35, 

66 — x = 30, 

n~x = 57. 
Hence, 135 = A's share ; $30 = B's share ; $57 = ( 
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16. A man bought an overcoat^ a suit of clofches, and a | 
pair of boots. The overcoat and the suit of clothes cost to- 
gether 170 ; the overcoat and boots^ $39 ; and the suit of 
clothes and boots^ $51. How much did each cost ? 

16, A man and his oldest son can together earn 154 a 
week ; the man and his youngest son^ 148 a week ; and the 
two sons^ $32 a week. How much can each alone earn per 
week ? 

i7. A bushel each of wheat and rye cost $2.05 ; of wheat 
and oats^ $1.60 ; of rye and oats^ $1.39. Find the cost of a 
bushel of each. 

V. A is three times as old as B^ and 5 years ago the sum of 
their ages was equal to A's present age. How old is each ? 

Solution. 
Let X = B^s present age. 

Then 3a; = A's " " 

(a; — 5) -f (3a; — 5) = 3a;. 

Whence, 4a; — 3a; = 10, 

or a; = 10, 

and 3a; = 30. 

Hence, A's present age is 10 years, and B's 30 years. 

18, A is twice as old as B, but 15 years ago the sum of 
their ages was 84 years. How old is each ? 

19, Mr. Brown^s age is 1^ times his wife's age, but 20 
years ago, when they were married, his age was 1| times his 
wife's age. What is the age of each ? 



i SIMPLE EQUATIONB. 

VI. Two nnmben are to each other as 2 to fi ; if 11 be 
ded to each, the mims are to each other as 5 to 9 respect- 
sly. What are the nnmbers ? 

Solution. 
Let Sz = the first number, 

len 5x := the second nnmber. 

Sa; + 14 : 5a: + 14 : : 6 : 9. 

Since the product of the means equals the product of the 

tremea, 

18a: + 126 = 25a; + 70. 

Whence, 1x = 66, and x = 9. 

2x = 16, the first number, 

Sx = 40, the second number. 

SO. What two nnmbers that are to each other as 3 to 4 will, 
each is increased by 50, give sums that are to each other as 
bo 6 respectitely ? 

^1. A man bought a honse and a lot, the prices of which 
ire as 5 to 3 respectively. If each had cost tfiOO'less, their 
ices would have been as 9 to 5. What did he pay for each ? 
£S. A and B each owns half of a flock of sheep. In 
Tiding, A gets 72 sheep and B 94. Iq order to make the 
vision equal, B must pay A (44. What is the value of a 
eep ? 

S3. Divide $400 among three persons so that the second 
all have twice as much as the first, and the third t35 less 
an the second. 

S4- Two persons, A and B, invest equal sums in business, 
gains $875, and B loses $1575. A's money is now three 
nes aa much as B's. How much did each invest ? 



ONE UNKNOWN QUANTITT. 125 

23, A man bought some sheep for 1480. After VZ of them 
died^ he sold ^ of the remainder at cost for $108. How many 
sheep did he buy ? 

26. A gentleman wished to distribute some money among 
some children. He lacked $.25 of haying enough to give 
each $.25. If he should give each t.20 he would have 1.80 
left. How many children were there ? 

^7. A man bought a watch and chain for $185. The cost 
of the chain lacked $18 of being equal to f of the cost of the 
watch. What was the cost of each ? 

S8. Seven times the value of A's house is equal to 9 times 
the value of his lot. What is the value of each if together 
they are worth $12800 ? 

29. A steamer and its cargo are together worth $127400 ; 
what is the value of each^ if the steamer lacks $9100 of being 
worth 2f times as much as the cargo ? 

30. I had $5000. I loaned some of it at b%y and the re- 
mainder at 6^. The annual interest received was $280. 
How much drew b% ? 

31. A composition of copper and tin containing 100 cubic 
inches weighed 505 ounces. How many ounces of each metal 
did it contain^ supposing a cubic inch of copper to weigh b^ 
ounces, and a cubic inch of tin to weigh 4^ ounces ? 

32. A silversmith has three pieces of metal, which together 
weigh 48 ounces. The second weighs 12 ounces more than 
the first, and the third 9 ounces more than the second. What 
are their respective weights ? 

33. What number is that the quadruple of which, dimin- 
ished by 26, exceeds 150 by as much as 7 times the number 
diminished by 20 is less than 200 ? 

34' Divide $155 among A, B, and C, so that B shall have 
$5 1 more than A, and G f as much as A and B together. 
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SIMPLE EQUATIONS. 



36. A window 8 feet in length is so situated in a house thai 
from the lower edge of the window to the top of the house is 
\ of the entire height of the house ; and from the top of the 
window to the ground is W of the height. What is the 
height of the house ? 

36. A sells B 17 sheep^ and then has only half as many as 
B ; but at first he had 11 more than B. How many had each 
at first ? 

37. Divide 96 cents into two parts, so that the first may 
be as many times five cents as the second ie times three 
cents. 

38. A, B, and C agree to do a piece of work for $100. A 
works 2| times as long as B, and B } as long as G. How 
much money should each receive ? 

39. John earns 35 cents per day less than his father, and 
in 11 days the father earns $12.10 more than the son earns in 
6 days. Find the daily wages of each. 

40. A's fortune is three times B*s, but after each had lost 
half, A gave B $250, when they had equal sums. How much 
had they at first ? 

^i. The sum of two numbers is 97 and their difference 17. 
Eequired the numbers. 

42. A gentleman divided a certain sum of money among 
four persons. He gave the first 10 dollars ; the second, one- 
half of the whole ; the third, one-fourth of the whole ; the 
fourth, 5 dollars. Required the whole sum. 

Jl>3. Said A to B, ^^My age is 10 years more than yours, 
but in 10 years mine will be twice what yours was 6 years ago." 
Required their ages. 

4^. A gentleman invests \ of his money at %%, \ at 4JJ^, 
\ at 1\%, and the remainder at 5^, and realizes an annual 
income of $680. How much money has he ? 
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^. How many 10-cent pieces and how many 25-cent 
pieces must be taken so that 70 pieces shall make 110 ? 

46. The sum of three numbers is 272. The first is 1 J times 
the second^ and the third is 17 more than f of the sum of the 
other two. Required the numbers. 

47. The owners of a steamboat make $30 per day each^ but 
if there were fewer owners by 5, each would make $10 per 
day more. How many owners are there ? 

4s. A man bought a horse^ carriage^ and harness for $290. 
For the horse he paid $10 more than the cost of the other 
two^ and the harness cost $10 less than half as much as the 
carriage. Find the cost of each. 

49. A gentleman has a yearly income such that { of it 
increased by $200 is equal to his yearly expenditure. In 5 
years he can save a sum equal to $300 more than ^ of his 
yearly income. How much does he eam^ and how much 
does he spend per annum ? 

50. A man agreed to work for 30 days, on condition that 
for each day he worked he was to receive $5, and for each 
day he was idle he was to pay $3.75 to his employer. At the 
end of the time he received $10. Find the number of work- 
ing and idle days. 

51. Two boys had equal sums of money. One bought 
some lemons at 5 cents each and had 4 cents left ; the other 
bought If times as many oranges at 2 cents each and had 29 
cents left. How much money had each ? 

S£. A man has a certain sum of money to invest. It is 
found that the annual interest at 7% on $500 more than | of 
it exceeds by $49 that at 6% on $700 less than ^ of it. Re- 
quired the sum. 

S3. A merchapt has a mixture consisting of 100 pounds 
of 15 and 11 cent sugar^ which he eaa afFordto sell at 11^ 
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cents per poand. How maDj pounds of each kind an 
there? 

54- A compuiy of 90 personB conBists of men, women, anc 
children. The men are 4 more in nnmber than the women 
the children 10 more than the men and women together 
How many were there of each ? 

S3. A father gives to his five Bona tlOOO, which they an 
to divide according to their ages, to that each elder son shal! 
receive t20 more than his next younger brother. What ii 
the share of the youngest ? 

56. A's age when he married was to his wife's age as } t< 
|, but after 12 years their ages are as 13 to 12. Howold 
were they when married ? 

67 . A and B set out at the same time to meet each other, 
A traveling 5^ miles and B Z^ miles per hoar. When the) 
meet, A haa passed the half-way point 66 miles. How fu 
apart were they at starting P 

58. In a company of soldiers, there is one officer to ever; 
15 eoldiera, and if the whole number of men be divided b} 
the number of officers less 10, the quotient will be 20. ' What 
is the number of men in the company ? 

59. Divide 15000 into two such parts tliat the first on 
interest for 6 yeara at 10^ may amount to the same sum be 
the second in 8 years at b%. 

60. A man bought a house and lot for $5000, and paid 
$4000 in cash. Six months afterward he paid the remainder 
in equal quantities of potatoea and apples at the rate of 75 
and 50 cents respectively. Allowing interest at six per cent., 
how many bushels did he give P 

61. A person distributes $1.90 among 16 be^srs, giving 
to some 13 cents each and to the rest 11 cents each. How 
many received 13 cents each 7 
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6Z, A puts 12000 at interest in two different sums^ the 
smaller at 7 per cent., and the greater at 6 per cent. The 
interest on the former for 9 years is the same as that on the 
latter for 7. What is each sum ? 

63. A farmer having hired a laborer, on condition that for 
every day he worked he should receive 60 cents, and for every 
day he was idle he should forfeit 20 cents, finds, at the end 
of 420 days, that neither is indebted to the other. How 
many days did he labor ? 

64' A person wishes to pay 11.51 with 39 pieces of money, 
some 3-cent and the rest 5-cent pieces ; how many of each 
must he take ? 

66. A tree 100 feet high is broken into three pieces by 
falling. Twice the upper piece lacks 4 feet of being equal to 
3 times the lower piece, and twice the lower piece increased 
by 3 feet is equal to the middle piece. Required the length 
of the pieces. 

66, How far down a river whose current is 3 miles per 
hour can a man go whose rate of rowing in still water is 7 
miles per hour, so that he may be back in 7 hours ? 

67, The number of acres a farmer planted with corn is to 
the number he planted with potatoes as 4 to 3 ; but if he had 
planted 6 acres less of com, and ^ as many acres of potatoes 
+ 15 J acres, the ratio would have been as 3 to 10. How 
many acres did he plant of each ? 

68, I paid a bill of $5.75 with 16 pieces of money. Some 
of them were 50-oent pieces and the rest were 25-cent pieces. 
How many of each were there ? 

69, A man bought a farm for 175 an acre. Eeserving 10 
acres, he sold the remainder at $80 an acre and received for 
it $iO more than the farm cost hix». How numy acres were 
there in the^ farm ? 
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SIMULTANEOUS SIMPLE EQUATIONS CONTAINING 
TWO OR MORE UNKNOWN QUANTITIES. 

199. Independent equations are ench as caanot be 
nade to asaume the same form by any proper reduction. 

Thus, 5a: + 3y = 17 and 3a: + y = 11 are independenl; 
equations. Bnt 5z + 3y = 17 and l\x ->- y = 5) are de- 
pendent, for the first equals three times the eeoond. 

300. Slmnltaneoos equations are such as can be sat- 
sfied by the same values of the unlcnown quantities. 

!S01. An equation is said to be satisfied when a aubeti- 
;ution of known values for the unknown quantities in it wiL 
nake the equation identicaL 

Thus, in the eqnation 7a: — 3 = 5a; + 11, if we substitute 
1, the value of x, the equation becomes (7 x 7) — 3 = (5x7) 
■1- 11, or 46 = 46. 

202. Elimination, in algebra, is the process of obtaia- 
ng from a given set of equations containing two or more 
inknown quantities, a new set from which one of the nn- 
mown quantities has disappeared. 

The quantity that disappears is said to be eliminated. 

303. Tbb process enables us to-obtain from two equations, 
Ach containing two unknown quantities, a single equation 
lontaining but one. The equation thus obtuoed can be 
olved as shown in the preceding chapter. 
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There are several methods of elimination. Those most 
commonly used are^ 

I. Cromparison. 
II. Substitution. 
III. Addition or subtraction. 



I. ELIMINATION BY COMPARISON. 

204. Let it be required to find the valaes of x and y in 

the equations^ 

6a; + 3y = 46, (1) 

2« + 7y = 69. (2) 

Transposing in both equations the terms containing y, 

5aj = 46 — 3y, (3) 

2a; = 59 ~ 7y. (4) 

Dividing each equation by the co-efficient of x, 

46 — 3y ,„, 

59 -yy 
Oc = ^— ^. (6) 

Now, since the second members of (5) and (6) are each 

equal to the same quantity, x, they must themselves be equal. 

That is, 

46 -3y _ 69 --yy . . 

5 - 2 * ^^ 

Clearing of fractions, 

92 — 6y = 295 — 36y. 
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Whence, 39y = 308, 

■nd y = 7. 

Sobatitaticg tbe Talue of y in (1), 
fo + 31 = 46. 

Wlunce, 5x = 35, 

And » = b. 

Rule. — I- Find the vrdaes of the same unknaumqfta 
tUy in the two equatUme, in terms of the other unknoi 
quantity and the known quantities. 

II. Make the values thus frnt-nd equal to each oth 
and solve the resulting equation. 

205. By dinding (3) by (4) in tbe foregoing operati 
the work ie Bhortened. Thus, 

5 _ 46 — 3y 

2 — 69 — 7y' 
Clearing of frsctione, 

»2 — 6y = 295 — 35y. 
Tbe wiiting of eqaations (5), (6), and (7) ie thaa sroidi 

EXERCISES. 
206> Solve by ctmtparisont 

1. 2a! + 3y = 23 ; &E — 2y = 10. 
e. 63! — 2y = 30 ; 5a: — 6y = 12. 
S. lla: + 3y = 100 ; 4a: - 7y = 4. 
^. &! - 3y = 75 ; « + 5y = 156. 



if 
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5. a; -f 9y = 63 ; 9» -f y = 87. 

6. X + y = 9; 3a; -f 5y = 35. 

7. 2:i: -f 3y = 18 ; 3« — 2y = 1. 

8. a? + 2y = 33 ; 3a; — 5y = 0. 

P. 3a;-yzi? = 4; 3y + ^ = 9. 

ii. | + 3y = 7; ^^ = 3y-4. 

ij^. 6a; — 5y = 1 ; 7a; — 4y = 8f 

13. 2z + ^-^ = 21 ; 4v -f ^^ = 29. 

U. ?| + 5y = 13.; 3« + 1:^ = 33. 

3£_2y_^^5y_ 
^^- 4 3 - ^ ' 3 + 6 - ^• 

^^' 6 + a ~ ' 8 ^ 4 ~ 8 + 

• 

BO. — ^ — ^-^- = 5 ; —^^ ^ = 10. 
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21. ^ + f = 20; 1 + ^ = 2.-7. 

D O D 4 

94- 



» ■. I. 



l-3ar l-3y _ 3x + y 

2 (2a; + 3y) = 8 (2z — 3y) + 10 ; 
4r — 3y = 4 (6y — 2a;) + 3. 

^ y ^ y 

M « a: 11 4a? — 6y 
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11. ELIMINATION BY SUBSTITUTION. 

207. Let it be required to find the yalues of x and y in 

the equations, 

a? -h 7y = 17, 



2a: + 5y = 16. 
Prom (1), z = 17 — 7y, 

Substituting this value of x in (2), 
2 (17 - 7y) -h 5y = 16. 
Whence, — 9y = — 18, 

and y = ^• 

Substituting 2 for y in (1), 

X {-Uzzz 17. 



Hence, 



2r = 3. 



(1) 
(2) 

<3) 



'J 
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Rule* — I. Find an expression for either of the un- 
known quantities in one of the equations, and substitute 
it for that quantity in the other equation. 

II. Solve the resulting equation, and substitute in one 
of the given equations the value thus found. 

EXERCISES. 
208* 8€ilve by inibsHtutian : 

i. 3a: — 4y =: 2 ; 7a; — 9y = 7. 

2. 5a; -f 2y = 29 ; 6a; — 2y = 26. 

3. 3a; -f 2y = ; 3a; — 4y = 18. ' 
4> 5a; — 2y = — 4 ; 4a; 4- y = 28. 

5. 2a; — 3y = ; 8a; — y = 22. 

6. 6a; — 5y = 1 ; 14a; — 8y = 17. 

7. 4a; -f lOy = 5 ; 100a; -f 40y = 41. 

8. g + 5y = 13; 2a; ~ ^^^^ = 33. 

^- ~3 2"-^^ 2+ 9 ""^• 

10. 4a; + 5y = 40 (a; — y) ; 2a; + 5y = Ij^. 

1'- 1-1 = '' 1 + ^ = 31. 

^^- |-IO=-^^5 | + 3y = 134. 
13. ^lll% + 3^^4y_2. 



SIMPLE EqUATlONS. 

1_y±bx_ 



u- 


Ix-'-^^i; bx + iy 


16. 


B-M = '> w-m'^ 


le. 


M='^i^i=»- 


17. 


*i±i-' = 8; ZS^-, 


IS. 


j + 6y = 160; 6» + | = 



y X y 

% IQ — a: _ y — 10 , 



x+ 4 
3 



8 ~ 4 

7 + a; 2a; — y 

5 ~~ 4 " 
5y — 7 3 — 4a: 

2 6 

a: + y x — y „ 

3 3 3 4 

- 1 3y - 1 



3y-5; 
: 18 ~ bx. 

x-\~y y — x _ 



a 3 



-1 = 0: 



3a; — 5y aa; — 8y — 9 _ g , J^. 
3 ~ 12 ~ 2 "*" 12 ' 
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in. ELIMINATION BY ADDITION OR SUBTRACTION. 

209* Let it be required to find the values of x and y in the 

equations^ 

5a; — 6y = — 55, . (1) 

3a; + 4y = 196. (2) 
Multiplying (1) by 2 and (2) by 3, 

10a? - 12y = — 110, (3) 

9a: + 12y = 585. (4) 

Adding (3) and (4), 19a: = 475, (5) 

and X = 25. 

Substituting in (2) the value of x, 

75 + 4y = 195. (6). 

Transposing, 4y = 120, 

and y = 30. 

The elimination in the foregoing was by addition* 

310. Instead of eliminating y and substituting for x, the 
reverse might have been done. Thus, 

5a; -_ 6y = - 55, (1) 

3a: -h 4y = 195. (2) 

Multiplying (1) by 3 and (2) by 5, 

15a: — 18y = — 165, (3) 

15a: -f 20y = 975, (4) 



SIMPLE SQOATIOya. 
■ublracttjig (3) from (4), 

38y = 1140, (5) 

y = 30. 
ubstituting in (2) the valne of y, 

3a: + 120 = 195. (6) 

^r&naposiug, 3a; = 75, 

X = 25. 
lere the elimination was by subtraction. 

XxAc — I. Multiply each equation by a quantity that 
I render the co-efficient of one of the unknown quan- 
es the same in both. 

I, Subtract or add the resulting equations according 
ihe signs of the equal co-efficients are like or unUke, 

II. Solve the equation thus found, and substitute the 
•ilting value in one of the given equations. 

loTB. — Sometimes the work may be shortened by adding or rabtract- 

the given equations as they stand. 

liUB, let it be required to find the values of x and y from the equa- 

x+ny = S70. (1) 

llE + J) = 150. (2) 

.dding (1) and (3), 14x + \iy = 420. ($ 

lividing (3) by 14, i + y = 30: (4) 

nbtraeting (4) from (1), 13y = 340. (6) 
Hienee, y — 20. 

uhtraeting(4)rrom(3). ISi = 120. (6) 
rhenee, x = 10. 
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EXERCISES. 



Sll* Solve by (iddUion or subtractions 

1. 7x — 2y = 68 ; 4.r — 5y = 8. 

£. 3x -\-2y = 26; ox — 2y = 38. 

3. 4y + a; = 102 ; y + 4a; = 48. 

4. 2a; — y = 6 ; 4a; + 3y = 22. 

5. 2a; + 3y = 23 ; 5a; — 2y = 10. 

6. 3a; + 43^ = 188 ; ' 2a; + 5y = 207. 

7. 2a; + 7y = 34 ; 5a; + 9y = 51. 
5. a; + 4y = 16 ; 4a; + y == 34. 

9. \2x + 13y = 37 ; 17a; — 19y = 15, 

10. 2a; — 9y = 11 ; a; — 4y = 5. 

11. 9a: — 4y = 8 ; 13a; -|- 7y = 101. 

12. 3y — a; = 104 ; 5a; — 2y = 78. 
i«?. 7y - 3a; = — 7 ; 11a; -f 5y = 87. 

i^. 5a; — 3y = 9 ; 5y + 2a; = 16. 
15. 2a; + 3y = 32 ; lly — 9a; = 3. 

^^- ^ 23-a;"-''" 2 ' 
. y-3 ^^ 73 -3y 

.^ 6y + 9 3y^5 _ -,. . 3y + 4, 

8y + 7 3y - 6a; _ 9 - 4y 
10 2y - 8 ~ 5 ' 
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IS. ,-3a! = l: 2(3« + j) = 3(y-s:) + l. 



m. 56(l-»-y) = 5; 51 (j, - a:) = 19 (j: + yX 
.^ 1,1 



■ 1+' +'=0 



^ 5a: — y 

"^ y — a 2 5 

^5. 5 (^ + 1) + 3 (2y — 5) = 2 ; 4a: — lOy = 17. 

e/f JL_J_-X. y - 5^ + ^y _ i 

2y 3a;~15' 4ay 15 

LITERAL EQUATIONS. 

213. Either of the preceding methods may be applied in 
olving literal equations, but the method by addition or sub- 
raction is generally the best. 

I. Let it be reqnired to find the values ot x and y in the 
quationa, 

ax-is = '■ (1) 
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Multiplying (1) by n and (2) by h, 

anx — bny = en, (3) 

bmx + hny = hr» (4) 

AddiBg (3) and (4), 

anx + bmx z= en -{- hr. (5) 

Factoring, {an -f- hm) z := en -\' br» 

Dividing by co-efficient of x, 

_ en -^hr 

The value of y may be found by substituting in (1) or in 
(2) the value of x in (6). It is better, however, to eliminate 
X precisely as y was eliminated. 

ax -- by = e, (1) 

mx + ny =: r. (2) 

Multiplying (1) by m and (2) by a, 

amx — bmy = cm, (3) 

amx + any = an (4) 

i Subtracting (3) from (4), 

any + bniy =z ar '^ cm. (6) 

Whence, y « r-rr* (^) 
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213. Ftna the vtUuea of x ana y in the /oUotting 
equoHona: 

ax + bp = c; px + qy =, r. 

ax — by = m; ex + ey = n. 

3. X + ay = b; ax — by = c. 

4. ax ■\-%by = c, a(Za — x) = h{x + y). 
ax + by := c; bx — ay = d. 
ax — by = 0; z + y = c. 



,.» = 



bx — ay ^ 0. 



b- 
a:4-y = o + 6; bx -\- ay = Zab. 

a a 

{a + c)x—by =: be; x + y = a •{• b. 

a b b a 

x y ' X y 

13. X + y = c; ax — by = c{a ~b), 

14. a(z + y) + b{x-y) = li 
a{x — y)+b{x + y) = l. 

15. ^'?_^^ = 0j 

b a 

x + y ~b _ a + y — x _ ^ 
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16. {a -{- h)x — {a — h)y =z 4ab ; 

{a''b)x + {a + b)y = 2{a^ — l^). 

18, {a + h)x + (i — A) y = c ; 
(d + i) a; + (a -— i) y = c. 

/g ^ , y _ 1 , ax + cx _^ 
^''- i + cT a + c ^ ^ (a + *) c "" • 



MISCELUNEOUS EXERCISES. 

314* iSo^t;e by any one of the preceding methods the 
following : 

i. 3iu + 5y = 55 ; 6a; — y = 45. 

^. 5a; — lly = 19 ; 7x -\- y = 43. 

<?. 3a; + 2y = 118 ; a; + % = IW. 

4> 2x — y =i 1 ; X + 2y = S. 

5. dx -\- y = 6 ; a; + y = 3. 

5. a; + 4y = 11 ; a; — y = 1. 

7. a; — y = — 3 ; 3a; — y = 1. 

^. 5a; — 2y = — 1 ; a; + y = 4. 

9. Hx + 2iy = 411i ; 39a; — 14y = — 935.9. 

10. 5a; - 8i = ry + 21 ; 2x = 5y - 6|. 
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IS. 32a; + 81y = 43 ; 2&e - 39y = 1. 

13. 96a: + 75y = 102 ; 92a: + 80y = 101. 

14. as: + y = J ; l&c + 22y = — 28. 

i5. ll. + 9y = 40; ?£+i^ _ ?^ = ». 

itf. 5Jy - 11a = 4y + 117J ; 8a: + 176 = 3y. 

i7. 13a: + 7y = 341 + 7iy + 43Ja; ; 2a! + Jy = 1. 

18. a (a; - a) + * (y - A) = ; 

a (a: - y - o) + * {i + y - ft) = 0. 

15. »»(a: + y) + a(*-y) = 1; 
»» (a: — y) + M (x + y) = 1. 

3£J. Jca; = cy — 2S ; 



315. When there are three or more equations in th« given 
Bet, first obtain a set containing one unknown quantity fewer ; 
from that set, another sot in which there are two miseing, 
and so on ; until finally there is but one equation vith one 
unknown quantity. 

I. Iteqaired to find the values of x, y, and % in the eqaa- 

tions: 

3a; _ 5y + I = 3, (1) 

* + 3y — 8« = 1«, (8) 

Ba:- y-2» = aO. (3) 
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(2) X 2 = 2x + 6y — 4:z = 32, 

(1) = 2rg~5y 4-^=3, 

Subtracting, lly — 5« = 29. (4) 

(2) X 3 = 3ic + 9y — 6;? = 48, 

(3) == 3a; -^ y — 2z = 20, 

Subtracting, lOy — 4? = 28. (5) 

(5) X 5 = 50y — 20z = 140, 

(4) X 4 = 44y — 20g = 116, 

Subtracting, 6y = 24, (6) 

y = 4. 

Substituting value of y in (6), « = 3, 

Substituting values of y and z in (2), 

X=: 10. 



II. Required to find the values of x, y, u, and t; in the 
equations, 

2x + 3y — w -f 4t; = 41, (1) 

a; — 5y + 4w — v = 6, (2) 

3a: — y — w + t; = 22, (3) 

4a; + y + w — 5t; = 36. (4) 

(1) =- 2a: + 3y — w -h 4t; = 41, 

(2) X 2 = 2a: — lOy + 8t^ — 2t; = 12, 
Subtracting, 13y — 9w -f 61; = 29. (5) 

(3) = 3a; — y — u + v = 22, 
(2) X 3 = 3a: — 15y + 12^^ — 3t; = 1 8, 
Subtracting, 14y — 13«/ + 4r = 4. (6) 



8IMPLS BtiUATIONS. 



(I)x2 = 
(*) = 
Subtracting, 

(7)x3 = 
(«) = 
Sabtractiog, 

(r) X 13 = 
(6)x3 = 
Sabtracting, 

(8) X 23 = 
(9)x2 = 
Sabtracting, 



4a; + 6y 


-2.+ 8.= 


82, 


4x+ y+ «— 6ii = 


36, 


% 


- 3» + 13i> = 


46. 


ISy- 


- 9m + Sftu = 


138, 


ISy- 


- 9u + 6r = 


29, 


% 


+ 33» = 


109. 


65j- 


39» + 169i; = 


598, 


«»- 


39» + 12i> = 


12, 


23, 


+ 157t; = 


686. 




46y + 759b = 


2507, 




46y + 314f = 


lira. 



4450 = 1335, 



Sabstittiting value of V in (8), y = 
SubHtituting TalueB of v and y in (7), 



Subfltituting Talnea of v, if, and u in (2), 
1 = 10. 



(7) 



(9) 



216. I%nd the veilue of the uttknown guatUUies in the 
toUowing eguMtitms: 

1. 23; + 3y + 4z = 20, ix — %y — %z = ~ h, 

Sa; + 4y + 52 = 36. 
S. 3^ — 3y + 2 = 1, Zx — 5y + iz = Z, 

^ + %y — Zz = 13. 
3. x + Zy + %z = 11, 23: + y + 32 = 14, 



Zx->r%y + 1 



-. 11. 
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4. 5a; — 6y 4- 4« = 15, 7a; + 4y — 82; = 19, 

2a; 4- V -f 6« = 46. 



5. 4a; — 5y -h 2; = 6, 7a; — lly -f 2« = 9, 
a? + ^ + 3« = 12. 



tf. 3a; -- y + « = 17, 5a; + 3y — 2« = 10, 
7a; -f 4:y — 52f = 3. 

7, a; -f y + « = 5, 3a; — 5y + 7^ = 75, 
9a; + lly + 10 = 0. 

*• 2 + 4 + 6 = ^' i + y-ll = *' 

a; z ^ 

5 + y + io = «- 

4b y - 3 _ x + y + z _ 
». y 2""-^' 7 -'' 

itf. x-^ y -\- z = 29^, a; -f y — « = 18J, 
a; — y -f 2: = 13J. 

11. 3a; + 5y = 161, 7a; + 2z = 209, 2y + jzj — 89. 
i^. y + ia; = 41, x + iz=z 20^, y + i« = 34 



. 53-Ja;-ii? = y-109, Ja; + ^y = 26, 
5y = 42;. 

i^. 2a; — fy = 93 — ia; — iy, 7a; — Sz = a; + y - ^6, 
i« -h iy -f 1« = 58. 

-^11 11-11 

a; y ' a; « y « 
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16. 



17. 



18. 



19. 



20. 



21. 



22. 



23. 



SIMPLE eqUATlOSS. 

2! — 9y + 3« — 10m = 31, 
2a; + 7y — 2 — 7« = 683, 
3x + y + 5« + 2» = 196, 
4af — 6y — 2« — 9» = 616. 

» + y-^z + u = \, 16a; + 8y + 42 + 2« 
81a; + 27)r + 92 + 3w = 36, 
266a; + 64y + I62 + 4it = 100. 

3 "^5 "*■ 7 



= 9, 



= 58, ¥ + U§ = 76, 



a? 3z n 

2 "^S" "^5 



= 'J'9, f + z-i-u = 248. 



3af — 4y-f3«--4« + 8: 

2a? — 3y -f- 6z — 6w 4- 4 : 

ap + 2y — 3flr4- w — 2: 

4ar -— y — 2z — t« + 1 : 

5a? + 4y — 3;z; — 2w — 1 : 

a?+ y-f-3« — 4i*-f2: 

3ar— y + 2« — aw-f-5: 

5a? — 2y + z — 2« + 1 : 

ar + y-fz+9=r4«, 5ap — 3y + 5j? + 16 = ?«> 

3ar — 4y + 42f + 23 = 2w, 
4a; — 3y — 3« + 11 = w. 

4ar + 2if =: 3y + 5ii, 3ar + ^ = 2y + 2« + 12, 
ar — y — « + 3i# = 4, 2ap — 3y-f3z — 4«:=2« 



0, 
0, 
0, 
0. 

0, 
0, 
0, 

0. 



X y 2 

2 "^3+4 

4^ 5 ^6 



^^' l + i-^l 
38. 



= 47, 




PROBLEMS. 14d 

^ X by z ^ 3x 2y z • 

4 14 
5x 2y z ^^ 

25. x-^-^z + dv + U z=z 14, 

— x + 3y +'2« + 5i; + 3^ = 64J, 
ic + 6y — 2; + Sv = 70, 

X'-dy + dz-'2v -^ 4:t = — 24. 

^6, aa; + Jy + C2; = 3, aa; + ^y — c^; = 1, 
ax — by + cz =z 1, 



PROBLEMS LEADING TO EQUATIONS WITH TWO OR 
MORE UNKNOWN QUANTITIES. 

317. I. There are two numbers such that the sum of ^ of 
the first and j^ of the second is 50, and the sum of ^ of th^ 
first and \ of the second is 19. What are the numbers ? 

Solution. 

Let X = the first number, and y = the second number. 
Then, 5 + 1 = 50, (1) 

and 1 + 1 = 19. (2) 

{l)x3= a; + 1^ = 150, (3) 

(2)x5= a; + ^ = 95. (4) 



aiMPLH KQUATIONS. 



il» = f 



W - (3) = if = 6'- (5) 



Reducing, 


* = »• 


Whence, 


y = m. 


Subetitnting in (1), 


1 + 35 = 60. 



(6) 
(7) 
RednciDg uid tniuposing, z = 45. (8) 

i. There are two nambers such that 3 times the first plus 
\ of the second is 108, and ^ of the first pins } of the second 
is 32. What are the nnmbers ? 

£. There ie a fraction such that 3 added to its namerator 
makes ita value \, and 1 subtracted from its denominator 
makes its value \. Find the fraction. 

3. Find two numbers such that \ of the first minus \ of 
the second ie Id, and \ of the first minus j of the second is 8. 

II. There is a number consisting of two digits. The num- 
ber is equal to three times the sum of its digits, and if 45 be 
added to the number the digits interchange their places. 
Find the number. 

Solntion. 

Xvet X = tens' digit, and y = units' digit 

Then 10a: + y = the number, and lOy + a: = the num- 
ber with interchanged digits. 

Now, 3 (x + g) = 10x + y, (I) 

and lOx + y + i5 = lOy + x. (2) 





PROBLEMS. 


From (1), 


%y = 7a:, 


and 


y= 2- 


Prom (2), 


9a: — 9y = — 45, 


and 


X — y — — 5. 


Substituting in 


(4) the yalue of y in (3), 




X = — 5. 

2 
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(3) 



(4) 



Whence, a; = 2. 

Substituting in (4) the value of x, 

y = 7. 

Hence, the number is 27. 

4» Find a number equal to seven times the sum of its 
digits, and such that if 27 be subtracted from it the digits 
Interchange their places. 

5. The units' digit of a number of two places is twice the 
tens' digit ; if 6 be subtracted from double the number, the 
remainder will be the number with its digits interchanged. 
Find the number. 

6. A number consisting of two figures is equal to foui* 
times the sum of its digits ; if 18 be added to the number, 
its digits will be interchanged. What is the number ? 

7. A certain fraction becomes equal to ^ when its terms are 
both increased by 1, and to ^ when its numerator is decreased 
by 2 and its denominator by 3. What is the fraction ? 

8. Find two numbers such that f of the first plus | of the 
second shall be equal to the second plus 4 ; and three times 
the first shall exceed twice the second hj 8. 
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SIMPLE HX^UATTONa. 



9. A'a wages for 2 days^ B*8 for G days^ and C^s for 3 days 
amount to $28 ; or A's for 1 day^ B^s for 2 days, and C^s for 
4 days amount to $19 ; or, again, A^s for 5 days, B's for 4 
days, and C's for 2 days amount to $26. Find the dailf 
wages of each. 

10. Find three numbers such that one half the first, one 
third the second, and one fifth the third shall together be 
equal to 39 ; one third the first, one fourth the second, and 
one half the third equal to 42 ; or, one fifth the first, one 
sixth the second, and one fourth the third equal to 24. 

11. The value of a certain fraction is ^ when 4 is added to 
its numerator, and | when its denominator is diminished by 2. 
What is the fraction ? 

12. A sum of money was divided equally among a certain 
number of persons ; had there been 10 more, each would have 
received $2 less, and had there been 5 fewer, each would have 
received $2 more than he did. How many persons were 
there, and what did each receive ? 

13. A and B each has a sum of money. B pays A $4, and 
then has twice as much aa A. If A had paid B $6, he would 
have had ^ as much aa B. How much had each ? 

i^. A and B can together earn $49 in 10 days ; A and C 
$51 in 10 days ; B and G can earn $22 in 4 days. Find what 
each can earn in a day. 

13. The sum of two numbers is 230. One eleventh of the 
first number is 10 more than one thirteenth of the second 
number. What are the numbers ? 

16. A certain garrison numbering 2744 men is composed 
of cavalry, artillery, and infantry. Half the number of 
infantry increased by 245 equals the sum of 3 times the num- 
ber of the artillery and 6 times the number of cavalry ; and 8 
times the number of the artillery and cavalry together ^n^ 



iCS 
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the number of infantry diminished by 98. How many are 
there of each kind ? 

i7. If A^s money were increased by %\^, he would have 
twice as much as B. If B^s money were increased by $37, he 
would have % as much as A. How much has each ? 

18. A miller has three kinds of wheat, worth respectively 
$1.05, $1.10, and $1.19 per bushel. Wishing to make a mix- 
ture of 100 bushels worth $1.11 a bushel, he first takes 25 
bushels worth $1.05. How many bushels each of the other 
kinds must he put into the mixture ? 

19. If my parlor were 6 feet longer and 2 feet wider, it 
would take 20 square yards more of carpet to cover it ; but if 
it were 2 feet longer and 9 feet wider, it would take 36 square 
yards more. What are its dimensions ? 

j?0. Two pipes, A and B, will fill a cistern in 70 minutes, 
A and G will fill it in 84 minutes, and B and G in 140 min- 
utes. How long will it take each alone to fill the cistern ? 

21. A and B together have $13500. A invests | of his 
money and B f of his, after which they together have $8250 
left. How much has each at first P 

22. A drover bought 10 oxen, 120 sheep, and 45 lambs for 
$1280. He paid the same for 3 sheep and 7 lambs as for one 
ox. The cost of 2 oxen, 6 sheep, and 8 lambs was just ^ of 
the cost of all the animals. How much did each cost ? 

23. A worked 10 days, B 4 days, and G 3 days, and their 
wages amounted to $29 ; at another time, A worked 9 days, 
B 8 days, and G 6 days, and their wages amounted to $36 ; a 
third time, A worked 7 days, B 6 days, and G 4 days, and 
their wages amounted to $27. How much did each earn in 
one day ? 

2Ji>. A farmer sells to one person 9 horses and 7 cows f qr 
$2620. To another person, and at the same pricjB per head, be 
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flellfl 3 hones and 4 cows for #1015. What was the price oi 
each? 

j?5. Three brothers. A, B, and C, bought a farm for tSOOO. 
A could pay for it alone bj borrowing \ of B's money and j 
of Cs money. B could pay for it by borrowing I of A's and 
I of C's money. C coold pay for it by borrowing ^ of A*8 
and ^ of B*8 money. How mnch money has each ? 

£6. Find what each of three persons. A, B, and C, is 
worth, from knowing, 1st, that what A is worth added to 3 
times what B and C are worth, makes 4700 dollars ; 2d, that 
what B is worth added to 4 times what A and C are worth 
makes 5800 dollars ; 3d, that what G is worth added to 5 
times what A and B are worth makes 6300 dollars. 

i?7. A man has three-cent pieces, dimes, and twenty-five- 
cent pieces. He has of the second and third kinds together 
310 coins. If his dimes were three-cent pieces and his three- 
cent pieces dimes, the two kinds would amount to $17.50. As 
it is, he has 143. Find how many coins he has of each kind. 

S8. Half of A's money is $1500 more than the sixth of B's 
and C's together ; a fourth of B's is equal to the excess of A's 
above C's ; and the sum of A's and C's lacks $1000 of being 
three times B's. Find the amount each has. 

g9. After A had paid $374 to B, and $50 to G, they each 
had the same sum. Before making the payments, A lacked 
only $228 of having as much as B and C together. How 
I much had each at first ? 

30. A, B, and C have together $1820. If B gives A $200, 
Ijj!; I A will have $160 more than B ; but if B gets $70 from C, 

I they two will have the same sum. How much has each ? 

^ SI. Three towns are at the three angles of a triangle. 

From the first to the second through the third is 82 miles ; 
from the first to the third through the second is 97 milea; 
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from the second to the third through the first is 89 miles. 
Find the direct distances between the towns. 

32. Three persons incur a debt which neither can pay in 
full. A says to B, " Give me ^ of your money and I can pay 
all the bill.'^ B says to C, " Give me \ of your money and I 
can pay all." C says to A, "Give me half of your money, 
and, although I have only $4, I can pay all." Find the 
money of A and of B, and the bill. 

33. A cistern has three pipes. The first and second run- 
ning together can fill it in 100 minutes, the first and third in 
1,08 minutes, the second and third in 122^ minutes. How 
long will it take each, and how long all together, to fill it ? 

34* A grocer mixes three kinds of coffee. He can sell a 
mixture containing 3 lb. of the first kind, 11 lb. of the 
second, and 4 lb. of the third, at 22 cts. per lb. ; or one 
composed of 9 lb. of the first, 6 lb. of the second, and 3 lb. 
of the third, at 21 cts. per lb. ; or, finally, he can sell at 20 
cts. per lb. a mixture of 5 lb. of the first kind, 3 lb. of the 
second, and 6 lb. of the third. Find the cost per lb. of 
each kind. 

. 35. A number consists of three figures. The hundred^s 
figure is equal to the sum of the other two ; if the number be 
divided by the sum of its digits, the quotient will be 54 ; and 
693 subtracted from the number will interchange its digits. 
Find the number. 

36. If $20 be taken from the first and put into the second 
of three purses, the second will contain 4 times as much as 
remains in the first. If $60 of what is now in the second be 
put in the third, the third will contain just twice what is in 
the first and second together. If $40 be now taken from the 
third and put into the first, there will be one half as much in 
the first as in the third. How much is in each at first ? 
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SIMPLE mqVATIONS, 



37. On the road from A to B there are 24 mile^ up hill^ 
36 miles down hill^ and 12 miles level. A courier requires 
25 hours to go; and 28 hours to return ; but if, while going 
from A to B, there had been 12 miles up hill and 24 miles 
levels he could have gone in 23 hours. Find his rate per 
hour up hill, down hill, and on the level. 

38. Two persons, A and B, can do a piece of work in 16 
days. They work together 4 days, after which B finishes the 
work in 36 days more. In what time can each do it sepa- 
rately ? 

39. The sum of three numbers is 26. The sum of the 
first, twice the second, and four times the third is 73. The 
sum of the second, three times the first, and five times the 
third is 88. What are the numbers ? 

40. A and B together can do a certain work in 12 days ; 
B and G can do it in 20 days ; A and C can do it in 15 days. 
In what time can all do the work together, and in what time 
can each do it separately ? 

41. I have two horses of unequal value, and two saddles 
worth (50 and $10 respectively. The better saddle and the 
first horse are together worth $10 more than the worse saddle 
and the second horse. But the worse saddle and the first 
horse are together worth only $30 more than half as much as 
the better saddle and the second horse. What is the valne of 
each horse ? 

42. A man at his death leaves $29250 to be divided among 
his family — ^three sons, four daughters, and their mother. 
A son and a daughter together receive twice as much as the 
mother. Two sons together are to receive $2250 more than 
the mother and one daughter. Find the shares of each. 
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INVOLUTION. 

318. A power of a quantity is the product obtained by 
using the quantity two or more times as a factor. 

219* Involution is the process of finding any required 
power of a quantity. 

220* A perfect power is a quantity that can be Te- 
solved into two or more equal factors. 

Thus^ 4 is a perfect square or second power, since 
4 = 2x2. 

64 is a perfect cube or third power^ since 64 = 
4x4x4. 

221* The exponent of a power is a small figure or letter 
written above and at the right of a quantity. When it is a 
positive integer^ it shows how many times the quantity is to 
be taken as a factor. 

Principles. — I. Any power of a positive quantity is 
positive. 

II. ITie even powers of a negative quantity are post" 
tive, and the odd powers are negative. 

Thus, (4- ^y =z {-}- x) X {+ x) = + a^. 

{+ xy z= {+x) X (+ ir) X (+ a:) = + afi. 

(>_ a;y = (~ x) X i-x) = -ha^. 

(— xY = {— x) X (— x) X (— ir) = — ir». 
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INVOLUTION. 



222* To find any required power of a monomiaL 

I. Bequired to find the cube of 5a'Wr. 

II. Bequired to find the cube of — Sofiya^. 

(— SxHf^y = (— dx^yz^) X (— 3a?^z«) x (— Sxhfs^) 

NoTB. — ^Fractional quantities are nuaed to anj giren power by raising 
both numerator and denominator to the required power. Thus, 



/ 2My __ / 2am / 2^b\ / 2M\ __ _ 



27aV 



Rule. — I. Raise the numerical co-efficient to the re- 
quired power. To this power annex the literal foA^tors, 
each with an exponent equal to the product of its origi- 
nal exponent multiplied by the exponent of the power. 

II. Make the result positive for all powers of positive 
quantities, and for all even powers of negative quanti- 
ties. Make the result negative for all odd powers of 
negative quantities. 





EXERCISES. 


;!33. 


Write the wUues of the following powers: 


1. ( 


[abn^y. 


7. (6»»«ny)». 


e. ( 


[- ^)'' 


8. (- ta»mn*Y. 


3. ( 


[— a^i^y. 


9. (16a«*«>»»)». 


4- ( 


[da^y. 


10. (10a%*?«)». 


5. ( 


'— 2m»»)». 


11. ( 5a^6»<*d*)*. 


6. ( 


[— 3m«»a;)*. 


U. ( 4a*»»%^)». 
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13. Write the square of \7}i\ Of {mhi. Of ^W(^. 

14. Write the cube of \a^b. Of \7^h. Of bamh^. 

15. Write the square of — lOa^hx^, Of — Ibxyz^. 

16. Write the cube of — -f^x^yz^. Of rf^*n^y\ 

17. Write the fifth power of \amhi\ Of — \:x^y^. 

18. W>ite the square of \ji^q. Of \ax^y. Of |am*. 
iP. Write the fourth power of \ahnh%. Of lah^t^. 



20. Write the cube of ^a^yz^. Of ^m^nhf\ 



2a^ 

21. Write the square of — - — 

4/zM 

22. Write the cube of ?^. Of 



Of 



2y8 
3ah:y 



Of - 






byh 
23. Write the fourth power of 



— bxyH^ 



Of 



2mW 

— 3x2yV' 



*/i24:0 The method of finding the square of a polynomia. 
has ab*eady been explained in Art. 92. Some additional 
exercises are given below. 



EXERCISES. 
335« Write the values of the foUawingindictUedsqtiures: 



1. 
2. 



4^ 



{x + y -^ zy. 
(a + 2i + 3c)2. 
(2m — 3n + Sy)*. 
(iix — 2y — 4z)\ 
(dx — 3y -f z)\ 



6. 

7. 

8. 

9. 

10. 



(1 + 2a: + x^f. 
(aa + *8 — c2 + tf)2. 

(4m + m^ 4- 1)2. 
(a + ^ + c — J)2. 
(.^^3 -__ 3rr2 ^ ga; — 5)^. 
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.1 'I I'' '-i^ E 



It', Vrili 



|:5 



ti' 






INVOLUTION. 


ii. 


(1 + 3a + 3a» + o»)». 


i5. 


I;?. 


(1 — 3a; + 3ar» — «»)». 


16. 


13. 


(Jx - IJy + 1J2)». 


17. 


14. 


(2a;» 4- a: - 7)«. 


18. 



(1 + a; + «*)». 

(ot» + im + i)«. 
(5a; 4- 3y» — .252) 



226. To find the cube of a binomial. 

I. Beqttired to find the value of (a;+y)*. Also of (x 

{x + yy = a? + Zxy + f 

X + y 

a;« + 2ar^+ xy* 

a»y + 2xy» + y» 
(x + yy = a* + 3xh/ + 3xy» + y» 

(a; - y)» = a;» - 2xy + y» 

X ■ 



-y)». 



y 



3? — fiofyf + xy* 
— o^y + %xy* 



-f 



,!.,!■';! 



(a: -- y)' = a^ — 3a% + 3a:y' -- y* 

II. Bequired to find the cube of 2x — 3y. 

(2a: — 3y)2 = 4ar^ — 12a;y + %^ 

2a; ~ 3y 

Sa:^ — 24ar^y + 18a;y2 

— 12a:gy + 36a;y« — 27y » 
(2a; — ZyY = Sa;^ — ^%x^y + 54a;y2 — 27y3 

Rule. — Write the cvhe of the first term; three times 
the square of the first temn multiplied by the second 
term;; three times the first term multiplied by the 
square of the second term; and the cube of the second 
term. 



i:H 





XyFC/Xl7?/0Ar. 






EXERCISES. 




237. 


ITHfe <fte values o/ 1^ following indicate 


1. 


{a + by. 


15. 


(1 — mny. 


2. 


{2x + yy. 


16. 


(2a + c)». 


S. 


(3m — 2»)». 


17. ( 


(ia' + ly)"- 


4- 


(2a 3b): 


18. 1 


(4a; + y)«. 


6. 


(3a + 4J)8. 


19, 1 


(|« + 5)». 


6. 


(4a - 3y)». 


20. ( 


(^ - iy)'- 


7. 


(ot — 2»)«. 


^1. 1 


(a* + ^)». 


8. I 


(a + 3*)». 


;?«. 1 


{^ - 3y)». 


9. 1 


(2a - by. 


23. ( 


(w — »«)«. 


10. 1 


[1 + a;)«. 


;?4. ( 


[3a» + *»)». 


11. 1 


[1 - x^y. 


25. 


(a* + 2x>yy. 


12. ( 


[X - %yy. 


26. 


{x> + zyy. 


13. I 


[a + by. 


27. 


(2x> - 3xyy 


U- I 


[\^ - w- 


28. 


(3a* — 2¥)». 
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228. To find the cube of a trinomial. 

Required to find the cube of a^ — 2a + 5. 
(oa _ 2a + 5)8 = \{a^ — 2a) -f 5^ 

= (a2 — 2a)» 4- [3 (a^ — 2a)2 x 6] 

+ [3 (a2 — 2a) x 6«] 4- 5» 

= (a«— Gas-f 12a*— 8a8) + (15a*— GOa'+eOa^) 

+ (75a2- 150a) + 125 

=r a«— 6a5 4- 27a*- GSa^ -f 135a8— 150a -f 125. 



Itii 



mroLUTioN. 



Rule. — I. By means of parenihetes write the trino- 
mial in the form of a binomial. 

II. Indicate the cube of the first term of this bino- 
mial, three times the square of the first term multiplied 
by the second term-, three times the first term, multi- 
plied by the square of the second term, and the cube of 
the second term. 

III, Perform the indicated operations ; unite similar 
terms; arrange the terms, and connect them, by the 
proper signs. 



m 





EXERCISES. 




288 


. Write the cubee of the foUowtng, atut arrat 


le rentObi; 






1. 


a + i + c. 


15. 


^-xy + y: 


t. 


z-y + i. 


16. 


x= + 3x + 3. 


3. 


m-n-r. 


n. 


aj? + any + y'. 


4- 


a + Hb + e. 


IS. 


3a' — Zay + 5y». 


S. 


x — %y + z. 


19. 


»»« — 5»n7t + 3»a, 


e. 


x + iy + Z,. 


SO. 


3a' + 6oy-2y'. 


7. 


a-U~ Sc. 


il. 


^-^f + y. 


8. 


%a~m + Zn. 


m. 


i+t^-p: 


9. 


ap_3j-5r. 


IS. 


!af-ixy + y: 


10. 


o — By + «. 


n. 


x'-Z^-y'. 


11. 


a> + s^- f. 


MB. 


J? - 2a„ - v". 


It. 


3i' + y' + %i. 


iG. 


3? - 3sV + y"- 


13. 


hx — H^ + a?. 


17. 


3? — bx+G. 


u. 


o= + oJ + J>. 


2S. 


0< - 9rt"S + Sf. 



INVOLUTION. 163 

230* To find any power of a binomial. 

In Art. 81, the method of writing by inspection any power 
of a binomial of the form x ±y has Jbeen explained. It is 
there shown that 

{x±yY=zx^± %xy -f f. 

{x±yY^Q? ± Six^y + 3xy^ ± f. 

{^±yY = ^ ± ^^ + €a%^ ± 4a;y8 4. y4^ 

{x±yY = 7^ ± bx^y + lOa^^ ± lOay + 6xy^ ± f. 

The pupil should become thoroughly familiar with the co- 
ef&cients and signs of the diflEerent powers of x±y. They 
are, 

1. For the second power, 1 ± 2 + 1. 

2. For the third power, 1 ± 3 + 3 ± 1. 

3. For the fourth power, l±4:-f6±4 + l. 

4. For the fifth power, 1 ± 5 + 10 ± 10 + 5 ± 1. 

331. The method explained in Art. 81 is applicable where, 
instead* of x and y, terms are used whose co-efficients and 
exponents are other numbers than 1. 

Thus, (2a2 4. Sby = (2a^y + 2 (2««) (3^) + (3^)« 

{dx - 5yy = {3xY - 2 (3a;) (by) + (byf 
= 9a:8 — 30a;y + 25y8. 

(2m2 — 3w)3 = {%m^Y - 3 {^m^y (3») 

+ 3 (2m2) (3w)« — (3w)8 
= 8m« — 36m*7* + bimht^ — 27w8. 

(\^ + ivY = {W + 4 (ixY (fy) + 6 {%xY {iyY 

+ 4 (1^) (}y)3 + (fy)* 



EVOLUTION. 

233. A root of a quantity is one of two or more equal 
factors that will, if multiplied together, produce the quantity. 

234. The square root of a quantity is one of two equal 
factors whose product equals the quantity ; the cube root, 
one of three equal factors, etc. 

235. Evolution is the process of finding any required 
root of a quantity. 

236. The radical sign, V^, is placed before and over a 
quantity to indicate evolution. 

237. The index of a root is a small figure or letter 
placed before the radical sign to indicate the root required. 

Thus, ^i^ indicates the cube root of 64. 

^a + b " " fourth root of a + d. 

\^x 4- y '' '' n^ root of a: + y. 

238. When no index is written, the square root is meant. 
Thus, V^ — y indicates the square root of « — y. 

239. Since (+ a)2 = + aS and (+«)*=+ a*, 
also, since (— a)^ = 4- a^ and (— a)* = + a*, 

it follows that V+ a* = ± «* and ^+ a* = ±a. 



66 EVOLUTION. 

Hence, The even roota of a positive quantity ham 
he douile 9i£n ; that it, they are either positive or ne^a 



340. Since (-<i)» = — a», and (— a)» = — «», 
t follows that \^— «• = — a, and •{''— o* ^ — a. 

Hence, Ihe odd roots o/ a negative quantity are 

legative. 

S4i. Since no nwi power of a qttantit; can be negatiTe, it 
oUows that 

An even root of a iterative quantity is impossOAe. 

342. An iniBginary quantity is an indicated even 
oot of a negative quantity. 

Thos, V— o'l V— ^x, are imaginary quantities. 

343. To find any reqnired root of a monomial. 

I. Bequired to find the square root of 7^^. 

Since the square root of a quantity ie one of two equal 
Victors whose product equals the quantity. 



II. Bequired to find the cube root of — Sa^fi'c". 
v'— 8tt'6«(!' = — 2a*4*c* = — 2aS»c». 



Ill' Required to find the fourth root of ; 



%\^\j^ 



EVOLUTION. 



167 



4 / 16a*y 






Rule. — I. Tahe the required root of the numerical co- 
efficient, and divide the exponent of ea/ih literal fa/stor 
by the index of the root. 

II. Give the double sign ± to an even root of a posi- 
tive quantity, and to an odd root of a quantity give the 
sign of the quantity itself. 



EXERCISES. 
244. Find the values of the foUowing indicated roots : 



1. 
2. 
3. 

4^ 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 



V^ibc^hK 



^/nb7^fz\ 

V^— 32aSm%« 
^625a8J%*. 



IS. 
16. 
17. 
18. 

19. 

20. 
21. 

22. 
23. 

24' 






8/« 



y/^^¥d>. 



<r- 









V 



216aWg^s 



EVOLUTION. 169 

iiig the result by — 3a;, subtracting, and bringing down the remaining 
terms of the polynomial, gives lOaJ* — 30a; + 25. Doubling the terms 
of the root thus far found, for a trial divisor, and dividing 10a;* by the 
first term, gives 5. Uniting this with its sign to 2a;* — (te, the trial 
divisor, and multiplying the result by 5, completes the operation. 

Rule. — I. Arrange the terms according to the ascend- 
ing or descending powers of the leading letter. For the 
first term of the reqilired root, write the square root of 
the first term of the pdlynomial and subtract its square 
from the polynom^ial, 

II. Taking twice the root thus found as a trial 
divisor, divide the first term of the remainder by it, 
writing the quotient as the second term of the root and 
also annexing it to the trial divisor. Multiply the 
divisor thus completed by the second term of the root 
and sivbtract the product from/ the remainder of the 
polynomial. 

III. Proceed in this manner until there is no re- 
mainder, or until the remainder is not divisible by 
the trial divisor. In the latter case there is no exact 
root. 

EXERCISES. 
!346« JPtnd the square roots of the foUawing: 

7. a^ - Sab + I6&2. 

8. a^ + 14:xy + 49y2. 

9. ah^ -h2ax -{- 1. 

10. aW — ^ab + 9. 

11. 1 + 6mw + 9m%2. 



1. a^ + 2a^> -f J2. 

2. a8 + 6a 4- 9. 

3. x^ — 2xy + y^. 
4' w^ — 2mn 4- nK 

5. a^ + 4ab + ^V^. 

6. m^ -f 6wi7i 4- 9n2. 



12. ^ — \2xy + 9y8. 



11. (1 + 3<. + W + o^', 

12. (I - 3» + 3n« - »^> 

13. (fi - l|y + lj«)'. 

14. (2i" + i-7)'. 



ie. (Jo + o'S + J4)'. 
17. (m' + i»n- H>. 
/«. (5a: + 3j" — .25i)'. 



336. To find tbe culM of a binomial. 

I. Bequirod to find the value of (x+y)^ Also of {x — y)\ 
(as + j)' = a? + 8:«j + y" 

' + y 



«■ + 2a:^ + xf 

»■» + toy- + y- 
(I + y)' = ^i + 3a^ + aiy" + y" 



- 2«y + y" 
-_y 



X* — aar'y + xy> 

«■ - 3iV + 3a»" - y" 



(a,-,). 

IL Seqnired to find the cube of Zx — 3y. 
{%x - 3y)' = iE" - \%xy + 9y» 

3g-3y 



8a:» — 2iA/ + ISay* 

— \23^ + 36ay — a7y* 
(Sa; — Sy)* = 8a:» — 36a^ + 542^" — 27y» 

Rule. — Write the cube of the flri^ term; three time 
the square of the first term multiplied by the secant 
term; three titnes the firBt term multiplied hy th< 
square of (he second term; and the cube of the aecoru 
term.. 





XyF(;iI727C/iV: 






EXERCISES. 




327. 


Write the vtUuea of the following irUUeate 


i. < 


[a + by. 


15. 


(1 — mny. 


2. 1 


[2a: + yy. 


16. 


{2a + c)». 


3. ( 


[3m — 2ny. 


17. 


(ia; + ^y. 


4. < 


[2a 3by. 


18. 


{ix + yy. 


5. 1 


[3a + 4J)». 


19. 


(fffl + by. 


e. ( 


[4a - 3yy. 


20. 


(a: - W- 


7. ( 


[m — 2ny. 


21. 


(ffl« + *»)». 


8. { 


[a + 3by. 


22. 


{a? - 2yy. 


9. ( 


[2a by. 


23. 


(to m«)». 


10. ( 


[I + ^y. 


24. 


(3a' + **)». 


11. ( 


[1 - a^y. 


25. 


{^ + 2a?yy. 


Z;2. ( 


[X - 2yy. 


26. 


(a:* + xyy. 


13. ( 


[a + by. 


27. 


(2x* 3xyy 


!.#. ( 


[\x - w- 


28. 


(3ab 2¥)\ 
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328. To find the cube of a trinomiaL 






Eequired to find the cube of a^ — 2a -f- 5. 

(a2 - 2a -h 5)3 = {(«« - 2a) + 5^ 

== (a2 - 2a)8 4- [3 (a^ - 2a)2 x 5] 

+ [3 (a2 - 2a) x S^] + S^ 

= (a«— 6a5 + 12a4-8a8) + (ISa^— eOa^-f- 60a2) 

4.(75rt2_i50a)4.i25 

— 1^6 _ 6^5 _|. 27a*- 68a3-f 135a2— 150a+ 126. 



\Ti 



BVOLUTIOS. 



III. Double tite root already found, for a, trial divisor. 
Divide the remainder by the trial divisor, writing the 
quotient as the second figure of the root, and annexing 
it to the trial divisor. Multiply the complete divisor 
by this last root figure, subtract, and bring down tJie 
next period as before. 

IV. So continue to the last period, after which, if ad- 
ditional places are required in the root, extend the 
operation by bringing down cipher periods. 

V. Should the trial divisor at any time not be coir 
tained in the remainder, write a cipher in the root 
place, annex a cipher to the trial divisor, and brini 
down another period. 

Note. — The square root of a common fraction is found bj eitreftjng 
the gquare root of its numerator and of He denominator, and wriliag 
them tte the numenilor and denominator, respectively, of the root ; or bj 
reducing the common fraction to a decimal and proceeding in acconiaiiM 
with the role. 

EXERCISES. 

349. Fiiul the aquare roots of the following: 





1. 


5ie. 


11. 


21026. 


21 


fifrr- 




2. 


784. 


12. 


93025. 


m 


«H 


■ '!i| 


S. 


1369. 


IS. 


929296. 


a 


HW- 




4- 


2036. 


u. 


106929. 


U 


tWW.- 


,M'j 


s. 


4489. 


15. 


893025. 


m 


18567481. 


y't; 


6. 


4096. 


16. 


167281. 


26 


37075921. 




7. 


8649. 


17. 


380C89. 


27 


1837.8369. 


,!ii 


8. 


9409. 


IS. 


1.752976. 


2« 


18.633<BS. 


:'!' M 


9. 


11449. 


19. 


4721929. 


29 


.56370064 


,■- 


10. 


15129. 


m. 


2271049. 


SO 


975353.76. 



EVOLUTION, 
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II. Eeqaired to find the square root of 11 to 4 decimal 
places. Also the square root of f to 5 decimal places. 



11 I 3.3166+ f = 





9 


63 


200 




189 


661 


1100 




661 


6626 


J 43900 




39756 


66326 414400 



.6666+ .66'66 | .81649 + 



397966 





64 


161 


266 




161 


1626 1 


10566 




9756 


16324 


81066 




65296 


163289 


1577066 



1469601 



Find the square roots to 4 deeinuU piaces: 



31. 


21. 


34. 41. 


37. |. 


40. f 


32. 


.05. 


35. 113. 


38. H. 


41. 3f. 


33. 


.009. 

• 


36. 624. 


39. f 


42. 7A. 



250. To find the cube root of poljmomials. 

I. Bequired to find the cube root of a:* + 3aj^y + 'dxy^ + y*. 

Process. 

a:8 + 3r8y + 3a:y2 + y» \ x ^- y 
^ 

3x^ + Sxy + y^ | da^y + dxy^ + y^ 

dxjf + 3a;ya + y» 

Explanation. — For the sake of simplicity, a polynomial is chosen 
whc»e cube root is already known to be a; -f y. In cubing x + y, the 
first term of the result is a^ ; hence, the first term of the cube root of 
the polynomial is found by taking the cube root of a^. The second term 
of the power is ds^y, which is 3 times the square of the first term of tho 
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4. 8a« + 36a8 + 64a + 27. 

5. 27a:3 _ 54^:2 4. 303; _ g. 

e. a^ ^^a:^ -\- I2x^ — 8. 

7. 27y« — 135^4 + 225y2 _ 126. 

8. ah^ + 6a2a;2 + 12aa; + 8. 

9. 125a^ — 75a;f + 16a^ — 1. 

10. Sa^ — eOa^y + 150ir2y« — 126y». 

11. 126a«^ — 226a4^>2 + l35a2J — 27. 

IB. 2:6 — 6a^ + 15^ __ 20a;3 ^ .15348 _ g^: + 1. 

13. af^ — 9a^-\. dSx^ — 63a:S + 66a^ — 36x + 8. 

14. Sa:fi — 36aics + 102ah!^ — 171aV + 204a*a« — 144a«aj 

+ 64a6. 

15. 8m« + 36m5/j + 42m*/j2 — 9m3/j3_21m8w*4-9mwS— w«. 
. ie. 27a« — 136a« -|- 171a4 + 55a^ — 114a2 — 60a — 8. 

17. 216a^ — 432aio — 36a8 4. 368a« + 18a* — 108a2— 27. 

18. Sx/^ — dQx^y + 114a;4y2 __ 207a^f + 286ic2y* — 225a;y5 

iP. 27a« — 108a« — 46a* + 440a3 4- 105a2 — 688a — 343. 

BO. Saf^ + 48aic5 4. 60aV — SOa^ — 90ah)^ + lOSa^ 
- 27a«. 

S53. To extract the cube root of numbers. 

The cube of a number contains three times as many figures 
as the number itself, three times as many figures less one, or 
three times as many figures less two. Thus, 

Numbers: 2, 3, 6, 12, 99, .06, 3.6. 

Cubes: 8, 27, 126,. 1728, 970299, .000216, 42.876. 
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EVOLUTION, 



Hence^ // the cube of any number be separci^ted into 
periods of three figures each, beginning at the ri^ht, 
there imll be as many periods as there are figures in the 
eiibe root. 

Note 1. — The left-hand period may contain one, two, or three figures. 

Note 2. — Decimals are separated into periods by beginning at the 
decimal point. The right-hand decimal period most contain three fig- 
ures, ciphers being annexed, if necessary. 

253. Any number^ as 85, may be cubed in the same man- 
ner as an algebraic binomial. Thus, 

(86)« = (80 + 5)3 = 80» -f 3(802x6) + 3(80x5*) +5' 
= 80»4- [(3x802) + (3x80x5) + 52] x5 

= 512000 + (19200 + 1200 + 25) x 5 = 614125. 

Hence, The cube of any nunvber com^posed of tens and 
units is equal to tens^ + (3 times ten-^ + 3 times 
tens X units + units?) x units. 

Note. — The same method is applicable when there are more than two 
figure^ in the number. Thus, 

(125)» = (120 + 5)» = 120»+[(3xl20»)+(3xl20x5) + 5*]x6. 









EXERCISES. 








154 


:. By the foregoing method find the cube of, 


• 


1. 


12. 


5. 


45. 


9. 


81. 


13. 


105. 


2. 


15. 


6. 


57. 


10. 


28. 


u. 


208. 


3. 


21. 


7. 


63. 


11. 


93. 


15. 


195. 


4- 


34. 


S. 


49. 


12. 


86. 


16. 


306. 



EVOLUTION, 



vn 





614125 


85 




512 




3 X 808 - 19200 


102 125 




3x80x5 = 1200 






52 = 25 






20425 


102 125 





I. Required to find the cube root of 614125. 

« 

Explanation. — Sepa^ Process. 

rating 614125 into peri- 
ods of three figures each 
shows that the cube root 
contains two figures. 
Whatever the tens' fig- 
ure of the root is, the 
significant figures of its 
cube are included in the 
left-hand period. The 

greatest cube in this period is 512 thousand, and its cube root is 8 tens or 
80. Writing 8 as the tens of the root, and subtracting its cube, 512 
thousand, from 614125, leaves 102125. This 102125 consists of (5 timM 
the tena^ + 3 times the tens x the units + units?) x tmits. Since the sec- 
ond and third terms in the former of these two factors are small as 
compared with the first term, 102125 may be regarded as composed of 
3 times the tens^ x 'u/nits. Hence, if 102125 be divided by 3 times the tem?, 
or 19200, the quotient will be the units' figure of the root, equal to 6. 
Knowing now the units' figure of the root, the second and third terms of 
the first factor of 102125 may be found. Adding the second term, 1200, 
and the third term, 25, to 19200, the first term,^ gives the first factor 
complete, equal to 20425. Multiplying this by the second factor, 5, gives 
102125. Subtracting this product from the remainder, nothing remains, 
showing that 614125 is a perfect cube, of which 85 is the cube root. 



Rule. — I. Separate the £iven nuinber into periods of 
three figures each, counting to the left and right from 
the units* place. 

II. The first figure of the root will he the cube root of 
the greatest cube contained in the left-hand period, 
Siibtract this cube from the left-hand period, and to the 
remainder annex the next period to form a dividend, 

III. Forjjb trial divisor take three times the square of 
the root figure, regarded as tens, and divide the divi^ 
derid by it to obtain the second figure of the root. 

IV. For a votnplete divisor add to the trial dirrisor 
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EVOLUTION, 



three times the second figure of the root muZtipLied by 
the first figure considered as tens, and the square of the 
second figure of the root. 

v. From the dividend subtra4yt the jjroduct of the 
complete divisor by the second figure of the root. 

VI. Bring doivn the next period, if any remain. 
Treadling the part of the root already found as if it 
were a single figure, proceed as before to find the next 
trial divisor, the next figure of the root, the complete 
divisor, and the next dividend, 

Note 1. — If the trial divisor is not contained in the dividend, ftnnex 
a cipher to the root, two ciphers to the trial divisor, and another period 
to the dividend. Then divide the dividend by the trial divisor for the 
next figure of the root. 

NoTB 2. — ^When the number whose cube root is to be found is not a 
perfect cube, decimal places may be obtained in the root by annexing 
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EXERCISES. 




S55 


. Ftnd the cube roots of the following numl 


L 


4913. 


11. 


743677416. 


e. 


68921. 


IS. 


356400829. 


.3. 


314432. 


IS. 


1879080.904. 


4- 


912673. 


u. 


183056.925762. 


6. 


1860867. 


16. 


34.169931125. 


6. 


41063625. 


16. 


.564379103744. 


7. 


311665752. 


17. 


352643.999625. 


8. 


122763473. 


18. 


780.721128912. 


9. 


521660125. 


19. 


27189.441343. 


10. 


68417929. 


BO. 


706157817626. 



EXPONENTS. 

256. Exponents may be positive or negative, inte- 
gral or fractional, numerical or literal. 

257. The exponents so far employed in this book have 
been positive whole numbers. Evidently the meaning of 
exponents that are not positive whole numbers should be 
such that the laws governing their use may be consistent 
with what has already been learned about exponents. 

258. By the law of exponents in multiplication. 

Hence, cr^xa^ =z «"*+* = a-^ ; 

o' X ar^ = d^ = a ; 

oi X a^ = a^ = a^ ; 

a^ X a"^ = a^ = a^ 5 

o* X «"* = a^ = flO = 1 (see Art. 105); 

M f m f 

m^n X mr^n = m^n = n. 

EXERCISES. 

259. MtUHply: 

1. cS by c^. S. (x^y^ by a^y*. 

i, x^y by xy^. 4« ^^ ^7 w*»^- 
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5. ar» by orK 

6. o» by a*. 

7. a» by ar^. 

8. 3^1 by 6o3R 

9. 2zi by 3xt 

10. 2ari by 2x^. 

11. mhii by m~J. 

12. a^b-^ by a-ift *. 
ic?. -x^y by a:*y"i. 



16. 
17. 



(C by a**i^. 

n 



a' X a^. 



a*b X a»^^. 



18. o-^ X a^ft-". 



J5. m*^ X w' 



«0. ar-* X a*—. 
J?i. a:~l X x~T. 



I. Kequired to multiply a* + a^a^ + xi by a^—a^xt + zK 

a^ + a^x^ + x^ 
a^ — - a^x^ + x^ 



a + a^x^ + a^x^ 

— a^xt — a^x^ — a^x 

+ a^xi + a^x -f x^ 



a 



+ a^a^ 



-f «* 



fl. Required to multiply x^ — xy^ + a;*yl — x^y^ + y bj 



2;! ^ :cyT 4- :^y^ — ^y\ -f y 



^ + y^ 



a;t — x^y^^ + a;y« — ^y^ + a;^y 
+ ccsyi — xy^ 4- a;Jy^ — ^y + y^ 



a; 



I 



+ y^ 
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EXERCISES. 
260. Multipiy: 

1, a* + b^ by a^ — ii, 2. x^ — y^ by x^ + y^. 

3. m^ — n^ by m^ + w*. 

^. a;"* + y"* by a;"* — y"*. 

6. ari — *"* by a"* + i"i 
ff. a;"* + yi by a:"* + y*. 

7. a;-8 + y2 by a?^ — y^. 

p. ar8 — ar-iy^i -f y^ by ar« + a;-iy-i -f- y-«. 

iO. a* -f aHi + ft* by o* — a*fti + ft*. 

ii. x~i — ar~iy* -+- a;~*y — • y* by ar* + x~^y^ — y. 

1^. xi + 2xi + 3a;* + 2a;* + 1 by a;* — 2a;* -f 1. 

i^. a;-2 + 4x-* 4- 13ari + 42a;-* -f 28 by a;"* — 4.r-^ + 
3a;-* — 2. 

2^. x-i + 62ari + lla;"* + 3a;-* + 2 by 5a;-*— 7a;-*-hl. 

15. .2a;** — .Safy-' + l-^y'^ by .la;*" + .4afy-'' + .8y-^ 

i^. 6ar-4 _p 7^3 ^ 44a;-2 4! 7a;-i -f 1 by 6ar^ — 7ari ^ 1^ 

17. ixr^ — .2a;-*y* + .06y* by .5a;-i +,3a;-*y* + .09yi 

i^. |-w — \mi -i- j^mi — -gS" ^y ^^^* H- ^^^ + i« 

Jf». fa;-* - |a;-*y-i + |y-2 by ^a;"* + *a;-*^y"i H- |y-9. 

j?0. 42a;* + 105x + 23a;* + 5a;* + I by 2a;* — 5a;* + 1. 



I8:d 
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261* By the laws of exponents in diyision^ 



fl» -h a* = o^» = a». 



Hence, 



-- ^-«-<-2) — 



«♦ -5- ai 
a* -^ a* 



«^ 









-• — ^m-i-n^ — i*»i<» 



nT -r- a~* = a 



= a" 



d^ -^ cfi 



liT -7- a • = 



!» + « 



262. IHvide: 



EXERCISES. 



i. 12a» by 4fl». 7. 

e. ar-2 by 2aj^. «. 

3. ea^ by 3ar-a. P. 

4. a^lA by a**. iO. 

5. x^yi by af^yi. ii. 
tf.- arV by ar^y-i. Ig, 

13. 10m»-* by 2w-i»ia;2. 

14. 3afy-*z» by 6af-»y-*«8. 
iJ. 4»i*+*w*ar^ by 6w*wV-^ 
iff. 12a-»x* — \%ahx-^ by Gad^a;. 



16a*»* by 3a-**-!, 
Sai^'y* by 4a^y *, 
a^Ve-^ by ic^a?-*. 
86W by b-^dhi'-K 
a^b^cr^ by aJ<?. 
ar^y* by ar*y-i«. 
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17. 16aJ*y8 + 20ariy* by %^yz. 

18. 24a-i*V — SOa^biar^ by SeabA 

19. 6m^/i* — ^m^n^x by ^"^m^rT^. 

20. 10a?V* + 15a-ia:2yt by 25a-iyar*. 
J?i. 16a-**-ic-i — 20a*S*tri by 4a&?. 
;?:?. faf /i^i + i^^ y"^ «"* by |ari y«-». 
^<?. fafy-^2;-=^ — ix-iyjsi by |a;-*y-i2;-*. 

I. Eequired to divide m^ — w^ by 7nJ — n*. 
y/jt — n^ I iTji — Tji 



I — fnn^ m + m^nJ + n* 



mri* — w* 






II. Required to divide xi + x^y * + y^ by a;* — x^y 1 
gl — a;iy-i + rgiy-J a;* + a;*y"i -f y"* 



4 


EXPONENTS. . 




EXERCISES. 


263 


'. IMvtde: 


1. 


ai - J* by a* + bi. 


3. 


g. 


xi — yt by a;^ — yi. 


4- 


5. 


p\ — ^t by p^ — ji. 


6. 


a;-l _ y\ by nT^ — yi. 


7. 


o^ — x^ by fll — x^. 


8. 


ar* + 8jr' l>y «* + 2y-*. 


9. 


a!" 4- 8a;* + 15 by a;' 


+ 6. 



x — yt by ic^ + y*. 

fwf -f ni by 7»i-f«i 



10. ar» ^ 17ar« + 7ar« - 9 by ar^ -f 5ar» H- 3, 

ii. «-i — 82o-* — 3 by a"* + 3. 

i^. m"* + m*2f -I- ir* by m* — w^a;* + of. 

13. 4z^ -f 11a:* + 21a; + Ca?* — 10 by 2a; — 3a;* + 5. 

14. 2ar^ — 9a;* — 8a; — 1 by a; -f 3a;t + 3a;i 4- 1. 

15. X — 17a;* -f 13a;i -h 15a;* _ 12 by a;* — 6a;* + 4. 

16. xi — 109a; — 12a;* — 56 by a; — 4a;* 4 3a;* — 2. 
i7. 2a-i — 10«-* - 38a-* - 98 by a"* + 4^"* + 7. 
i^. 8ar2 — 95a;-^ + 1 by 2a;-* — 5a;-* + 1. 

19. 3^ + xi — 11a;* 4- 9 by a;* — 2a;* 4- 1. 

xi 4. 7a;i - 21a;-* - 21a;-* - 6a;-* * by a;* 4- 3a;l + 



3a;-i 4- a;-*. 
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264. In raising a monomial to any required power^ it has 
been shown that the exponents of the factors in the result are 
found by multiplying the exponents of the factors in the 
monomial by the exponent of the power. This law is true 
whatever the form of the exponent. Thus, 









: a*^2 aj-2X2 y-4x§ __ ^^jj-4 y-% 



EXERCISES. 
!365« Find the values of the foUowing: 



1. 


(^y^zf. 


«•, 


iuHtc-^y, 


3. 


(3ni"a;-iy-*)*. 


4. 


(5J-2c"-'<?'+»)2. 


5. 


(lOa-*jic-*y. 


6. 


(2«a;-«y-*2*)'- 


7. 


(3*a-Jj-»a;»>'.' 


8. 

« 


(8a*S-«c*)t. 


9. 


(4-*a;iy-^«")-i 



1 m 



-l\-5 



10. {b^p^q-^r^Y, 

11. {ia^m-iy-jf. 

12. {T^aix-^y-^) 

13. {^''^or^y^z'^) . 

14. (4* «*• IT c-^) * . 

15. {b^x^y-^zyt. 

16. {K^x-^y^^ry. 

17. {n^ar^h'^m^Y. 

(m 1 Sv n 
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266. It has been shown that in finding any required root 
of a monomial, the exponents of the factors in the root are 
found by dividing the exponents of the factors in the mono- 
mial by the index of the root. This law is true whatever the 
form of the index. Thus, 



Va = at; 



-^a* = a*; 



3^a»x2y X- = 3atx2af = 6a*af. 



When, however, the index of the root is negative or frac- 
tional, the operation is indicated by means of an exponent. 

Thus, ""s/a is written a"^ ; Vo is written a^ ; 




'h 



« « 



a ^ ; ^^ " " o" ; 



-1 -I 



■^f/^M « ^j-#. 7/^ij^ 



ti 



cr'V. 



EXERCISES. 



267* tkxypress with eacffionents: 



1. \faix. 



3, "^mr?, 

4. ^'cM. 



9. Va (^ — y). 

10. \/a{x + y)i. 

11. ~^a^ (m ~ ny. 



5. \^. 

6. "fa^. 



7. \^7f^f/^. 

8. V^^^. 



12. ^arh (ir» + y)^. 

13. Va X ^b y. ^^^. 

14. v^ X ^^ X ^x*. 



EXPONENTS. 
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16. 3 \^{a - by X 5 v^(a - by. 
268. Express with reidical signs. 



1. 


aK 


S. 


a*A*. 


5. 


3a*J*. 


2. 


icV- 


6. 


ahh^. 


i(?. 


sVi* 


S. 


aM. 


7. 


%ab^. 


11. 


leMi*. 


4. 


wt*»*. 


8. 


5a*a;. 


IB. 


8*a;*yM 



S69. When a positive whole number is used as the ex- 
ponent of a quantity, it indicates that the quantity is taken 
as a factor as many times as there are units in the exponent. 
But when the exponent is negative or fractional, it can have 
no such meaning. It is necessary, therefore, to examine 
these latter cases. 



270. To find the meaning of integral negative ex- 
ponents. 

I. Required the meaning of cT^, Also of TT^if^. 



ar^z=z 



a 



—3 



a^ X a 



1 ' 



1 X a' 



a^ 



^ "~ 1 ' 1 X aJ*2r^ "■ off 



II. Bequired the meaning of 



ar« 



Also of 



a-«-J-« 



ar^ ^_ ar^ x (x^ _ y^ 
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Hence, I. Any quantity affected with an integral ne^O' 
tive exponent is equal to the reciprocal of that quantity 
udth an equal positive exponent. 

II. Any quantity affected ivith negative exponents 
may he cleared of them udthout changing its value. 

Note. — ^The reciprocal of a quantity is equal to 1 divided by that 
quantity. 

Thus, the reciprocals of 2, 2» ^ ~> *^<1 — *>* respectively 

1 4 1 y A ^ 
r r a' i* ^""^ ^' 

EXERCISES. 
271* dear the following of negative exponents: 



1. 


a-' 


7. 


5-«ar«jr' 


IS. 


e. 


TO-««-« 


8. 


(a + !)-< 
(a + 1)-' 


u- 


3. 




9. 


1 


15. 


.«-> + J-« 


4- 




10. 


a — 2 

(a - 2)->' 


16. 


5. 


am~^ 


11. 


ar^ + r* 


17. 


« + *-' 


6. 




Ig. 




18. 


19. 


5a {x — 1)-' 
(x- 


-3 


{X - 1)-' 




on 


x~^ («-* — if 


-')-* ■ 


- y-^ (ar-' - y 


-r\ 



ar^ 


— 1 


ar^ 


— 1 


a 


+ i 


ar^ 


+ *-' 


cr^ 


+ » 


J-i 


+ « 


X 


-y . 


r' 


-TT' 


ar^-lr* 


ar^ 


'-»-*■ 


or- 


-y". 



ar*-y- 



a;-i (ar-> — y~')~"^ + y~^ («-' — ^'^ 
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27S. To find the meaning^ of fractional exponents. 

I. Eequired the meaning of a*. Also of a», 

ai X a* = a*^* = a. 

That is, cfl taken twice as a factor gives a. 

But the square root of a is also a quantity that when taken 
twice as a factor gives a. 

Hence, a^ is the square root of a ; written also ^/a. 

Again, a* x a* x a* = a*^'"*"* = a\ 

That is, c^ taken three times as a factor gives aJ^. 

But the cube root of a^ is also a quantity that when taken 
three times as a factor will produce aK 

Hence, a^ is the cube root of a^ ; written also -y^, 

II. Eequired the meaning of a~*. Also of a~*. 

-1 -i -1 1 

a 

That is, a~^ taken twice as a factor gives ar^, or -• 
But the square root of ar^, or of - is also a quantity that 
when taken twice as a factor gives -• 

Hence, oT^ is the square root of - ; written also \/-' 



Again, a * x a~* x a~* x a~* = a~* = — g. 

a . 1 

That is, a ^ taken four times as a factor gives a"^, or — • 
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But the fourth root of <r~*, or of — is ako a quantity that 
when taken four times as a factor gives ar^, or ~ 

Hence, a~* is the fourth root of -,; written also \/ -3* 

A positive froAntUmal exponent denotes a root of a 
power. The denominator of the exponent tnAieatei 
the root, and the numerator indicates the power. 

A negative fractional exponent denotes the reciprocai 
of what is denoted by an equal positive exponent. 



EXERCISES. 

273. Express the foUawing uHihawU fraeUonai or t^eg* 
ative exponents: 



1. 


X^. 


2. 


3ai 


3. 


5a*a;». 


4- 


oWn*. 


5. 


6a"*a:* 


6. 


llm^rT^z^. 


7. 


hc^x~^y^. 


8. 


Hx'^y'^zi. 


^\ 


3«-*J-* 



9. 



10. 



11. 



4ar 'y ' 

* 



U. 



13. 



14. 



19. 



• 



15. 9 (o + J)», 

16. 3 (o — J)*, 

17. 5a(« + 3)*. 

18. 17a;* (a - 2)*. 

3a"* {x + 1)-* 

■ • 

4m-* {x — 1)-* 
20, 13a* {x^ -f y)"*. 



EXPONENTS, 
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274* The following principle is useful in finding any 
required root of the product of several factors. 

Any root of the product of two or more factors is 
equal to the product of the same roots of the factors. 

Thus, a/9 X 16 = \/9 X \/l6 = 3 x 4 = 12. 
Vai = Va X ^/h ; 
and ^xyz = -^ x ij^ x ^. 

EXERCISES. 
275. Find the valties of the foUawing: 

9. ^8 X 27 x 64. 



1. V9 X 4. 



g. V4 X 16. 



3. V9 X 25. 

4. V36 X 49. 

5. VSI X 64. 

e. V4 X 9 X 16. 



7. Vl6 X 25 X 64. 

8. VS^ X 92 X 16. 



iO. ^125 X 216 X 1000. 

11. (121 X 144 X 49)i 

Ig. (64a8 X 343ar«)i. 

ic?. (8 X 27 X 125)*. 

14. (16 X 81 X 256)i 

i5. (9 X 64 X 25)*. 

16. ^16 X 81 X 625". 



In the same way any required root of two or more factors 
that are not themselves perfect powers of the degree indicated 
may often be found. 

Thus, \/3x^ = V3xTx 25" = V¥x^^ = 15. 
Also, V2OO x 128 = VlO* X 22 x 82 = 10 X 2 X 8 = 160. 



17. \/300 X 75 X 121. 



18. v^l92 X 225 X 40. 



RADICALS. 

276. A radical qukntity or radical is a root of a 

quantity indicated by a radical sign or by a fractional 
exponent. 

Thus, V^, (iK \^^ -f y> (^ -I- y)K are radical quantities. 

277. The co-efflcient of a radical is a quantity placed 
before the radical to show how many times it is to be taken. 
When no co-efficient is written, 1 is understood. 

Thus, of the radicals Vx, 2 ^a, {a + h) Vx — y, the 
co-efficients are respectively 1, 2, and (a -f- b). 

278. The deg^ree of a radical is denoted by the index of 
the radical, or by the denomiujator of the fraction^ expo- 
nent. 

Thus, Vax, {a -}- b)^, 2 Vx — y, are of the second degree. 
2 v^, y/a — b, {mnp, are of the third degree. 

379. Similar radicals are those that express the same 
root of the same quantities. 

Thus, 3 ^/aXy — 5 Vax, and {a + b) {ax)^, are similar 
radicals. 

REDUCTION OF RADICALS. 

A radical is in its simplest form when it is not fractional 
and contains no perfect power of a degree denoted by the 
index of the radical or by any factor of that index. 



REDUCTION OF RADICALS. 
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S80« To reduce a radical to its simplest form. 

First. — When the radical contains a factor that is a perfect 
power of the same degree as the radical. 

I. Required to simplify VS. Also v^l28. 

a/8 = vTx"2 = Vi X \/2 = 2 a/2. 

vl28 = v'G^ X 2 = v^ X V^2 = 4 \^. 



II. Required to simplify "s/bOd^h^ — 75a^\ 



\/50a3J2- 75a2A8 = V25a^i!>=* (2«-S^») = V25«2^ x V2a— 3J 

= 5a*\/2a— 3J. 

Rule. — Separate the radical into two factors, one of 
which is the highest perfect power of the same degree 
as the rardicaZ. 

Extras the required root of this factor, and write 
the result as th:^ co-efficient of the other foAstor. 



281. 


. Simplify: 


EXERCISES. 




1. 


Vi2. 


8. 


\/45. 


15. 


2. 


V26. 


9. 


V63a». 


16. 


3. 


V18. 


10. 


V54a^. 


17. 


4- 


V27. 


11. 


Vna*^. 


18. 


5. 




12. 
13. 


V75xY- 


19. 


6. 


VSOto^w*. 


20. 


7. 


,V50. 


U- 


V99o»ft. 


21. 



Vll2mhi\ 



VlOSah^. 
Vi25^. 

VU7p^q''. 
Vl92iy^. 
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22. 
23. 
24. 
25. 

34. 
36. 
37. 
38. 
39. 
40. 
41. 

42. 






26. \^i92a«^. 

27. y/WOin}n\ 

28. v^^32?y. 

29. v^32a«frV. 



30. ^VmMj, 

31. ^1250fl^. 

32. ^J^eiflVy. 

33. v^l458flV^ 



V3a^ + ifdb 4- 3^2. 35. VT2a^ — 36aA + 27^^. 



V'^ax^ — 4a2:y + 2ayK 
Vi25a^ — 200a^ + 80^. 
V2to2~— 36aa; + 12a. 
V12j^ + QOxy -f 75f. 
VlSa^ — 84aJ + 987^. 
\/45a;3 — 210arJy + 245ary 

i/Sa; + 20x*y* + 20y*. 



i2 



^ 



'^<?. V8a* — 64a2 + 128. 

^^. ^/It' — ;36.c2 ^ 108a; — 324. 

^. V^3a;8 _ ^^y ^ 9a;y2 _ 3y8, 



Second. — When the radical is a perfect power whose expo 
nent is a factor of the index of the radical. 

TTI. Required to simplify v^. Also '^lOOO. 
>{/49 = -^ = 7i = 7i = V^. 



V^IOOO = V^103 = 10* = 10* = v^lO. 



REDUCTION OF RADICALS, 
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IV. Required to simplify ^a^ — 4^ + 4. 
Also V^ - ^oi^y + 3a;2/2 _ ys. 

^^2 - 4a + 4 = ^(a - 2)^ = (a - 2)* 

= (a _ 2)i = Va — 2. 

-V^ajs _ 3a;2y _}. 3a;y2 _ ys == ^(a; - yf = (a; — y)« 

= (a; — y)i = Vx — y. 

Rule. — Express the radical ivith a fraxMonal expo- 
nent. Redioce the expofvent to its lowest terms. Write 
the result with a radical sign. 



EXERCISES. 
283. Simplify the foUmving : 



1. v^. 

3, v^. 

6. \/64. 

7. ^^27. 

8. ^. 

25. ^/¥y:W^. 

26. -^38 X 68 X 28. 
^7. </53 X 5a*a;«. 



5. v'el. 

iO. v^T28. 

ii. ^^^343. 

12. -^^216. 

i5. V^256. 

i^. v^243. 

15. VV^. 

16. V^^16. 
29. 
30. 

31. 
32. 



17. v^81^. 

18. v^32a5jio, 

iP. v^243^5, 

20. V^1000a8j«. 

J^i. ^1000a;8y9. 

«<?. '{?'512a»J«. 

«^. v^626a^y«. 
V^19« X 19*a%«. 



A^IO^ X lO^a^ajio. 

\/lF>rWJV2. 
V^6« X 78 X 3 VJ«. 
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Thibd. — When there is afraciion under the radical sign 
V. Beqnired to simplify V\* Also \/q^* 



\/£ = \/; 



4o^ 3* 
3^ ^ 3^ 



=\/P=VS^^ 



= ^^^- 



VI. Required to simplify 2^. Also |^ y g^^- 



2a 



Zb\j 50a% ~ 3^ V 50a\? 



2c_ 2a / 
2c "" 3^ V 



9J* 



lOOaV 



X 2(? 



2a 3i» /x- * /o- 
36 lOoc 5c 



EXERCISES. 



283. Simplify the foUawing : 



1. 


Vf. 


5. 


vH. 


5. 


n 


g. 


V|. 


tf. 


vu. 


10. 


Vh- 


3. 


Vf. 


7. 


V?. 


11. 


^«. 


4- 


va. 


«. 


^. 


i«. 


^H. 



«9. 



SO. 
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23. 
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IS. 


^. 


J-S. 


sVl 


14. 


Vi. 


ip. 


5Vi. 


15. 


n 


20. 


m- 


16. 


^. 


21. 


m. 


17. 


2V^. 


22. 


m- 


26. 


10 / 9m«» 

A / -1 /\„o-j 


• • 
1 










lo^y 



27. 5i 



28. ^ 



V 
V 



— ^-^— — < 



^y 






3/5^ 
V 6a*^' 



If^/ip^.. 



35. 






«^. 



«5. 



3a V 16*^' 
5 s/ 



8^ 



3 /4a% 
2 V 5a:y^' 






««-»« 



x 



\/« 



aa:^ 



X 



384. To introduce the co-«efficient of a radical under 
the radical sign. 

I. Required to introduce under the radical signs the co- 



V; 



i^ = ^(1)3 X v^H = v^¥xH = v^2- 
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a + 1 /a-l_ / {a + 1)» /^ 
«— i Y ^-qri - Y (a - 1)» ^ Y « 



— 1 



+ 1 



_./ (« + i)» T=T 

(o — 1)» ^ a + 1 






g -f 1 
a-1 



Rule. — Raise the co-efficient to a power wivose expo- 
nent is equal to the index of live radical, Mitltiplij the 
quantity under the radical sign by the power thus ob- 
tained. 

EXERCISES. 

285. Introduce under tfie radical fdgn the cn^efflrietits 
of the foUotving : 



1. 6V^. 
3. |\/18. 



3. 3fVH. 

7. 5^. 

8. 2v^2. 



9. sV^ab. 
10, %a^b\/aFK 



11. 3a^2 



y ah 



12. %\ 



s/64a; 



13. ^mnW^. 

14. ^^7K. 



15. ^x^y 



16. {x 



V 27a? 



27a:3y3 



')VS 



3 
3 



i7. 



a + J /a 
a — b\ a 



-h 



+ b 



18. 



P 



X — a \ 



6 

a;-f 3' 

2a~ 



UEDUCTTON OF RADICALS. 
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S86. To reduce radicals of different degrees to rad- 
icals of the same degree. 

I. Required . to reduce \/3, v^, and \^ to equivalent 
radicals with the same index. 






V3l 




fan 




fsAl 




r^i 




'^ 


>■ " 


4i 


r 1 


4A 


r """" ^ 


^^< 


" — \ 


a5^J 




V J 




[saJ 




UA 





^V^126 



Rule. — Write the reidicaZs ivith fractional exponents. 
Reduce the exponents to the least com^mon denomina- 
tor. Express the results by means of the ra^iealy sign 
and raise the quantity under the sign to the indicated 
power. 

EXERCISES. 
387* Redtice to equivalent r€ulical» of tfie same degree. 



1. V3 and y/l. 

2! \/5 and v^. 

3. v^ and v^. 

4' a/5 and \^. 

9. a/2, v^, a/I, and v^. 

10. a/2, a/5, -C^, and v'l2. 

ii. v^, '^, 'V^, and ^fax. 

12. Vxy, \/xy^, ^fcR>, and ^/aV^. 

IS. Va + ^ and \^a; — y. 



^. a/2, v^, and \^. 

6. a/2, v^, and v^lO. 

7. A^'a, v^, and v^'i. 

8. ^, ^/l, and v^. 



200 ADDITION AND BUBTRACriON OF RADICALS, 

14. ^^^rr^ and ^«^r+^. 

16. ^x + ff and ^w + 1. 

16. ^/7? — \ and ^/^ -^ 1. 

77. '/Is, V^IG, v^l62, and v^M. 

18. V76, \^54, '^406, and \^li68. 

if?. V^OO, ^f^^76, ^C^SlOS, and v^^632. 



ADDITION AND SUBTRACTION. 
288* To add or subtract radicals. 

I. Required to find the value of VTs + V50 — V72. 



+ Vis' 

-f a/50 

- V72J 



> = -< 



' +3\/2' 
+ 5\/2 ^ = (+ 3 + 5 - 6) V2 = 2v^ 

I-6V2, 



II. Required to find the value of 6 Vf — 2f \/24 + 12\/4J. 

+ 6^1 1 r +2V6' 

— 2f a/24 ^ = j — S^a/B 
+ 12ViiJ [ + 10a/(5J 



. = (+2 -61 + 10) a/6 

= 6|a/6. 



Rule. — Reduce each radical to Us simplest form. If 
the radicals are similar, coiribine their co-efficients by 
addition and subtraction, as required. Annex the com- 
mon radical part to the result. 

If the radicals are dissim^ilary indicate the required 
operation by means of signs. 



MULTIPLKtATION OF BADIOALB. 
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EXERCISES. 
289. Find the value of the following: 



1. 
2. 
3. 

4- 

5. 

11. 

19. 
IS. 
14. 
16. 
16. 
17. 
18. 
19. 



6. v^432 + -v^aSO. 

1/600 + V^IOS. 
\/606 — \/405. 



8. 
9. 



10. 4>{^ + 10v^, 



V242 + 3\/l8. 

\/l08+ V432. 
2V^ + 5V2I6. 
6^^^320 - 3v^l36. 
VT25 + 5^/406 — V500. 

6Vi + 10 Vit - uVh. 

20V^ — \/2i6 + 36\/l|. 
SVl + \/60 - 2iA/l5 + V\. 
V243a;y8 + Vl92a;y2 _ VSQ^xf. 

\/si — 2\/24 4- V28 + 2^63. 



MULTIPLICATION. 

290* To multiply radicsUs of the same degrree. 

I. Required to multiply VS by Vl2. 
VS X Vi2 = VSxT2 = ^96 = VTOxTi = 4\/6. 
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11. Required to multiply V^ -^ Wz by 2\/3 + 3V^. 
Also, 2\^3 + 3v^2 by 5\^3 + 2v^. 



V3+ 6V^ 
2 A/3-f 3V2 
2x3 + 10\/6 
+ 3\/6 4-15x 2 

6 + 13\/6 + 30 
= 36 + 13a/6. ^^. 



2v^3+ 3\/2 

5^+ 2v^ 

10^9 + 16v^ 

lOv^ + 19v^ -f 6v^4. ^;w. 



Rule. — Mwltijily together the quantities ihttAer the 
ra*lical signs. Write the product as a rarlical luith the 
sanie index as its jutdical factors, and prefix to it the 
prodaet of the co-efficients. 

Reduce the result to its simplest form. 



EXERCISES. 



291. Fiml tlie products of the following: 



i. a/5 by \/50. 

^. 2a/3 by 3^12. 

3. 4a/6 by 3^8. 

4, 2v^ by \^l6. 
9, 2x\^x'y by 3y\/^. 

10. 6x\/TS(^ by nv'^^/^. 

11. lah\/(^^ by 2v^^. 

12. 2^3"6^ by ^Vf^i^. 



5. 5v^ by v^. 

tf. 4^^ by ^M[2. 

7. S'^ by v^. 

<5. abVa^ by y/ahx. 
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13. Zy/''d(^ab by ^\^'ZM^b. 

14. 5v^75 by 3\^45. 

15. \/2 + a/3 by V2 + V3. 

16. V5 — \/3 by V5 - \/3. 

17. VlO + VS by A/To — a/G. 
i^. V5 _ 2a/3 by 2a/5 - 3a/3. 
i^. 3a/7 + 2V^ by 2a/7 - 3a/5. 
;^0. 4a/3 + 2V'5 by 4a/5 - 3a/3. 
21. -v^ + v^ by v^2 + V^3. 
^^. v^+ v^ by 'C^S- v'?. 
23. 2a!^ + 3v^ by 3v^'i - 2v^6. 
^^. aa/J + x^/y by a^a/^ — x^/y, 

25. aV^ -f a^A/y^ by a y b' — x^y^. 

26. v^ + V3 — V^ by a/2 — a/3 4- a/5. 

27. a/3 — a/5 + 2a/7 by W^ + 2a/5 — a/7. 

^<5. Vx -h 1 -f A/iC — 1 by Va: + 1 — a/5^ 1. 

29. A/2a;4-5 + A/2a: — 1 by A/2a; + 5 — A/2a; — 1. 

30. VS + 2^ - v^4 by v'9 - V^2. 
c?i. >^ + '^J - ^c by V^i ~- ^/~b + \^(^. 
32. ^ _ -^ + ^^ by -v^ 4- 'V^Te - V^2. 
3 J. \^8 - ^/27 + V^i by a/2 - v^3. 
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292. To multiply radicals of different degrrees. 

I. Required to multiply ^ by V^. 

^^) "" (3*1 "" I3AJ ^ 1^27 
^ X v^27 = V^16 X 27 = V^i32. 

II. Required to multiply 2^3 + 3\/5 by 3\/3 — 2v^5. 
Also, V« + "Vab + V^ by Va — y/db + V^. 

2V3 + 3v^6 
3^3 — 2v^6 



0x3 + 3a/3x3\^5 

-- 2\/3 X 2v ^ 5 ~ 6\^2 5 
18 + 5\^G75 - 6^^ 



Va + ^ah + V^ 
\/a — "^ab + V^ 

— v'^a'J — y/ab — Va^ 

+ V«^ 4- v^«^ + J 
« + Vah + i 

Rule. — Reduce the radicals to equivalent rad.icaJs 
with the same index, and then perform the operation 
ai in Art, 290. 
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EXERCISES. 



!393. Fitul the products of the foUowing 



1. 

2. 
3. 

4- 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 

28. 
29. 

30. 
31. 

32. 



14. 
15. 

16. 

17. 

18. 

19. 



V3 by v^. 
-^4 by -^. 
■^%ax by -^^ax. 
3'\/2ax by 2\/zy. 
fiVi by 3v^3. 
^^24 by 6^3. 
Va by \^d. 
VE by '^. 
gij^e by 4V3. 
5VS by 3-^. 
^9 by Vi». 
SV^ by Vi5. 
a-y/j by bye. 

iA/5 by i-^. 

3V^ X ij'y X 2^^ X Vy. 
3v^ X 2Vi X 5^M08. 

3-/! X 4-^ X ^. 

^ _ ^ by -C^ + v^. 

3^2^ by 2V3^. 



21. 
22. 
23. 
24. 
25. 
26. 



8V9 by 2v^3. 

Wa — a; by Va — x. 

A/f by ^. 
Vfby Vi. 
^^/ab by Sv^. 
iJ^O^ by \/35. 
iVi by 1^. 
1^4 by |\/6. 
^J^ by 3V2a«S. 
'^^ by VcA. 
3v^2 by 4V2a. 
5^/12^ by 3\^l6^. 



206 



33. 

34. 

35. 
36-. 
37. 
38. 
39. 
40. 
41. 

4^. 
43. 

44. 
45. 

46. 

47. 
48. 

49. 

50. 
51. 

52. 



MULTIPLICATION OF RADICALS, 

V^ - V5 by if^2 + Vs. 
V^ + V3 by v^4 + V3. 
i'V^ + 3^3 by 6\/i — aV3. 
3\/7 + V5 by ^ _ V5. 
V2 — if^ + Vsby '^— a/3. 
ij^ + V^4 by -^2 - -^4. 
V2+ i^3--;?'iby '^- Vs. 
\/a + 'Vi - 'i^ hj Va - \^. 
2^2 - 5^ by 3'^ — y'lO. 
3v^» — 2-^ by 2v';ci' + 3^. 
Cv^ + 5\^ by 4v^(r4 - S'^Sl. 
V'32 + -Me + V'125 by v^4 — '^. 
V'2 — v^9 + v^ by Vs + '^. 
2Va — %Vb + SVc by Va—^. 
V2 — ^^3 + \/5 by V2 — \^ — V5. 
Va — VcS) + a/J by Va + '^. 
A/2 + -^ + V3byA/2— ^+V3. 

-^a + ^'ab + -v^ by '^ — -^ + ^. 
-^ + -^ajy + v^ by ij^ — Vy. 

^ + ^?^ + v^ by V^ — ^. 



53. 2v^ — 5^{^ + ZVy by A/a; + ^-^xy + V* Vy- 
5^. ij^ — 3^J^ — 2^^^ by "^ + zVxy — 2A/y. 
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DIVISION. 
S94. To divide radicals of the same degree. 

I. Kequired to divide V54 by ^/%, Also, Ga^\/l8«;c by 

Sinco to extract any root of the terms of a fraction gives 
that root of the fraction, it follows that 

II. Required to divide f \/f by f V|. 

The division can also be performed without reducing the 
quantities to their simplest form. Thus, 

iv| 

Rule. — Divide the co-efficient of the dividend by the 
co-efficient of the divisor for the co-efficient of the quo- 
tient. 

Divide the radical part of the dividend bij the radical 
part of the divisor for the radical part of the quotient. 
Reduce the quotient to its simplest form. 
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EXERCISES. 



295. IHvide: 



1. 

2. 



4- 
6. 

6. 

13. 

U- 

15. 
16. 
17. 
18. 



VTco by aVs. 7. 

24V2 by 2V8. 8. 

10^72 by 6\/6. 9. 

Vl25aVy by Vbc^. 10. 
6\/l0 by Vl6. ii. 

V^aW^ by Vab. 12. 

f \/4i + 8 Vl2j by V98. 
12v^ + 2v^ by -^W. 
12v^ by 8v^ + '^^^. 
2V32 + 4v^ by Vl8. 
V3 + 6Vlf by 3V2. 

iVi by Va + sVJ. 



^a^ — ^ by \^a-^. 
V«^ — ^ by a — a;. 
3v^ by v^5. 
6v^ by v^. 
iA/5 by iV2. 
i^^ by lif^. 



296. To divide radicals of different degrees. 



I. Required to divide y/n by V2. Also, Vs^ by 

\^ _ 72* _ 7^ _ ^72 
V2 "" 2» " (23)* " '^ 



= ^=^. 



\/3^3 ^ ^^^27aY, and v^2ay = v^'i^. 



2at/ -^4aV V 4 2 * 



\/3i 
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Rule. — Reduce the radicals to equivalent radicals of 
the same degree. With the results perform the division 
ill accordance with the rule in the preceding case. 

Note. — The division of one polynomial expression by another is most 
easily performed by expressing the radicals by means of fractional exiH>- 
nents, and then proceeding as in the division of polynomials. 

IT. Required to divide ^^ — ^/^ by \/l + v^27. 
Vifi— ^27 2* -3* 



'^+A/'27 2*4-3* 



== 2* ■- 3». 



EXERCISES. 



297. I>ivide: 



1. 

2. 
3. 

4' 

5. 

6. 

7, 

S. 

9. 
19. 
20. 
21. 



\fli by \/2. 
\/3 by v^6. 
V^8a¥ by ^^b-. 
V30 by v^. 
Vi by ^. 
nVn by IVIJ. 
y/MaJ^fi' by ^/^4. 
V8 by ^/U. 
Vi by ^. 
V^^- \/¥hy \^a - 
\^ + 2^x^f -f Vy 
y/d^ + y/d^l^ 4- ^ by 



10. v^l2a^ by y/%^. 

11. v^2a^ by V^i:d^\ 

12. 125V«yby25v^. 

13. 6\/8 by 2v^2. 
U. v^l8 by V2. 

15. \^9^* by V27a^^. 

16. 5v^500 by V5. 

17. 6>^8 by v^4. 

18. 3v^392 by 4a?'32. 

by v^.'x + \^y. 
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SIMPLE EQUATIONS CONTAINING RADICALS. 

298* To solve a simplo equation containing radi- 
cals* 



I. Given \/3a; -f- 4 = 4 ; to find the value of x. 
Squaring, 3a: -f 4 =: 16. 

Whence, a; = 4. 

IL Given Vl2 -|- x = 2 -f ^/x ; to find the value oi x. 

Squaring, 12 -f a: = 4 + 4Va; + x. 

Transposing and collecting terms^ 

Wx = 8. 

Dividing by 4, Vx = 2. 

Squaring, a: = 4. 

III. Given Vx+V^x—7 = — ; to find the value of a;. 

Vx-7 

Multipljring by Vx — 7, 

Vx^ — Hx + a: — 7 = 21. 



Transposing and uniting, \/^— 7a; = 28 — a;. 

Squaring, a:* — 7a; = 784 — 56a; + ^• 

Transposing and uniting, 49a; = 784. 

Dividing by 49, a; = 16. 
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rV. Given V^ + 2 = V^x -^ 4 ; to find the value of x. 
Squaring, 2x + 4\/2a; -f 4 = 3a; -f 4. 

Transposing and uniting, 4V^ = x. 

Squaring, 32a; = a^. 

Dividing by a?, a; = 32. 



V. Given |/l -f |/3 -f V6a; = 2 ; to find the value of 



X. 



Squaring, 1 + 4/3 -f A/6a; = 4. 



Transposing^ 


|/3 + \/6a; = 3. 


Squaring, 


3 + V^x — 9. 


Transposing, 


V^x = 6. 


Squaring, 


6a: = 36. 


Whence, 


a; — 6. 



... ^. 10a; -16 •_ \/l0a;-f6 

VI. Given , h ^ = s ' 

VlOa; + 4 ^ 

Dividing numerator of first fraction by its denominator^ 

Vl0i_4+2 = ^ + ^. 

Clearing of fractions and transposing, 

VTOx = 10. 
Whence, by squaring, etc., a; = 10. 
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EXERCISES. 
299. Find the value» of x in the foUounnff ; 



1. 



4' 

6. 

6. 

7. 
16. 
16. 
17. 

18. 

19. 
SO. 

21. 

22. 



Vi -f- 9 = 4. 



\/4a: -1-1 = 3. 
V« — 9 =2. 
Vic2— 144 = a: — 4. 



21^. 



Va;-h 9 = 2Vi— 3. 
Va;-f- 16 = \/i + 2. 



9. 
10. 
11. 

12. 

13. 

U. 



V42:2 4. 2a; — 16 = 2a; — 2. 
Va; — 5 — 7 = ^f3^^^n. 
Vx — b -f V5~+~7 = 6. 



\/5 + a; -j- Va; = 



15 



VbT 



^/%x — 1 -f V2a; + 4 = 6. 

(^/x — 2)2 + Wx = 13. 

36 



8. Va;— 16 = 8 - V:^. 



Va; _ 32 -f- Va; = IC. 



Vx = V2-f a/^^ 



Var^— 7 = 7 - ic. 
\/4a; -f 9=:2\/i+l. 
— Va; = VaJ+1- 



|/5 -h V^T^ = 3. 



Vx -f Va; — 9 = - 

Va; — 9 

V^x -f 10 — VsS = 2. 

Y 13 + 1/7 + V^ + V^ = 4. 

a/21 + ^7V^^^ = 5. 
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300. An equation expressing the equality of two fractions, 
or an equation in which one member is fractional and the 
other entire, may often be elegantly solved by employing one 
of the following combinations of the terms of equal fractions. 

Let a, b, Cy and d be four quantities such that 

a c . , 4 6 

b = d' ^"^^ ^ 2 = r 

Then will : 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



a -\-b 



c + d . , 4 + 2 



6 + 3 



a 


c * 


a -^ b 


c ^d 


b 


d ' 


a — b 


c d 


a 


c * 


a — b 


c — d 


b ~ 


d ' 


J — a 


d — c 


a ~~ 


c ' 


b — a 
b ■" 


d — c 

d ' 


a + b 


c + d 


a — b "' 


c — d^ 


a + b 


c -\- d 



iit en 


" 4 


t< 


4 + 2 




2 


(( 


4-2 




4 


it 


4-2 




2 


(< 


2 — 4 




4 


<c 


2 — 4 




2 


(( 


4 + 2 




4-2 


<< 


4 + 2 



6 
6 + 3 



3 
6 — 3 



6 
6 — 3 



3 
3 — 6 



6 
3-6 



3 

6 + 3 



6-3 
6 + 3 



b — a 



d-^c' 2-4 



3-6 



The demonstration of the foregoing will be found in the 
chapter on Proportion. 

Of these eight forms the pupil should use that one which 
will give the simplest result. 
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I. Given 



By (4), 



VW 2H __ Vx_-f_38 



24 



32 



Va; -f 4 VS + 6 



Dividing numerators by 8, 

3 4 



Va^ + 4 Vx + 6 



Clearing of fractions. 



Whence, 



Wx -h 16 = sVx + 18. 
\/5 = 2, and a; = 4. 



II. Given 



By (7), 



^/a -f \/« — X 
Va — Va — X 

2Va 



1 
a 



Simplifying, 



Squaring, 



By (5), 



2Va — X 

Va — X 
a 



a — X 



X 

a 



1 + a 




1-fl 




1 + a 




l-a 




H-2a + 


a» 


1 — 2a-f 


a» 


4a 





Clearing of fractions, 

(1 + a^x 



Whence, 



X 



(1 + a)» 
(1 + a)»' 
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III. Given :^ ^ + ^"-^ = h. 
Writing the second member as - , (7) gives, 



Simplifying, 



Squaring, 



By (7), 



Simplifying, 



Va + X b -\- 1 

a + x _ Z>^ + 2^ + 1 

2a _ 2&^ + 2 
2a: ~ 4A 

a _ y + 1 
x" 2* * 

2ad 



Whence, a: = 



^ -f 1 



EXERCISES. 
301* Fitid the V€Uties of x in the following : 

Vx + 3 V5 + 13 



L 



Vx — 1 Vx + 1 



^ \/3a; + 1 -f Vs i ^ ^ 
\/3a; + 1 — V35 



3v^ — 4 __ 3a/.6- + 15 
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1 -f a: + V'^x -f 3^ Vx +2 + Vx 



4^ 



6. 



10. 



11. 



12. 



13. 



U^ 



16. 



1 + X — ^/''IzVx"' V^~T"^ — Vi 



5 v^a: — ji _ y a^ + 1 



V2^T r7 + v^ _ 19 



i-a/T^ 

7. 7= = w- 

1 + VT — a: 



^ Vl2^ - f 1 -f \/12a; 
V12j; 4- 1 — Vl2a; 



t/. . y= y- 

V4a: + 1 — 2Va: 
Va: — f 2 (a; — 1) 



\/i -f 1 ^ + 1 

a/g5 — 2 4\/65 — 9 

Vcic -f 2 4\/6a: -f 6 

>v/95 — 4 a/9S -h 15 

^^ _^_____^__^_ • 

Va: -f 2 Vi 4- 40 

Vi + 2a Va; -f 4« 

V^ 4- * Vi + 3^ 

V^a; — ^ 3V«S — 2^ 

^fax 4- h 3\/a^ 4- bh 

VS 4- V^ a 



. QUADRATIC EQUATIONS. 

302. A quadratic equation is an equation containing 
the square, but no higher power, of the unknown quantity. 

Thus, 3ar* — 12 = 0, ax^ -\- bx = Cy 5ar^ — 3a; = ar^ -f 62, 
are quadratic equations.' 

303. A pure or incomplete quadratic equation 

is an equation containing no power of the unknown quantity 
except the second. 

Thus, 2a^ — 15 = 35, ax^ = J, are pure quadratic equa- 
tions. 

304. An affected or complete quadratic equa- 
tion is an equation containing both the second and first 
powers of the unknown quantity. 

Thus, ^ + bx =^ b\y aa^ -\- hx -{- c ^= Oy are complete 
quadratic equations. 

305. The roots of an equation are the values of its 
unknown quantities. The term root in this sense is to be 
distinguished from the same term as used in the operation of 
evolution. 

306. Seal roots of an equation are values of the un- 
known quantities that can be found either exactly or approx- 
imately. 
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307. Imaginary or impossible roots are valnes of 
the unknown quantities containing imaginary quantities. 
Their values cannot be found either exactly or approximately. 

308. An equation is satisfied or its roots verified 
when to substitute the roots for the unknown quantities in 
the equation renders the equation identical. 



PURE QUADRATIC EQUATIONS. 

300. To solve a pure quadratic equation. 

I. (Jivon the equation W — 159 = 66 — 2a:8 ; to find the 
value of X, 

Solution. 

l7^ — 159 = 66 — 2x». 

Transposing^ and uniting terms, 

<)x^ = 225. 

Dividing by 9, the co-efficient of 7?, 

7^ = 25. 
Taking the square root of both members, 

a; = ± 5. 

II. Given the equation 52^2 — 23 = 3a« — 17 ; to find the 
value of X. 

Solution. 
5a?J — 23 = Zx^ — 17. 

Transposing and uniting terms. 
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2a;2 = 6. 

Dividing by 2, the co-efficient of a^, 

a;2 = 3. 

Taking the square root of both members^ 

a; = ± V^. 

III. Required to solve the equation 1 = 2. 

^ X X + 1 

Solution. 

X X -\- 1 

Clearing of fractions^ 

a:2 4- 2a: -f 1 -f- 3«2 _ 2ar8 + 2a;. 

Transposing and uniting terms, 

2a:2 = — 1. 
Dividing by 2, the co-efficient of a^, 

Taking the square root of both members, 



x= ±V-i= ± i\/-a. 

NoTB. — ^The roots of this equation are imaginary or impossible. 

Rule. — Clear the equation of fractions, if necessary. 
Transpose into the first member the tenns containing 
the unknown quantity, and unite them into one term. 
Transpose the known terms into the second member, and 
unite them into one terjn. Divide both members by the 
co-efficient of the unknown quantity. Take, or indi- 
cate, the square root of both m^embers. 
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EXERCISES. 
310. Find the rooUt of the foUowing equoHong: 



1. 

2. 
5. 
6. 
7. 
8. 
9. 
10. 

11. 

U. 
13. 
18. 

19. 

20. 
21. 



23. 



3a:» + 8 = 56. 

a:« - 8 = 28. 

%3? — 12 = 13 — Sar*. 

3a:» _ 57 — 4a:» = 6 — 83^. 

2ar» + 130 = 5a? — 17. 

51ar» — 96 = 39a? + 96, 

5a? — 27 = 3a? + 215 

9a? + 9 = 3a? + 63. 



3. 4a? — 64 = 0. 

4. 3a? — 15 = 83 + j". 



a? + 1 = J + 4. 

.2a? 4a? „„ 
a? + -5- = -a- + 99. 



Ja? = 14 - 3a?. 

¥-^^^ = 2a?-3. 
4 6 



14. xa + 6 = jy^a^-16 

15. 8:. + - = -^. 

^^' 4a:» 6ar^ 3 



J7. (a; + 2)2 = 42; + 5. 



5 



a? — 10 _ « _ 50 + gg 



15 



25 



3ar^ — 27 90 + 4a:^ _ ^ 



43^2 + 5 2g2 — 5 _ 
10 15 "" 



6 _ 7a: ^~25 
X*, "" 20 ' 

lOrgg + 17 12rga -f 2 _ 5a;2 — 4 
18 lla:2 _ 8 ~^ 9 

2^ 
3 ' 



Ua^ +16 2ar^ + 8 _ 
oi 8rc2 - 11 "■ 
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IV. Given x -f a/^x^ — ^2 — 4a; = 1 ; 
to find the value of x. 



Transposing, a/o?^ — V^ — 4a; = 1 — x. 

Squaring, ix? — V2 -— 4a; = 1 — - 2a; + a;*. 



Whence, V2 — 4a; = 2a; — 1. 

Squaring, 2 — 4a; = 4a;* — 4a; + 1. 

Whence, 4a;^ = 1, or a? = ^. 

Extracting square root, a; = ± i- 

V. Given = - ; to find the value of x. 

\d? + a;* — X ^ 

By Art. 300, (7), -^ = ^-3^. 

Beducmg and squaring, — -^ — = jr fe* 

Whence, 

(S2 + 2Jc + c8)ar» = a8(ft - c)^ + {b^ - 2bc + c3)a;a. 

Omitting ffh^ and c^ from both sides, and transposing; 

And ^ = «'(^--)^ 

^ 4^c 

Whence, a; = ± ^^i*^. 
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26. 



31. 



34. 



2z — V^x^ — 1 



95. ; + = X. 



VTTx Vi^ 



X 



1 4. Vi + a; 1 — VT-- 



X 






Vrc + 2a — Va; — 2a __ a; 

zfo. — - — -, — — ;t— ' 

Va; — 2a -f Va: + 2a -^^ 



V3ic2 + 4 — 2 
JO. . + 



/:4 



VT^T^ 4-1 Vl - ar^ — 1 ^^ 



Var^ + 1 — a/^-H: 1 

^__-^^— ^^— _^— ^-^— ^— — — ^^■^— ^— 3^3 ^' 



S3. ' ,- + ' ^ 



Va — x-\- ^/a Va + a; — V« 



a; 



aa; 



+ 1 + ^/ah? — 1 Ja; 



aa; 4- 1 — ^/d^x^ — 1 ^ 



^5. ? + ^«'-^ ^ 



a; a; 



yd^ -f a;'-^ -f a 
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COMPLETE QUADRATIC EQUATIONS. 

311. The terms of every complete quadratic equation are 
of three kinds : 

1st. Terms containing the second power of the unknown 
quantity. 

2d. Terms containing the first power of the unknown 
quantity. 

3d. Known terms^ called also absolute terms. 

These may all be united to form an equation of three 
terms. 

Thus, the equation, 

— 5ar^ + llx — 14 — 3a;2 -. 3a; _ 4 _ ^^^ 

reduces to — 2jr2 -f 8a; — 10 = 0. 

If the absolute term is transposed to the right member and 
both sides of the equation are divided by the co-efficient of a?, 
the equation reduces to 

x* — 4a; = — 5. 

312. Hence, every quadratic equation may be reduced to 

the general form 

01^ ±px — ±q, 

in which p and q may be integral or fractional, positive or 
negative. 

P P^ 

<{13. The square of a; i^^ is equal to oi? ±. px -\- ~^- 
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Uence, x^ :iipx\& rendered a perfect square by adding to it 
~y or the square of half the co-efficient of x. 

314. The solution of a complete quadratic equation de- 
pends essentially upon the fact shown in the preceding 
article, viz. : 

Any binomial of the general form a? ±px may he 
rendered a perfect square by adding to it the square of 
half the co-efficient of x, 

315* To solve a complete quadratic equation of the 
form 05* ±px = ± g. 

I. Eequired to solve the equation, 

a^a — 10a; 4- 9 = 0. 
Transposing, a^ — 10a; = — 9. 

Adding 5^ to both sides, 

ar^ — 10a; + 25 = 25 — 9 = 16. 
Extracting the square root, 

a; — 6 = ±4. 
Transposing, a; = 5 ± 4 = 9, or Ic 

II. Eequired to solve the equation, 

Zx^ + 6a; — 100 = 0. 
Transposing, Z:^ '\- hx =^ 100. 

Dividing by 3, ar^ + f a; = J^. 
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Adding (i)2, a;«+|a? + H = ^iF + H = -4H. 
Extracting square root, x -{- ^ = ± V- 
Transposing, x = ±V — f = Vor — V 

• =6 or — 6|. 

III. Bequired to solve the equation, 

2^2 — 8a; + 19 = 0. 

Transposing, x^ -^ Sx =^ — 19. 

Adding 4^, ar^ — 8a; + 16 = 16 — 19 = — 3. 



Extracting square root, x — 4 = ± V— 3. 
Transposing, a; = 4 ± V— 3. 

IV. Bequired to solve the equation, 

2 5 7 

+ 3 T = 



a; — 1 ' a^ — 1 16 
Clearing of fractions, 

32a; + 32 + 80 = 7a?« — 7. 

Transposing, ^ W + 32x = ^ 119. 

Dividing by — 7, a^ ^ s^x = 17. 

Adding (J^)2, a;3 — i^a; + W = 17 + W = Hi^ 
Extracting square root, a; — A^ = ± ^. 

Transposing, x= ±^ + 1^ = ^ ot — V^ 

= 7, or — S^. 
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Rule. — ^L Reduce the equation to the farm 

x^±px = ±y. 

II. Add the square of half ihe co-efficient of ih( 
second term to each member of the equation. 

III. Extras the square root of ea^h member, ikm 
producing a simple equation from which the valm of 
the unknown quantity is found by transposition. 



EXERCISES. 



316. F%nd the roots of the foUowing equations: 



1. a;* — 8a: + 5 = 14. 

2. x^-- Vtx 4- 30 = 3. 
5. ar« + 16a: = 17. 



3. ar^ — 4a; -f 4 = 0. 

4. a:3 + 6a; -f 9 = 0. 



6. x^— 18a: + 81 = 100. 

7. 7^ '\' 20a; + 100 = 64. 

8. ar^ — 22a: = — 121. 

P. ar« — 169 = 24fl; — 144. 

10. 2a:2 __ 2a: + 1 = a:* + 9. 

11. 4ar^ — 4a; -f 4 = 3ar« 4- 26. 

12. 6a:» — 6a: -f 9 = 5ar« 4- 1. 

13. 9ar« — 8a; + 16 = 8a:» + 26. 

14. ar^ — 4a; + 1 = 9 — 2a:. 

15. 4ar^ + 9a: + 16 = 4 — 7a;. 
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Iff. 6a:2 — 6a: 4- 4 = 4ic2 — 2« + 16. 

17. 42^2 _ 4a; + 1 = 4. 

18. iar^ — 8a; + 4 = 9. 

19. 25ar^ — 20a; + 4 = 16. 
J^O. 5a;8 ~ 12a; 4- 9 = a;8 + 36. 
^i. lOOar^ — 36a; + 4 = 19ar» + 49. 
22. 9a;* + 12a; — 25 = 5a;8 + 4^; — 4. 

. 25ar^ + 20a; — 81 = 9a?2 + 4a; — 4. 



U^ ^-f + 20J = 42|. 

25. iar^ - ^a; 4- 7 = 7f . 

;?7. a?* - ^ - 5 = 1% 

^<S. «» + Ifc = 14. 

«P. scs — far + 14f = 16. 

^^' ^31 -2 +-2— 

Si. -i^ + 5= i«« 



a; + 3 ' a; -f. 10 

S3. ^-|2_6 = o. 

a; + 2 3a; 
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317« When radicals occur in the equation, it must be 
cleared of them by squaring. The method by combining the 
terms of equal fractions, already explained, is sometimes ap- 
plicable in solving radical equations. 



I. Bequired to solve the equation V5a; -f- 1 -f- 8 = 2fl?. 

Transposing, V5a: 4- 1 = 2a? — 8. 

Squaring, 6a:-hl = 4iir«— 32«-h64. 

Transposing and uniting, 

— 4a;« -f- 37a? = 63. 
Dividing by —4, se^ — ^x = — ^. 
Adding {^Y, 

a^ - ¥^ + (¥)' = - ¥ + ^4*^ = W- 
Extracting square root, 

a? - ^1 = ± V- 
Transposing, a? = ¥ ± ¥ = V> or ¥ 

= 7, or ^, 

It frequently hajipens that the roots found for a quadisfa^^ 
equation containing radicals will not both satisfy the equation. 
Thus, the foregoing equation is satisfied by 7, but not by ^l- 
This arises from the fact that the square of -f VSa; + 1 ^ 
the same as the square of — V^x + 1. One of the roots 
will satisfy the equation as written, the other will satisfy i^ 
when the sign of the radical quantity is changed. Thus, 
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Substituting 7 in ^/bx -f 1 + 8 = 2a: ; 



V36 + 8 
Substituting 2J^ in 

— V5a;4- 1 + 8 = 2r^ ; 



= 2x7; 14 = 14. 



-V^ + 8=:2x2i; 4^ = 4J. 



II. Required to solve the equation 



V8S 


+ 1 + V5a: — 1 


V%x 


+ 1 — V5a; — 1 


By Art. 300, (7), 




2V8a: + 1 




Wbx - 1 


Beducing 


and squaring. 




8a; + 1 




5a; — 1 



— 1 3 Va; — 1 + V4a: + 9 
^^ 3 Va: — 1 — V4a;H- 9 



eVa: — 1 
2V4a:-f 9 



9a; — 9 



■ I • 



4a; + 9 

Whence, 45a;2 __ 54^ ^ 9 — 32^?^ + 76a; + 9. 
Transposing and uniting, 

13ar« — 130a; = 0. 
Dividing by 13, a;« — 10a; = 0. 

Adding b\ ar« — 10a; -|- 26 = 25. 



Extracting square root. 



Transposing, 



a? — 5 = 



X == 



±5. 
10, or 0. 
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lU. Bequired to solye the equation 

V3a? — 3 + y/bx — 19 = V2a? + 8. 
Sqaaring, 

3ar — 3 -f 2 V(3ar — 3) (5a: — 19) + 5ar — 19 = 2ar + a 
Transposing and uniting, 

2 V(8a; — 3) (5a: — 19) = 30 — 6a;. 
Dividing by %, 



V(3a; — 3) (5a; — 19) = 15 — 33?. 
Squaring, 15a^ — 72a; + 57 = 225 — 90a? + 9a?». 

Transposing and uniting, 

6ar» + 18a? = 168. 

Dividing by 6, «» + 3a? = 28. 

Adding (1)2, a;» + 3a? 4- (i)^ = 28 + f = ift. 

Extracting square root, a: + | = ± V"* 

Transposing, x =z ±J|i- — | = f, or — V^ 

= 4, or — 7. 

The foregoing equation is satisfied by 4, but not by — 7. 
But while — 7 will not satisfy the original equation^ it will 
satisfy the derived equation. 



V(3a: — 3) (5a: — 19) = 15 — 3a:. 
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EXERCISEC. 

318* Find the roots of the foUowifig equations, and 
verify thetn, 

I. a; — 6Vx = U. g. x + Vx + 6 = 7. 



3. V4a: + 17 + V^ + 1 = 4. 



^. ^a^ — 4a: — 9 = 6. 
6. Vda^ + 7a; — 2 = 2. 



6. V5a; H- 10 = 8 — a;. 



7. x + 2Va^ + a? + 5 = 14. 
a;— V5~hM 5 



«. 



P. 



a? 4- Va + 1 -^-^ 

2 ( Vg + 1) __ 4— V^ 
\/5 + 4 Vi 



10. VlOa? + 6 = 9 — a:. 



11. V^xTl 4- |/aJ + 4 4- V6a;4-1 = 2. 

12 



i«. Vx + b = 






IS. «Ji^+4. = 3V5. 
6va? + 1 V « 

I^. V2a?+ 14-2V^ = 



v/2a: + l 
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SVi — 10 1 



16. 



6 (x — 5) ""20 



IS ^+ ^ — ^ _ 3(2g— Vg) 
2«— Vi""!^ f^+ Vx 



17. (Vi^Ts) (VTiTl) = 30. 



i«. V(a; - 1) (a: - 2) + V(x-3)(af-4) = V2. 

19. V2a;+7 + VSa; - 18 = V7a? + 1. 

go. X + jVa; — 3 = 8. 

gl. 3 V112 — 8a; = 19 + V3a? + 7. 

iJiJ. 3a; + 2\/5 = 1. 

gS. V2x — 7a; 4- 52 = 0. 

jp^. Va; + 9 = 2v^ — 3. 



«5 



. ^^1E?+V^T3 = 



Va; — 3 Va; — 3 



ge. 2Vx + -^ = 5. 

yx 

g7. Va;H-8 — Va; + 3 = V^. 
g8. Va; + 3 + Va; + 8 = Wx. 



go. ^23; + 9 + V3a; — 15 = V7a; + 8. 
JO. Va; + 4 — V^ = Va; + If 



St. 



35. 



37. 



Jfi. 
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Vz + a/x — Vl — a; = 1 



1 + Vi-i-x 1 — Vl — a 
. 2x -\- %Vx-\'% = 3f 



«?^. — ;= = 1 + 



Vdx-hi ^ 



a— V^ax — 2^ X 



12a 



55. V5a + a: + V5a — a; = 



V6a + a; 
Va + a; Va — x 



Va — V« + a; Va — Va — a? 
55. V2x + 2 = \/75 — 3. 

59. 2 V^ 4- |/4:a; + V7a; + 2 = 1. 



a; 



Va; 4- 2a — Va? — 2a 

■■I ■■■■i».»i ■■■■^1 ■■ ■ I ■■ 11 ■ ^^"^ ■■»■■ ■ I 

Va? + 2a 4- Va; — 2a ^^ 



319* The foregoing method of solving a complete quad- 
ratic equation requires that the equation shall be reduced to 
the general form a^ ±px =z ± y, by dividing it by the co- 
efficient of a^. 

If this division is not performed, the equation remains 
in the form a«^ ± te = ±c, which is the most general form 
of a quadratic equation. 
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320« To solve a complete quadnitic eauation of the 
form aac^ ± to = ± e. 

I. Bequired to solve the equation^ 3a^ — 7x = 40. 

The first step is to transform the equation so that the left 
member may be a trinomial that is a perfect square. The 
first term might be made a perfect square by multiplying the 
entire equation by the co-efficient 3^ but to avoid fractions in 
the solution, 4 times 3 is employed as a multiplier. The 
equation then becomes, 

4x3«!c2- 4x3x7a; = 480. 

Now, if ^' is assumed as representing the quantity that 
will make the left member a perfect square when added to it, 
the equation becomes, 

36a;* — 84a; -h ^» = 480 -f ^a. 

But twice the product of the square roots of the extremeB 
must be equal to the middle term. 

That is, 2 X 6a; x^ = 84a;. 

84a; 
Whence, ^ = -— = 7, and A^ = 49. 

12a; 

Substituting 49 for A^ in the foregoing equation, 

S6x^ — 84a; + 49 = 529. 
Extracting the square root of both members, 

6a; - 7 = ±23. 
Whence, a; = 5, or — 2|. 

It will be noticed that 7, the value of ^, is the co-efficient 
of X in the original equation. 
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II. Eequired to solve the equation aa:* + &r = c. 
This is the general equation given above. 
Multiplying by four times the co-eflScient of a^, or 4a, 

4a^ -h ^dbx = 4ac. 

Adding the square of the co-efficient of x, 

\ah^ -f 4a&i? -h ^ = 4flM? -f J2. 

Extracting square root, 

2flKC -I- ^ = ± V4cw: + ^. 



Transposing, 2aa; = — J ± A/4ac~+~P. 
Dividing by co-efficient of a;, a = =-^ • 

Rule. — I. Beduoe the equation to the general form 
cux^ ± &r =r ± e?. 

n. Multiply hath memibers of the equation by four 
times the co-effieient of a^. 

III. Add to ea^h member the square of the co-efficient 
of X, 

IV. Extract the square root of each memher, and the 
result unU be a simple equation from which the roots of 
X may be found by transposition and division. 

EXERCISES. 
321. F%nd the roots of the foUawing equations: 



1. 3ar» — 16a; = — 18. 

2. 2a;? — 6a; = 20. 

S. dx^ — 22a: = — 7. 

4, 10a;« — a; = 21. 



5. 12a;2 -f 13a; = 35. 

6. 2a;? — a; = 6. 

7. 16a« + 34a; = — 16. 

8. 14ar5 + a; = 175. 
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9. 3a:« -\- 2x = 85. 

10. Sx^ + ix = 340. 

11. 3r« - 14a: = - 15. 
m. 6a^ + ex ^ 63. 

13. 4ar» — 6a: = 108. 

14. Sx^^2x = 65. 

15. 7ar^ — 20a: = 32. 

16. 5ar^ + 4a: = 273. 
i7. 3ar« -f 4x = 95. 

jf& lla:^— 100a:=— 20L 



25. 
26. 
27. 



3? 

■=■ + 20x + 80 = So?. 



X 5 _ 26 

6 ■'"a;"" 6" 

l^:X—^a?= — 41J. 
a? 2z _ 

?^ + 3}a; = - 4. 



4z« 
9 


— 4a; = 


7. 


4a;« 
49 


^21 


6|- 


ar» 


12a; 





- -;r~ = — 32. 



361 19 



322. In reducing literal equations to the form of the gen- 
eral equation^ it is sometimes necessary to enclose the co- 
efficient of a^oTofx in parentheses. 

I. Bequired to solve the^quation, a:* 4- aa: — a: = a. 

Multiplying by four times the co-efficient of a^, or 4, 
4a^ + 4 (rt — 1) a: = 4a. 

Adding the square of the co-efficient of x, 

4a4J 4. 4 (a — 1) a: + (a — 1)2 = («» — 2a + 1) + 4a 

= (« -f 1)*: 
Extracting square root, 

2a; -h (« — 1) = ± (« -f 1). 
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Transposing, 2x :=z ± (a 4- 1) — (a — 1) 

= Ji, or — 2a. 
Whence, a? = 1, or -- a. 

II. Required to solve the equation, 

aca^ — {ad ^ bc)x = bd* 

St 

Multipljring by 4ac, 

4a^(^ — 4flc {ad — bc)x =1 4aicd. 
Adding {ad — bc)% the square of the co-efficient of x, 
^^chs^ — ^ac {ad — bc)x -\' {ad — bcY 

Or> {2aca; — (arf — Jc)}a = (ad + *c)^. 
Extracting square root, , 

\ 
t 

2acx — {ad — be) r= ± {ad + be). 

Transposing and uniting, 

2acx = ± (fld + be) + {ad — be). 
That is, 2a(^ = 2aJ, or — 2d(;« 

,™^ 2ad 2bc 

Whence, x = ^ — , or — rr— 

2ac 2ac 

Reducing, ic = ~, or • 

c a 
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EXERCISES. 
323. Find the roots of the foUowing equoHons 

1. aa^ ^ bx = c. 

2. C3^ '\'2ax = b. 

3. (a? + «)' = 5aa; — (« — a)K 

/? ^^ (<» — ^) _ ? 

7. -^-,,-4^+ 1 ^ 



X -i- a X -{-2a x + da x 

ttC 

8. (« + J) a^a _ ca: = ^-j-g. 

9. {a — c)a? — bx = c. 

= (a + A) -^ - (a« — J«) a». 

C C Cr 

12. c?x^ — 2ah; + a* — 1 = 0. 

13. (3d* + J») («» - a: + 1) = (3d* + «*) (o^ + x + 1). 
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334. To write by inspection the roots of any com- 
plete quadratic equation in the form a?* ± px = ±q. 

Since, in this equation, p and q may be either positive or 
negative, the equation may have any one of four forms. 
These forms, with their roots, are : 

EQUATIONS. ROOT& 

I 

' 1. a^ +px =z q. 



2. a^ — px = q. 






3. a?-\-px=-q. -Ziy-g + l*. 



4. 7? — px = — q. 



Hence, The value of x in any complete quadratic in 
the form a? ±^px := ± y is equal to half the co-efficient 
of X taken ivith the opposite sign, ± the square root of 
the sum, of the square of this half co-efficient and the 
right member of the equation. 

I. Required to write by inspection the roots of 

a^ — 5a; = — 6. 

Here p equals — 5, and q equals — 6 ; and the equation 
and its roots correspond with (4) above. Hence, 

x = i± V-6 + y = I ± 1 = 3, or 2. 
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II. Bequired to write by inspection the roots of 



iC^ — 






a^¥ 



a' 



h' 



X 



- «a __ ^ ± Y «2 - ^2 + Va^ — J2/ 

- a2 _ J2 ± Y (^2 _ ^2)2 - «2 _ J2 ± ^2 _ 



^ 



_ a} (a ± d) _ ab 



a2- J2 



or 



ab 



a — y a -h b 



EXERCISES. 



335. Write, by inspecUan, the roots of the following: 



1. ar» + 7a; = - 12. 

2. ar» — oa; = — 6. 

3. ar» + 3a; = 18. 
4* x^ '— 5x =: 84. 
S. a^— 10a; = 11. 



6. x^^ 21a; = 100. 

: 68. 
: 400. 
: — 195. 

10. ar« + 20a; = 1125. 
19. x^-^2ax = b^-- a\ 



7. a? + 13a; 

8. a? -^ 96a; 

9. x^ — 28a; 



20. 7? 



-( 



11. 

12. 
13. 

14. 

15. 
16. 



18. 



mn 



_ m -\- n 
m + 11 m — n 



)' = 



x^ — ax =z 6a^. 
a^-^b^ 



X 



X z= 1. 



ab 

x^^^x = 1. 



X^ — 



ab 



X =: (r» 



x' - 1 Aa; = - f 
a;2 + 19a; = 290. 

l-«* 



17. x^--2ax = 



a' 



«_2^ _ 145^ 
7 ~" 63 ' 



mn 



m — n 
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326. To write by inspection the roots of any com- 
plete quadratic equation in the form oo?* ±bx = ±c. 

This is the most general form of the complete quadratic 
equation. It includes the form 7^ ±px =. ± q, since a 
may have any value except zero. When a is 1^ the equation 
takes the form of a^ ±:p» =. ±: q. 

EQUATIONS. 

1. (ix^ -{- bx =z c, 

2. ax^ — bx = c. 

3. €ux^ -^ bx = — c, 

4. aa^ — bx = — c. ^ 

2a 

Hence, The value of x in any complete quadratic 
equation in the form aa? ±bx = ±. q is equaZ to the 
co-efficient of x taken with the opposite sign, ± the 
square root of the sum, of this corcfficient and four times 
the product of the second member by the co-efficient of 
^, all diidded by twice the co-efficient of a^, 

m 

Required to write by inspection the roots of 

13a?2 + 56ir = 605. 

Here a = 13, J = 56, and c = 606. 

- 66 ± a/31460 + 3136 



ROOTS. 


— b± V^^ac + *^ 


2a 


b ± V^ac 4- **. 


2a 


— b ± V— ^ac + b^ 


2a 


b ± V— 4ac + ^ 



Hence^ x = 



26 

— 66 ± 186 



26 =5, or-W. 



U2 
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EXERCISES. 



327* Wriie, hy ingpeeUan, the roots of the ftMawingi 



1. %x^ — 19ar = — 15. 

i. 3a:» -h a^ = 14. 

3. 15a^ — 2a; = 45. 

4. 35«»-hl52a;= — 165. 

9. 6a^ -h 7ia: = - ^. 

10. lO^a? 4- 21Vra; = 40||. 

11, Gr^ — lOaa: -f 9te = 15aA. 



12. mna? + (n' — rn?) x = wwi. 



5. Sx^-'X = 4A. 



6. 6«» + 5a; = 1000. 



7. \%a^ + 13a; = 21, 



8. 35a?» + a; = 88. 



15. 


3? 4a! % 
2 "^ 15 ~ 5 


u- 


6 6 (« - 1) a; _ 
x~ 4 +6-"- 


16. 


5a; (a; + 1) 2a:» + x — 1 4 (a; + 1) 
21 7 ~ 35 


16. 


lOar* — 19Ja; = — 6. 


17. 


gear* — 6Ja! = 91. 



18. %x^ + 36^a; = 10^. 

iP. a^a:* 4- adx — hex = cd. 

20. 2acx^ -^bcx = 2adx — M. 

21. mhM + %mvhi = m^ — w». 



. acr^ — bchi -^ ax z= he. 
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PROBLEMS LEADING TO PURE QUADRATICS. 

« 

3S8. I. Find two numbers that are to each other as 3 to 
4t, and the difference of their squares is 252. 

Let Sx = the smaller number, 

and 4a; = the larger number. 

Then 16a^ — Qrc^ = 252 ; 
or 7a^ = 262 ; 

and ar» = 36 ; 

whence, a; = ± 6. 

Hence, Sx = ± 18, and 4a; = ± 24. 

i. Find two numbers that are to each other as 2 to 3, and 
the difference of their squares is 125. 

S. Mr. Brown^s age is to his wife's age as 6 to 5, and the 
sum of the. squares of their ages is 1525. What are their 
ages ? 

3. The floor of a hall is 2^ times as long as it is wide, and 
the area of the floor is 4000 square feet. What are its dimen- 
sions ? 

4' A merchant bought a piece of cloth for 1163.35. The 
number of yards in the piece was to the number of dollars 
per yard as 15 to 4. Find the price per yard and the number 
of yards. 

5. The product of two numbers is 126 and the quotient of . 
the greater divided by the less is 3|. What are the numbers ? 

6. Find three numbers that are to each other as 2, 3, and 
5, and the sum of their squares is 1862. 
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7, Daring a certain year I earned 11400. The number of 
weeks I worked was to the number of dollars I earned per 
week as 8 to 7. How many weeks did I work and what was 
my pay per week ? 

8, Three times the cube of a certain number diminished by 
5 times the number is equal to 7 times the number. Find 
the number. 

9, Find a number such that one third of the product of 
its seventh and eighth parts shall be 298f . 

10, Joseph bought 80 apples and pears. The apples cost 
twice as much as the pears ; but if he had bought as many 
apples as he did pears^ and as many pears as he did apples, 
his apples would have cost 10 cents, and his pears 45 cents. 
How many did he buy of each ? 

11, A body of soldiers was marching with 5 men more in 
depth than in front. By another arrangement, the front 
line contained 845 men more than before. By this disposition 
there were only 5 lines. What was the number of men ? 

12, A man loaned some money at 6 per cent., and found 
that if he multiplied the principal by the number represent- 
ing the interest for 8 months, the product would be $900. 
What was the principal ? 

13, The rods in the length and breadth of a rectangular 
field are in the ratio of 4 to 3, and its diagonal is 100 rods. 
How many acres in the field ? 

i^. Three equal square lots contain 193 square rods less 
than a square lot 25 rods on each side. What is the leng^uh 
of each side of the three square lots ? 

15, There are two numbers whose sum is 17, and the less 
divided by the greater is to the greater divided by the less as 
64 to 81. What are the numbers ? 
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PROBLEMS LEADING TO COMPLETE QUADRATICS. 

339. 1. Divide the number 56 into two such parts that 
their product shall be 640. 

2, The difference between two numbers is 6, and the sum 
of their squares is 50. What are the numbers ? 

3. A man planted 8400 trees, at equal distances, in the 
form of a rectangle. There were 50 trees more in front than 
in depth. What was the number in front ? 

I. A man divided $144 equally among a certain number of 
persons. If the number of persons had been 2 less, each per- 
son would have received one dollar more. How many persons 
were there ? 

Let X = the number of persons, 

144 
then = the number of dollars each received, 

X 

144 
and = the number of dollars each received 

when there were 2 persons less. 

^ 144 , 144 

Hence, ^ — 1 = 

a; — 2 X 

Clearing of fractions, 

144a; _ xi + 2a; = 144a; — 288. 

Transposing and uniting, 

a^ — 2x = 288. 
Whence, .r =: 18 or — 16. 
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In solving problems involving quadratic equations^ negative 
results are often found. They will not Batisfy the conditions 
of the problem. The negative root^ however, will generally 
become the positive root of a related problem, and the posi- 
tive will become the negative root. The relation of the fol- 
lowing problem to the preceding will illustrate thier : 

4- A man divided $144 equally among a certain number of 
persons. If the number of persons had been 2 more, each 
person would have received one dollar less. How many per- 
sons were there ? 

5. 110 bushels of coal were divided among a certain num- 
ber of poor persons. If each person had received one bushel 
more, he would have received as many bushels as there were 
persons. How many persons were there ? 

6. A certain number of men were to husk 175 bushels of 
com. If 2 of them went away before the work began, those 
that remained would have each 10 bushels more to husk. 
How many men were there ? 

7. A lady bought a piece of meat for $2.16. If the meat 
had been one cent a pound dearer, she would have received 3 
pounds less for the same money. How many pounds did sh« 
buy? 

8. A merchant bought a piece of cloth for $45 and sold it 
at a profit of 15 cents per yard. Although he gave away 5 
yards, he gained $4.50 on the piece. How many yards did he 
buy and at what price per yard ? 

9. A rectangular field whose area is 768 square rods is 8 
rods more in length than in width. What are the dimensions 
of the field ? 

10. A man sold a horse for $312.50. The number repre- 
senting his gain per cent, was ^ as much as the number 
representing its cost in dollars. How much did it cost ? 






-^. 



I 
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11. A is 4 years older than B^ and the sum of the squares 
of their ages is 976. What are their ages ? 

12. A man bought a number of sheep for t240, and sold 
them at $6.75 each. He gained in all as much as 5 sheep 
cost him. How many sheep did he buy ? 

13. A person sold goods for $24, thereby losing as much 
per cent, as the goods cost in dollars. What did they cost ? 

14' ^ certain number consists of two figures whose sum is 
12. The product of the figures is 16 less than the number 
expressed by the figures in inverse order. What is the num- 
ber? 

16. A merchant bought cloth for $120, and after cutting 
off 4 yards, he sold the remainder for what the whole cost 
him. His gain on what he sold was $1 per yard. How 
many yards did he buy ? 

16. A grocer has two kinds of sugar. He charges 2 cents 
a pound more for one than for the other, and sells %^ pounds 
more of the cheaper kind for $1 than of the dearer kind. 
How much is each a pound ? 

17. A and B can do a piece of work in 20 days. It takes 
A alone 9 days more to do it than it does B alone. .How 
long does it take each alone to do the work ? 

18. What are eggs worth a dozen when giving 5 more for 
25 cents lowers the price 5 cents a dozen ? 

19. The side of a square is 110 rods. What are the 
dimensions^ of a rectangle whose perimeter is 4 rods more 
than that of the square and its area 4 square rods less than the 
area of the square ? 

20. A certain sum is loaned at b% per annum. The prod- 
uct of the number of dollars in the principal by the number 
of dollars in the interest for 3 months is 120 more than a num- 
ber equal to 2^ times the principal. What is the principal ? 
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21. One of two pipes will fill a cistern in 6 hours less than 
the other, and both of them will fill it in 4 honrs. How 
long will it take each to fill the cistern ? 

22. There are two nnmbers whose difference is 11, and \ 
of their product plus 345 is equal to the square of the greater 
number. What are the numbers ? 

23. A and B set out at the same time to travel 150 miles. 
A's rate per hour was 2 miles more than B's, and it took him 
20 hours less to perform the journey than B required. What 
were their rates per hour ? 

24* A and B together can do a certain work in 10 days. 
After working together for 4 days, A is taken ill, and B fin- 
ishes the work in 3 days more than A alone would hare 
required to do the whole work. In what time could each 
alone do the work ? 

26, A rectangular field contains one acre and its four sides 
together measure 308 yards. Find its length and breadth. 

26. I can row 6 miles an hour in still water. To row 5 
miles up a certain stream takes me 2 hours longer than to 
row the same distance down the stream. What is the rate of 
the current ? 

27. A merchant sells two casks of wine for 1610. One 
cask contains 10 gallons more than the other, and the price 
of each wine is in dimes the same as the number of gallons in 
the cask that contains it. How many gallons are there in 
each cask ? 

28. There are two vessels, one of which sails two miles an 
hour faster than the other. They start at the same time, the 
faster vessel to make a voyage of 1152 miles, the slower a 
voyage of 720 miles. The slower vessel reaches its destina- 
tion one day sooner than the faster. Find the rate per hour 
of the faster vessel. 
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29, A man rows 48 miles up a stream and back in 20 
liours. What is his rate of rowing in still water if the rate 
of the current is 1 mile per hour ? 

30, The length of a rectangular field is 4 rods more than 
its widths and its area is 9 acres. Find its dimensions. 

31, A grocer bought some chickens for $18, and some 
turkeys for $48, There were 19 more turkeys than chickens^ 
and they cost 35 cents more each. How many of each did he 
buy? 



EQUATIONS IN THE QUADRATIC FORM. 

330. An equation in the quadratic form is an 

equation that contains an absolute term and two powers of 
the unknown quantity, of which one exponent is twice ba 
great as the other. 

Thus, ic* — 4ar^ = 45, ofi — ba^ = 24, and a;f -f 3a4 = 88, 
are equations in the quadratic form. 

331. In an equation in the quadratic form a poljmomial 
may be used as if it were a single letter. 

Thus, {x^ _ 3)2 + 5 (ar» — 3) = io^, and (x^ -f 5a: — 7)« 
+ 3 (ir^ ^ 5a; _ 7) — 70, are equations in the quadratic 
form. 

333. To solve an equation in the quadratic form. 

I. Required to solve the equation a:* — • l%x^ z= 225. 

Completing the square, 
! a4 __ i6a48 ^ 64 — 289. 
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Extracting square root^ a^ — 8 = ±17. 
Transposing; ^ = 25, or — 9. 

Extracting sqnare root, a; = ± 5, or ± 3V — 1. 

IL Bequired to soIto the equation x^ + Zxi =^ 88. 
Completing the square, 

a?l 4- 3a?* + f = 88 + J = ^^. 
Extracting square root, 

.a:» + i = ± V- 

Transposing, a?* = 8, or — 11. ' 

Extracting cube root, x^ = 2, or v^— 11. 
Baising to the 4th power, 

X = 16, or \^— n*. 

m. Bequired to solve the equation x"^ — QaT^ = 16, 
Completing the square, 

ar» — 6a;-* + 9 = 25 
Extracting square root, 

a;-* — 3 = ±5. 
Transposing, a;~* = 8, or •— 2. 

Extracting cube root, x'^ = 2, or 4^— 2. 

Squaring, ar^ = 4, or 4^ 

Tjking reciprocals, a? = J, or -^ = i'i^. 

V4 
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EXERCISES. 
333. Mnd the roots of the following eguaUons: 



1. 



32)3 ^ 42a;* = 3321, 
x^ 4- 7a;* = 44. 



7. x^^ + ^l^ = 32. 

8. dx + 2xi = 1. 



3. 


43;i + x* = 39. 


P. 


a;* + 42^ = 12. 


4- 


3a:« + 42a!S — 3321. 


io. 


5a;* + a;* = 22. 


5. 


2a* - 17a;* = — 8. 


11. 


a;» — a;* = 56. 


6. 


32,1 4a.f _ 7. 


u. 


a;* + a;* = 756. 


13. 


2a;l — 6a;i = 20. 






u- 


ri _1_ l/" — 


• 




^*+^^ ,,i_V2 


V 


15. 


3a;* + 7a;» = 76 







IV. Kequired to solve (3a;2 — 4a;)a + 6 (3ar» — 4a;) 
Completing the square^ 

(3ar» — 4a;)a + 6 (3ar» - 4a;) + 9 = 49. 
Extracting square root, 

3arJ — 4a; + 3 = ±7. 
Transposing, 3a^^ — 4a; = 4, or — 10. 

Multiplying by 4 times the coefficient of a;*, 

36a?« — 48a; = 48, or — 120. 

Completing the square, 

36ar» — 48a; -f 16 = 64, or — 104. 



= 40. 
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Extracting square root, 6a: — 4 = ±8, or ± V — 104. 



Transposing, 6a: = 12, — 4, or 4 ± V — 104. 
Whence, « = 2, — |, or | ± ^V— 104. 

Equations like the foregoing are elegantly solved by the 
use of an auxiliary letter. To illustrate. 

Tjet 3ar^ — 4a: =z y. 

Then the equation becomes, 

y2 + 6y = 40. 
Whence, y = 4, or — 10. 

Hence, 3a:* — 4a: = 4, or — 10. 

wi, o t ^ ± V— 104 

Whence, a; =r 2, — f , or — == — . 

6 

16. a:* — 2a: + 6 + 6 (ar» — 2a; 4- 5)i = 6, 

17. a: + 16 — 3Va: + 16 = 10. 

18. {x 4- 12)* + (a: 4- 12)* = 6. 

19. 2ar« — 7a: + 6 + 2 V2ar^ — 7a: + 6 = 0. 

20. (a:8 — 4a: 4- 4)8 + 5 (a:* — 4a: 4- 4) = 126. 

22. a: 4- 21 4- (a? 4- 21)* = 12. 

23. (2a: 4- 6)* 4- (2a: 4- 6)* = 6. 

24. a: 4- 6 4- A/a: 4- 6 = 84- 3\/a: 4- 6. 
j?5. a; 4- 5 = Va: 4- 5 4- 6. 
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SIMULTANEOUS EQUATIONS INVOLVING QUADRATICS. 

334. Homogeneous terms are terms of the same 
degree^ or terms that contain the same number of literal fac- 
tors. 

Thus, x^y, 3xy^, 5y^, 6a;yz, are homogeneous terms. 

335. A homogeneous equation is an equation whose 
terms that contain literal factors are all homogeneous. 

Thus, a^ -f 3xy -{- y^ = 101 is a homogeneous equation. 

336. Two simultaneous equations are homogeneous when 
the terms containing unknown factors are homogeneous in 
both equations. 

Thus, Q^ + xy -{- y^ = 11, and 3x^ — 2y^ = 58, are two 
homogeneous simultaneous equations. 

337. An equation is symmetrical with respect to two 
quantities when the equation is not changed by interchanging 
the quantities. 

Thus, x^ -f bxy -\- y^ = 141 is symmetrical, since y^ + byx 
+ a^ = 141 is equivalent to the first equation. 

But Qi^ — y2 _- 20 and 3r* — bxy = 100 are not symmet- 
rical, since they are not equivalent respectively to y^ — a:* = 
20 and 3y2 _ byx = 100. 

338. The solution of two quadratic equations involving 
two unknown quantities generally requires the solution of an 
equation of the fourth degree. There are certain cases, how- 
ever, where two simultaneous equations in one or both of 
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which occur terms of a degree higher than the first, may be 
solved by means of a final equation in the quadratic form. 
Most of the examples of this kind belong under one of three 
cases : 

1. When one equation is simple and the other qtuidratic. 

2. When both equations are homogeneous quradratics. 

3. When both equations are symmetrical. 

339. To solve two simultaneous equations^ one of 
which is simple and the other quadratic. 

I. Required to solve the equations, 

( dx-2y= 10,) (1) 

( 6a^ ~ dxy = 152. f (2) 

Prom (1), :. = i^. 

Substituting in (2), 

5 (10 + 2f,r _ 3y (10 + 2y) ^ ^^^ 

» 

Clearing of fractions, 

5 (100 + 40y + 4y8) — 9y (10 -f 2y) = 1368. 
Or, 500 + 200y + 20y2 — 90y — ISy^ = 1368. 

Transposing and uniting, 2i/^ + llOy = 868- 

Whence, y = 7, or — 62. 

Substituting in (1), | 3^ _ ^""j-J^^ = } J } 
Whence, a; == 8, or — 38. 
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EXERCISES. 

340. Find Hie roots of tlie foUowing equoHon^: 

1. 5a; — y = 13 ; dxy — 2y2 = 10. 

2. 5a: -f 2y = 7 ; W — Sxy = 159. 

3. a; -f- 4y = 14 ; 4a: — 2y + y^ = n. 

4. x-^y = 12; x^ -{- y^ =U. 

5. 2a: + y = 22 ; xy + 2y^ = 120. 

6. 10a: + y = 3a:y ; y — a: == 2. 

7. 2a: — 3y = 1 ; 2ar8 + a:y — 5y2 = 20. 
S. 3a: + y = 18 ; x^ f 2y^ = 43. 

9. a: 4- y = 8 ; a:y = 2a: -f y + 2. 

iO. 4 (a: 4- y) = 5 ; 8a:y = 3. 

11. 4x = 9y; a: -f- y^ = 25. 

ig. 2a: — 3y = 1 ; 8a:2 __ 22a:y -f ISy® = 5. 

13. a: + 3y == 7 ; a^» + 3a:y + y^ = 11. 

14. 2x — dy = 2; 4a:2 + 9^2 _. 100. 

K a: — y = 3 ; 2a:2 + 3y2 — a;y = 31. 



15. 



16. 2a: 4- 3y = 16 ; 4ar« — a:y = 90. 

17. 2a: 4- lly = 15 ; ^ + 121y2 = 137. 

18. a: 4- y = 20 ; a:^ - 2y2 = 71. 

19. a: 4- y = 7 ; a:^ ^ 2y8 = 34. 

<?0. a; 4- y — 2 ; a;^ — 2a:y — y^ = 1. 
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341* To solve two Hiiuultaneoiis equations when 
they are homosreneous quadratics. 

I. Required to solve the equations 

I 3a^ - 2a:y = 8, ) (1) 

\ 2f -h ^xy = 110. f (2) 

Let X = ry. 



Then i?*!~?^ = ..M = P'?^"?''^!^ ^'\ 1^' 

~^-~ A A vf • I 



)2y«+3a;y= llOj ~ ) 2/+3»y» = 110. j (4) 



^'"<3>' y* = 3i^' (5> 

110 
and from (4), y' = ^ -f 3t; ' (^^ 



Hence, 



8 110 



dv^ — ^v 2 -f 3v 
And 8 4- 12t; = 165t;2 _ ikh,. 

Transposing, 165t;» — 122v = 8. 
Whence, v = i> or — A' 

Substituting t; = | in (6), 

y = ±5; 
From X = vy, a; = ± 4- 

Substituting i; = — ^ in (6), 

y = ± Va/2. 

From X = i;y, .c == =F ^V^. 

In obtaining the last values of x, it will be observed that 
taking v = —^ and y = -f VV^ gives x = — \V2; 
and with the same value of v, taking y = — ^ V^, gives 
iC = + ^\/2. That is, -f- and —, or ± values of y give 
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respectively — and + values of x. The sign =F denotes the 
precedence of the negative valne. In this case the equation 
can be satisfied only by making a; = — ^\/2, when y = 
4- VV^^ > ^^* when y = — V" V^> ^ ^^^^ ^ + i V^- 

EXERCISES. 

343. Find the roots of the following equatUms : 

1. 6x^ -j- 3xy = 26 ; dy^ + 2xy = 7. 

S. x^ + xy = 12; xy — 2y^ = 1. 

3. bx^-h Qf — I2xy = 2 ; ^ -j- 5f — lOxy = 1. 

4. 4y^ =z3x^ + xy; x^ + y^ = 25. 

5. Q!?^ — 2xy — y^ = dl; ^ -\- 4:xy — 2y^ = 202. 

6. 10 {a^ + y2) -- 29a;y ; a;y = 10. 

7. 4ar» — 2xy + 3y2 = 45 ; a;y + y^ = _ 2. 
<5. x^ + xy = 16; a;y — y* = 2. 

5. a;2 _j_ 4y2 _|_ 4a;y = 256 ; 3y« — a?^ = 39. 

iO. 2x^ 4- 3a:y -f y2 — 20 ; 5a;^ + 4y« = 41. 

11. 6x^ — 3a;y + 2y2 = 35 ; 2a:8 + 4icy — y^ -- 33. 

Ig. x^ — xy = 6; ar^ + y« = 61. 

13. ^ — 2xy=zl2; 2y^ + dxy = 8. 

14. ar* -f 2a?y + 3ya = 17 ; 2x^ + dxy + 5y2 = 28. 

15. 6{x^ — xy) = 7a;y — 6y2 ; a?» >— y^ = 20. 
ie. ar» + a;y = 77 ; a;y — y2 = 12. 

i7. Qa^ — 3a;y = 66 ; 5y2 -h xy = 28. 

i5. 2ar^ — 3a;y = 66 ; xy — y^ z=: 15. 

i9. 3a;y — 4a;2 = 2 ; a^ + y^ = 5. 

20. dx^ — dxy-^y'^ = 21; x^ — 2xy + 3y2 = 19. 
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343* To solve two simoltaneoas equations i¥hen 
they are symmetrieal quadratics. 

lu solying examples of this kind, the object should gener- 
ally be to obtain two simple equations, one of which, expresses 
the sum of the unknown quantities and the other the differ- 
ence between them. When the equations are symmetrical 
with respect to the letters, but not with respect to the signs, 
the solution may often be effected. 

Thus, suppose it can be ascertained that 

and that x — y = 5. 

Adding gives 2z = 14, 

whence, x = H. 

Subtracting gives 2y = 4, whence, y = 2. 



I. Bequired to solve the equations, 

(aj«4.y2=90,) (1) 

I xy = 27. S (2) 

Adding to (1) twice (2), 

x8 + 2a:y + ya = 144. (3) 

Subtracting from (1) twice (2), 

a:2 — 2a:y H- y2 = 36. (4) 

Extracting square roots of (3) and (4), 

x + y - ±1%, (5) 

and a; — y = ± 6. (6) 

Adding (6) and (6), 2a; = ± 18. 

Subtracting (6) from (5), 2y = ± 6. 

Whence, a; = ± 9, and y = ± 3 
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II. Eequired to solve the equations, 



( a;2 -I- y2 = 65, ) 
\ x-\.y = 11. f 



x^^y^= 65, \ (1) 

(2) 



Squaring (2), ar^ -f 2a:y + y* = 121. (3) 

Subtracting (1) from (3), ^xy = 56. (4) 

Subtracting (4) from (1), 

gfi^^xy + y^z=z 9. (6) 

Taking square root x — y = ±3. 

But (2) is a? -f- y = 11. 

Whence, 2a; = 14, or 8 ; 2y = 8, or 14. 

And x z=z 7, or 4 ; y = 4, or 7. 

III. Required to solve the equations. 



I a; + y — 5, ) 


(1) 

(2) 


Dividing (2) by (1), 




x^ — xy-^y^— 13. 


(3) 


Squaring (1), a^ + %xy -f y^ =l 25. 


(4) 


Subtracting (3) from (4), dxy = 12. 


(5) 


Dividing (5) by 3, xy = 4. 


(6) 



Subtracting (6) from (3), 

:^-%xy + y^ 9. (7) 
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Taking? aquare root of (7), 

^ - y = ± 3. 

Hut (1) is a: -J- y = 5. 

Adding and subtracting, 

2ar = 8, or 2 ; 2y = 2, or 8. 

Whcnc5e, z = 4, or 1 ; y = 1, or 4. 

IV. Kequired to solve the equations, 

I x» ^- y8 = 62, > • (1) 

( ar + y -f icy = 34. J (2) 

Adding twice (2) to 1, 

aj» -^ 2ary -f ^ -f 2ir -h 2y = 120, (:j) 

Or, (x + y)2 ^- 2 (a: -h y) = 120. 

Completing square, 

(a: -f- y)» 4- 2 (a: -f y) 4- 1 = 121. 
Extracting square root, 

a: + y + 1 = ± 11. 

Whence, ar -h y = 10, or — 12. (4) 

Squaring, ai^ -f 2ary -h y».= 100, or 144. (5) 

Subtracting (5) from twice (1), 

7^ — 2xy 4- y2 = 4, or —-40. 
Extracting square root, a: — y = ± 2, or ± 2V — 10. 
But (4) is X + y = 10, or — 12. 
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Whence, 2a; = 12, 8, or — 12 ± 2V^^10. 

And 2,y = 8, 12, or — 12 ^F 2V^^0> 



Prom which z = 6, 4, or — 6 i V— 10. 

And y = 4, 6, or — 6 T V~10. 

By substituting w -f v for 2; and ti — v for y, equations 
like the foregoing may often be elegantly solved. 

V. Required to solve the equations, 

ix^-\-y'^162,) . (1) 

\x-\-y = %.\ (2) 

Let X =. u -\- V, and y^Sj^-— v. 

Then :r + y = (w + v) + (w — v) =2%. 

And a:'* -f y^ = (?* 4- v)^ + («* -— v)' = 2w^ -f 6wv2. 

Hence, %u = 8, and w = 4. • 

And 2^8 4. 6^^2 := 152. (3) 

Substituting 4 for u in (3), 

128 4- 24v2 = 152. (4) 

Whence, i^ = 1, 

and V = ± 1- 

But a; = « + v = 4±l =5, or 3. 

And y = w — i; = 4-— (±1) = 3, or 5. 



(1) 

(2) 
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VI. Bequired to solve the equations 

j « - y = i«y> > 

( a^ + y8 = \xy. ) 
Let a? = tt -f r, and y = t* — v. 
Then (1) becomes, 

(u -f r) — (w — ») = ^ (w -f r) («* — v). 

Or, 2r = \ («a — t^). (3) 

Also, (2) becomes. 

Or, 2«2 -}- 2v2 = I (w2 — t»2), ^4^ 

Prom (4), itt^ -- i^;*^ 

Or, u^ = 9v*. (5) 

Substituting Ot;' for w^ in (3), 

Whence, 2t; = 2t^, 

and V = 1. 

Substituting 1 for v in (5), 

w = ± 3. 

But X =: u -\- V = ±3 + 1=4, or — 2. 
And y = w — v= ±3 — 1=2, or — 4. 

Devices for the solution of simultaneous quadratic equa- 
tions are numerous, but there are few general methods. The 
student's success will depend largely on his ingenuity. Some 
additional exercises will be found in the latter part of the 
book. 
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.EXERCISES. 
34:4:« Find the roots of the following equations: 

1. jc + y = 20; a^ + ya = 202, 

«. ar« + y* = 34 ; ary = 16. 

3. x — y = 2; ic* + y^ = 34. 

-4- VS + Vy = 6 ; a: -f y = 20. 

5. X -j- y =z xy ; x^ -\- y^ =z 5x^. 

6. X + y = 5; a^ -\- y^ = 35. 

7. X— y = 1; a:3 — y3 = 37. 

8. x^ + y^ = SI — 2xy; ar^ + y^ = 9 -f 2a:y. 

9. xy -{- y^ = 2; x^ + xy = 12. 

10. a« 4- y^ - (a; + y) = 18 ; xy -^ x •{■ y ^ 19. 

11. X 4- V^ + y = 14 ; a;"-* -f ary + y^ = 84. 

12. i?r* + y3 = 2a;y -f- 1 ; ar« + a;y -f y« = 37. 
^<?. a^ — a;y + y3 = 7 ; a:* + a;y + y* = 133. 

■ 

14. xhf -\- xy^ z=.20\ X -}- y = ixy. 

15. a;3 + y8 = 20; (a: + y)^ + (a; - y)2 = | (a;^ _ y2y 

16. a: + y = 72 ; a:* 4- y* = 6. 

17. X ■\' y — Vxy = 7 ; a? -^ y^ ■\- xy =z 133. 
i5. ar» + y2 = 13 ; 2a:y — (a; + y) = 7. 

1Q r^»i Inm I »,\ QA . ^mS I «.S Off 



i9 



• ^ -r y — xt^ , /©^y — V-*' "T y; — «• 

^ a;y (a; H- y) = 30 ; a:^ + ys _ 35, 

). 4 (a: + y) = 3a:y ; a; + y -f a:^ + y3 = 26. 
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MISCELLANEOUS EXERCISES. 

345. i. 4 (a:» - y») = 15 ; 2 (a? - y) = 3. 

e. a:* — y«=102; a; — y = 3. 

3. 4a^ — 9y8=76'; 2a? — 3y = 2. 

4. a; -f y = 74 : a^ 4- y* = 2740. 

5. a: — y = 4; a* -^ y^ = 1066. 
ff. a; 4- y = 7a:y ; 12aTy = 1. 

7. a: 4- y = 12 : xy = 20. 

*. a- — y = 1 ; a:y = 240. 

9. ar* -h a:y 4- 2y' = 44 ; 2a^ — a:y -f y* = 16. 

10. 2a^ + 3xy i- y^ =z 70; 6a^ -j- xy ^ y^ = 50. 

11. ar« 4- a;y -f y» = 37 ; a:* + ary + y* = 481. 
. i«. a:2 4- y» - 1 = 2a:y ; a;y (a;y 4- 1) = 6. 

13. a:« 4- 3ay = 54 ; a:y 4- 4y» = 115. 

14. a^ -^ xy — Sx =i 3; y^ + xy — Sy = 6. 

15. a; — y = l; a:* — ay4-y2 = 21. 

16. 5 (a!» — y2) = 4 (a;8 4- y') ; a: 4- y = 8. 

17. 4a; 4- 9y = 30 ; 2a^» — a:y = 3y*. 

18. (x — 6)2 4- (y — 5)« 4- "^xy = 101 ; 2a: = 3y — 2. 

19. 4^ 4- 2a:y + f 4-^-^ = 41; 4a; = y 4- 4. 



i^O. 3a: 4- 2y = 5a;y ; 15a; — 4y = 4. 
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PROBLEMS LEADING TO SIMULTANEOUS QUADRATIC 

EQUATIONS. 

346. I. Find two numbers whose sum is 38 and their 
product 261. 

Soltttion. 

Let X and y represent the numbers. 

Then re + y = 38, (1) 

and xy = 261. (2) 

Squaring (1), 

ar« -f 2a:y -h y^ = 1444. (3) 

Multiplying (2) by 4, ixy = 1044. (4) 

Subtracting (4) from (3), 

a;* — 2a:y -f y« = 400. (5) 

Extracting square root of (5), 

2; - y = ± 20. (6) 

But • X -^y := 38. (1) 

Whence, 2a? = 58, or 18, and 2y = 18, or 68. 
From which, a: = 29, or 9 ; y = 9, or 29. 

i. The sum of two numbers is 20 and their product is 99. 
What are the numbers ? 

S. The perimeter of a rectangular field is 104 rods and its 
area is 3 acres. Find its length and its breadth. 

3. The perimeter, or sum of the four sides of a rectangle, 
is 112 rods, and its area is 720 square rods. What are the 
length and breadth of the rectangle ? 
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II. Find two numbers whose difference is 6 and theii 

prodact 391. 

Solution. 

Let z and y represent the numbers^ x being the greater. 

Then a; — y = 6, (1) 

uid xy = 391. (2) 

Squaring (1), ir* __ 2rry + y» = 36. (3) 

Multiplying (2) by 4, ^xy = 1564. (4) 

Adding (3) and (4), 

a^ ^- 2a;y -h ya = 1600. (Sj 

Extracting square root of (5), 

a^ + y = ±40. (6) 

But a; — y = 6. W 

Whence, a; = 23, or 17 ; 

y = 17, or 23. 

4- The difference between two numbers is 11 and theii 
product is 276. What are the numbers ? 

5. The difference between the length and the side of a 
rectangular field is 12 rods, and its area is 18 acres. Wbt 
are its dimensions ? 

III. The sum of two numbers is 11, and the sum of their 
cubes is 407, What are the numbers ? 

Solution. 
Let x and y represent the numbers, x being the greater- 
Then a; -f y = 11, (1) 
and a:8 4- y3 = 407. (^) 

Dividing (2) by (1), 

a^J — a:y-+ y^ = 37. (^) 
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Squaring (1), ar^ + 2iry -f y^ = 121. (4) 

Subtracting (3) from (4), 3a?y = 84. 

Whence, xy = 28. (5) 

Subtracting (5) from (3), 

arJ — 2a?y H- y2 = 9. (6) 

Extracting square root of (6), 

a^-y=±3. (7) 

But a; + y = 11. (1) 

Whence, x =z 1, or 4 ; 

y = 4, or 7. 

6. The sum of two numbers is 14, and the sum of their 
cubes 854. What are the numbers ? 

7. Two cubical blocks of marble, when placed side by side, 
have a united length of twelve feet, and the sum of their 
volumes is 468 cubic feet. What are their dimensions ? 

IV. Two persons, A and B, depart from the same place, 
and travel in the same direction ; A starts 2 hours before B, 
and after traveling 30 miles, B overtakes A ; but had each of 
them traveled half a mile more per hour, B would have trav- 
eled 42 miles before overtaking A. At what rate did they 
travel ? 

Soltttion. 

Let X = A*s rate per hour, and y = B's rate per hour. 

Then, §2 = ?2 + 2. (1) 

X y ^ ' 

42 42 

And -^ = -^ + 2. (2) 
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Clearing (1) and (2) of fractions, 

aOy = 300: + 2xff ; (3J 

and 42y -f 21 = 42a; + 21 + aay + a; + y + J. (4) 

Subtracting (3) from (4), 

lly = 13flf -f f 

26a: 4- 1 

Whence. y = — ^- (5) 

Substituting (5) in (3), clearing of fractions, and reducing, 

26a* — 59a: = 15. (6) 

Whence, x = 2^, or — ^. 

Substituting 2^ for z in (5), 

y = 3. 

8. A starts in pursuit of B, who has 3 hours' start, and 
oyertakes him after traveling 36 miles. If the hourly rate of 
each had been | of a mile more, A would have overtaken B at 
the end of 43| miles. Find their rates per hour. 

9. The fore wheels of a carriage make 2 revolutions more 
than the hind wheels in going 90 yards ; but if the circum- 
ference of each wheel is increased 3 feet, the carriage must 
pass over 132 yards in order that the fore wheels may make 2 
revolutions more than the hind wheels. What is the circum- 
ference of each wheel ? 

10. A and B start at the same time, from two different 
points, and travel towards each other ; when they meet on 
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the road^ it appears that A has traveled 30 miles more than B. 
It also appears that it will take A 4 days to travel the road 
that B has come, and B 9 days to travel the road that A has 
come. Find the distance of A from B when they set out. 

11. The area of a rectangular field is 1575 square rods; 
and if the length and breadth were each lessened 5 rods, its 
area would be 1200 square rods. What are the length and 
breadth ? 

12. If a certain number, consisting of two places, be 
divided by the product of its digits the quotient will be 2, and 
if 27 be added to it, the digits will be in an inverted order ; 
required the number. 

13. A man rents a farm for 1420. He cultivates 4 acres 
himself, and lets the rest at I2|^ per acre more than he pays 
for it. For this he receives the entire amount he is to pay 
for the farm. Find the number of acres and the rent per 
acre ? 

1^. The fore wheel of a wagon makes 6 revolutions more 
than the hind wheel in going 120 yards ; but if the periphery 
of each wheel be increased 1 yard, the fore wheel will make 
only four revolutions more than the hind wheel in going the 
same distance. What is the circumference of each wheel ?. 

15. A grocer sold 80 lb. of mace and 100 lb. of cloves for 
$65 ; but he sold 60 lb. more of cloves for 120 than he did of 
mace for 110. "WTiat was the price of a pound of each ? 

16. A and B have each a small field in the shape of an 
exact square, and it requires 200 rods of fence to enclose both. 
The contents of these fields are 1300 square rods. What is 
the value of each, at $2.25 per square rod ? 

17. What two numbers are those whose difference multi- 
plied by the difference of their squares is 32, and whose sum 
multiplied by the sum of their squares is 272 ? 
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18, The difference of two numbers is 2, and the square ol 
their quotient added to four times their quotient is 9f . What 
are the numbers ? 

19, There are two numbers whose sum multiplied by the 
less is equal to 36, but whose sum multiplied by the greater k 
equal to 45. What are the numbers ? 

j?0. Find two numbers such that their product added to 
their sum shall be 47, and their sum taken from the sum ai 
their squares shall leave 62. 

£1. Two farmers sold their farms, which together con- 
tained 140 acres^ and each received the same sum. If the 
first had received the same price per acre as the second, liis 
farm would have brought $1800. If the second had sold his 
farm at the same price per acre as the firsts he would haye 
received 13200. How many acres in each farm ? 

££. A speculator bought as many sheep as cost him $136. 
He reserved 22 of them, and sold the remainder for $2 more 
than what they all cost him, gaining II a head on them. 
How many sheep did he buy, and what was the price of each ? 

£3. A speculator places 112000 out at interest in two dif- 
ferent sums. The rate per cent, is equal to the quotient ant- 
ing from dividing the larger by the smaller, and the interest 
on the larger for one year is 1210 more than the smalleT 
principal. What is each sum, and the rate per cent. ? 

$4. A drover sold 60 oxen and 80 sheep for 15300 ; he 
sold 42 more of the latter for $450 than he did of the former 
for $225. Find the price per head of each kind. 

^5. I invest the sum of $2250 in two portions at different 
rates of interest, and they yield equal returns. The first por- 
tion at the second rate and the second portion at the W 
rate would yield an annual interest of $40 and $62.50 respect- 
ively. Find the i*ates. 



1 
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RATIO. 

347. Satio is the relation with respect to magnitude 
that one quantity bears to another of the same kind. 

348. The terms of a ratio are the quantities compared. 
The first term is called the antecedenty and the second the 
consequent. The terms of a ratio together form a couplet. 

349. The ratio of one quantity to another is indicated by 
a colon ; so used^ the colon is a substitute for the sign of 
division. A ratio may also be written in the form of a 

fraction. 

/ 

Thus, the ratio of 6 to 2 is written 6 -=- 2, or |. 

350; The value of a ratio is equal to that of the f rac* 
tion whose numerator is the antecedent of the ratio and its 
denominator the consequent. 

Thus, the value of 6:2 is |, or 3 ; of 8:3 is |, or 2f ; of 
a:o IB T' 



351. A simple ratio is a ratio consisting of two terms. 
Thus, 4 : 8 and a : S are simple ratios. 

352. A compound ratio is a combination of two or 
more simple ratios. It is compounded by taking the product 
of the corresponding terms of the simple ratios. 
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a:b\ 
ThiUy e I d\\Btk compound ratio. 
xiy) 

Compounded, it is acx : My. 

353. An inverse or reciprocal ratio is the ratio of the 

reciprocals of the two quantities compared. 

Thus, the inyerae ratio of a to & is ~ : y* 

a o 

NoTB. — ^To distingniflh a : h from - : t > the former is cafled fhe 
direct, and the Utter the inveme or reciprocal ratio of a to 6. 



354. With respect to any two quantities, as a and by 

a^ : l^ is called the duplicate ratio of a and h. 

(^i Ifi ** " triplicate ratio 
y/a I Vb *' *' sobdnplicate ratio 
Va: Vb '' " subtriplicate ratio " 



fi <( 



<< *i 



355. Any ratio may be written in fractional form. Hence, 

1. // the antecedent of ,a ratio is TrvuZttplied or the 
consequent divided, the value of the ratio is nvuLtijilied. 

2. If the antecedent of a ratio is divided or the conse^ 
quent multiplied, the value of the ratio is divided. 

3. If both terms of a ratio be muZtijAied or divided by 
the sam^ number, the value of the roMo is not changed, 

4. A ratio is in the simplest form when its terms 
have no common factor. 
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356« Two or more ratios may be compared with respect to 
magnitude by writing them in fractional form, reducing to a 
common denominator, and comparing the numerators. 

Thus, let it be required to compare 2:3, 3:4, and 5 : 6. 

2:3 ) 

3 : 4 y = (t, I, i) = (A, tV, «)■ 

5:6) 

Hence, the first ratio is the least and the last the greatest. 

EXERCISES. 

357. i. Seduce to their simplest form : 8 : 12, 15 : 25, 
75 : 100, Vl44 : \/64, 'MOOO : ^225. 

S. Beduce to simplest form : a% : o^, a;* -f- 7a + 12 : 
a;2 + 4a;, (a; — y)2 : a?« — y\ {ar» — y8)8 : a:* — y^. 

3. What is the value of Qa^b^ : dab^ ? Of f : ^ ? Of 
i'V 

A. What is the value of ^-5— — ^ : a — x? 

^. 4tchn 2cm ^ 
d^y'Wf' 

5. Simplify oT % • z^ t~~2* 

^ + y or — xy -\- y^ 

, ar^ + 7a; -f 10 ar^ + 5a; + 6 
a?» + 3a; - 10 • ar» - 5a; + 6' 

6. Compound the following ratios and simplify the result : 
3:5, 16 : 21, 30 : 24. 

7. Compound the duplicate ratio of 3 and 4 with the trip- 
licate ratio of 3 and 2. 
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8. Two uamberg are in the ratio of 3 to 4, and ii 4 k 
added to each, they are in the ratio of 5 to 6. What areik 
uumberB ? 

9. Arrange in the order of magnitude^ 15 : 20, 20:io. 
V25 : V64, ij^m : v^5l6. 

10. Find two numbers in the ratio of 3 to 5^ whose sumii 
to the sum of their squares as 2 : 17. 

11. Which is greater^ the inverse or the direct ratio t! 

12. If 3 gold and 10 silver coins are worth as much as' 
gold and 20 silver coins^ find the ratio of the value of a gok 
to that of a silver coin. 

13. If 3 bushels of wheat and 11 bushels of com are wortli 
as much as 7 bushels of wheat and 5 bushels of com, find the 
ratio of the value of a bushel of wheat to a bushel of com. 

14' A rectangular field containing 15 acres is in length to 
breadth as 3 to 2. What are its dimensions in rods ? 

15. Compound the ratios, 

x + y : a, x^-y : b, ¥ : — ^-^. 

16. Compound the ratios, 

.r - — 3a? H- 2 : a?« — 5a; -f 6, 
a?^ -f 3a; — 10 : ar^ + 3a; — 4, 
a;* + a; — 12 : a;3 + 7a; + 10. 



PROPORTION. 

» 

358. Proportion is an expression of the equality of two 
ratios. The equality is indicated either by a double colon or 
by the sign of equality. 

Thus, 3:6 = 4:8, or 3 : 6 : : 4 : 8, is a proportion. It 
expresses the fact that f = |, and is read, 3 is to 6 as 4 
is to 8. 

359. The extremes of a proportion are the firs!; and 
fourth terms. The means are the second and third terms. 

Thus, in the proportion a : b :: c : d, the extremes are a 
and d, and the means i and c. 

360. A mean proportional between two quantities is a 
quantity to which either of the two bears the same ratio that 
the mean does to the other. 

Thus, in the proportion a : b : : b : c, b is s^ mean proper- 
tional between a and c. 

361« A proportion is taken by inversion when the 
terms of each ratio are written in inverse order. 

Thus, a :b :: c : d taken by inversion gives b: a :: die. 

363. A proportion is taken by alternation when the 
means are made to change places, or the extremes. 
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Thus, a :h :'. r:d becomes by alternation either a:c:; 
b : d, or d : b :: c : a. 



363. A proportion is taken by ooini>08ition when 
earn of the terms of each ratio is compared with either term 
of that ratio^ the same order being observed in both ratios; 
or when the sum of the antecedents and the sum of the con- 
sequents are compared with either antecedent and its conse- 
quent. 

Thus, a : b :: c : d taken by composition gives a-]-h:(i 
: : c -{- d : c, or a -\- b : b :: c -\- d : d, or a -\- c:i-h^'- 
a I by or a -^ c :b ■\- d \i c : d. 

364. A proportion is taken by division when in each 
ratio the antecedent minus the consequent^ or the consequent 
minus the antecedent, is compared with either term in that 
ratio, the same order being observed in each ratio. 

Thus, a : b :: c : d, by division becomes a — b'^ '•'• 
c — d : c, or a — b : b :: c — d : d, or b — a : a :: d — c:c, 
or b — a : b :: d — c : d. 

PRINCIPLES OF PROPORTION. 

365. I. // four quantities are in proportion, 
product of the extremes is equal to the product of wX> 
means. 

Thus, a a:b :: c \ dy then ad = be. 
Prom the proportion, a ~ ^' 

Clearing of fractions, ad = bc» 



PROPORTION. 277 

366. II. The square of a mean proportional eqiuaZs 
tlve product of its extremes, and hence a mean propor- 
tftonaZ itself equals the square root of the product of its 
^jctremes. 

Thus, if a : J : : b : c, then ac = h^. 

For, J =: - , which cleared of fractions rives a^: = b\ 

DC 

Hence, b = Vac, 

367. III. Either ejptrem^ of a proportion equals the 
product of the m^eans divided by the other extreme; 
and, in like manner, either mean equals the product of 
the extremes divided by the other m^ean. 

Thus, \i aib \: c : dy then ad =z be. 

-m j-i-' x' be J be , ad ad 

From this equation, a = -y, a = — , d = — , c = -t-« 

a a , c 

368. IV. // the product of two quantities is equal to 
the -product of two others, the factors of either product 
may be made the extremes, and the fa/stors of the other 
product the means of a proportion. 

Thus, let 
Dividing by bd. 



or 



That is. 



ad = 


be. 


ad 
bd 


be 
bd' 


a 
b "" 


c 

d' 


a:b :: 


c : d. 
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369* V. // four quantities are in, proportiowv, they an 
in proportion by inversion. 

Thus^ if a : b :: c : d, then b : a :: d : c. 

a c 



Prom the proportion, I ~ ^" 



Hence, 


a c 
' b ' d' 


that is, 


b d 
a c 


From which. 


b : a :: die. 



370. VI. // four quantities are in propo7i:ioTh, they 
are in proportion by alternation. 

Thus, \i a:b :: c : d, then a : c :: bid. 

From the proportion, 7 = 3* 

a 

Multiplying by ^, ? x ^ = | x ^, 

a b 

or - = :,• 

c d 

Whence, a : c : : b : d, 

371, VII. If four quantities are in proportioTt, they 
are in proportion by composition. 

Thus, if a : 5 : : c : d, then a -\- b:b :i c -\- d : d, and 
a -{- b : a :: c -\- d : c. 
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From the proportion, -=: -• 

Hence, y + 1 = -3 + 1, 

o a 

a -\- b c -{- d 
or — ; — = — ? — 



Whence, a -{- h :h :i c -{- d\ d. 

Again^ from the proportion taken by inversion, 

b : a :: d : c. 



Whence, 



b_d 
a c 



or 



-r-r ^ i ^ d 

Hence, 1 -f - = 1 + - , 

a + b c + d 
a c 

That is, a + b : a : : c -{- d : c. 



372. VIII. If four quantities are in proportion^ they 
are in proportion by division. 

Thus, if a: b :: c : dy then a — b :b or a :: c —• d: dorc. 

CL C 

Prom the proportion, - = -• 

Hence, r — 1 = 3 — 1> 

b a . 

a — b c — d 

-J- = -J-' 

Whence, a — b : b :i c — d : d. 
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■ 

Again, from the proportion taken by inversion^ 

h : a :i d \ c. 



Whence, 



a 



or 



Hence, 1 = 1 , 

a c 

a — b c — d 

- — - ^ — - • 

a c 

That is, a -^ b : a :: c — d : c. 



373. IX. If four guanMties are in proportion, they 
are in proportion by composition and division. 

Thus, if a : b :: c : df then a + b : a — b : : c -i- d : c — d, 

a + b c -^d 



By Prin. VII., 



By Prin. VIII., 



b " d 
a — b c — d 



Hence, 



That is. 



b d 

a •\- b ^ a — b __ c -{- d ^ c — d 
T^" "^ '~b~ *~ ~d^ "^ d ' 

a -i- b c -\- d 



a — b c — d 
Whence, a -\- b : a — b :: c -\- d : c — d. 

374. X. When any number of quantities are propor- 
tionaly any antecedent is to its consequent as the sum 
of all the antecedents is to the sum of all the conse- 
quents. 
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Thus, \1 a\b :\ c: d :: e :f, etc., then 

a : b :: a -j- c -{- e, etc. : b -^ d -{- /, etc. 

PC, b, Prin. I,. |^z^;[ 

And ab = ^a, an identical eq. 

Whence, by addition, ab -\- ad -}- af = ba ■\- be -^ be. 
Factoring, a {b -{- d -\- f) = 3 (« + 6 • + e). 

Hence, by Prin. IV., a : b :: a-\-c-\-e:b-^d-\-f, 

375. XI. The products of corresponding terms of two 
proportions are propoHional. 

Thus, if i * ' ' * >, then am : bn :: cr : ds, 
{m: n :: r : s ) 

Prom the proportions, ^ =: -, 



and 



m __ r 
n ^ s 



TTTi a m c r 

Whence, ^ x — = ^ x -, 

b n d s- 



or 



am cr 

bn ds 

That is, am \bn :: cr : ds. 



376. XII. Like powers and like roots of proportional 
quantities are proportional. 

Thus, \1 a lb :: c : d, then 
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a* : J* : : c» : d^, 
\^a : \^h : : v^ : \^, 

CL C 

From the proportion, - = -r. 



\ 



Baisiug the equation to the n^ power ; also extracting its 
nf^ root, 

aJ^ ^ (f , \^a __ \^c 

Whence, r/" : i* : : c* : rf", 

and V^ : v^ : : \^c ' ^d. 

377. XIII. // four quantities are proportioTial, the 

results mill be proportional : 

1. If the antecedents be multiplied or divided by the 
same number, 

2. If the consequents be multiplied or divided hy the 
same number. 

3. If the term^s of either ratio or of both ratios be mul- 
tiplied or divided by the same or different numbers, 

• 

Thus, let a:b :: c : d. 

Then, by alternation, a : c :: b : d, 

a proportion in which the first ratio contains the antecedents 
and the second ratio the consequents of the given proportion. 

But - may be reduced to lower terms by division, or changed 
c 

to higher terms by multiplication, and its value remain the 
same. 
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By means of this principle, a proportion may often be 
mucli simplified. 



\. The application of the principles of proportion to the 
solution of equations expressing the equality of two fractions 
has already been shown. Principles VII., VIII., and IX. 
axe most frequently used for this purpose. 

EXERCISES. 

379. i. When \a — x \ \n -\- x \: h — y : b -}- y, show 
that 2x : y : : a :h, 

2. When a\h \\ x\ y, show that ma + nh : imi — nh :': 
vnx -j- ny : mx — 7iy, 

3. If — ] = b, show that a — x : 2a : : 2b : a 4- x, 

^. U {a -i- zy : {a — xy : : X -^ y : X -- y, show that a : x 
: : V2a — y : Vy. 

5. Divide 60 into two such parts that the product shall be 
to the sum of the squares as 2:5. 

6. What is the value of aj in 6x -^ a : 4x -\- b : : 3x — b : 
2x — a? 

7 . Given a:^ — y^ : (a; — yY : : 61 : 1, and a; : 8 : : 40 : y, 
to find the values of x and y, 

8. Find the value of a? in f ; f : : |^ : a;. 

9. What number^has the same ratio to 100 that 9 has to 20 ? 

10. Make the following a correct proportion by changing 
each term in order : 22 : 10 : : 33 : 16. 
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IL Giyen x -^ y :x t: 7:5, and ay -f- y* = 126, to find 
the yalues of x and y. 

12, Find two numbers, the greater of which shall be to 
the less as their sum is to 42, and as their difference is to 6. 

13. Two squares whose sides differ by 10 rods have their 
areas to each other as 9 to 25. What are the sides of the 
squares ? 

14' There are two numbers whose product is 135, and tie 
difference of their squares is to the square of their difference 
as 4 is to 1. What are the numbers ? 

• 16, A and B, with different sums, engage in business. A 
gains $150, B loses $50, after which A's money is to B'% as 3 
to 2 ; but had A lost $50 and B gained $100, then A's monej 
would have been to B's as 6 to 9. What was each man's in- 
vestment ? 

16. By the method of proportion, find the value of x in 
the equation, 

^/m + X 4- a/w --2: • 
"s/m -f X — V m — X 

17. Find the value of x in the equation, 

^x -f i -f- y/x — 1 



^x-\^l — ^x^l 



= 2. 



18. There is a number consisting of three digits^ the first 
of which is to the second as the second is to the third ; th 
number itself is to the sum of its digits as 124 to 7 ; and il 
594 be added to the number, the digits will be reversecf. 
What is the number ? 






ARITHMETICAL PROGRESSION. 

380. An arithinetical prc^^ssion is a series of quan- 
tities^ each of which is greater or less than the preceding 
quantity by a constant difference. 

Thus, 1, 3, 5, 7, 9, etc., and 30, 20, 10, 0, — 10, etc., are 
arithmetical progressions or series, 

S81. The first of the foregoing is an increasing series, 
the second a decreasing series. 

383. In every arithmetical progression five elements occur : 

1. The first term, a. 

2. The last term, L 

3. The common difiTerence, d. 

4. The number of terms, n. 

5. The sum of the terms, 8. 

If any three of these elements are known, the other two 
may be found. 

383. To find the last term of an arithmetical series^ 
when the first term, the common difference^ and the 
number of terms are given. 

Remembering that in an increasing series d is positive, and 
in a decreasing series negative, the general expression 



it 



44 
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For the second term is a -{- d. 

third " a -f 2d. 

seventh " a -f- 6<^. 

*' twentieth " a -f- 19€?. 

Hence, for the n^ term, which is the last in a series of n 

terms, 

I = a -H (n - i) d. (1) 

I. Required to find the 20th term of the series 1, 4, 7, 10, 

etc. 

Solution. 

Here m = 20, £i = 3, a = 1, and the series is increasing. 
Substituting these values in formula (1), taking d as positive, 

/ = 1 -f (20 — 1) 3 = 58. 

II. Kequired to find the 25th term in the series 31^ 25, 19, 
13, etc. 

Solution. 

Here w = 25, rf = 6, « = 31, and the series is <^ecreayi»^. 
Substituting these values in (1) and taking d as negative, 

/ = 31 -f (25 — 1) X - 6 = — 113. 

384. To find the sum S of an arithmetical series, 
when Oy I, and n are g^iven. 

Taking d as the common difference, and writing the series 
in direct and in reverse order, 

S=: a + (a4-e?) + (a-f2c?) + etc.,-f {l—2d)+ {l—d) + l 
S=z l-h (l'-d)'{- (l^2d)'\-etc.,-h(a + 2d)'i-(a-i-d)-\-a 
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Adding, 

Hut since there are n terms in the series, the sum of the 
two series is equal to a + Z taken n times. • 

That is, %8 =n{a-\- I). 

TT ft ^ (« + Z) ^* / 7V /«V 

Hence, S = ^ -^ , or « (^ + 0- (2) 

385. By substituting the value of Z as given in formula 
(1) for I in formula (2), a value of S is found in terms of a, 
dy and n. Thus, 

1 = I [J?a + (n - J) d]. (3) 

III. Bequired to find the sum of an arithmetical series of 
20 terms, the first term being 3, and the last term 79. 

Solution. 

Here a = 3, Z = 79, and n = 20. 
Hence, substituting in (2), 

/S = iy^ (3 + 79) = 820. 

IV. Bequired to find 8 when a = 76, d = — 4, and 
« = 30. 

Solution. 

Substituting in (3), 

S^s^ [150 + (30 - 1) X - 4] = 510. 
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386* To insert any number m of aritbinetical mem 
between a and I. 

If m meaD8 are inserted, the series will oonaist of a and I, 
and m other terms ; that is, n will equal ni 4- 2. 

Sabstitating this valae of n in (1), 

l=za+[{m + 2) — i;\d. 

That is, / = a + (w -f. 1) rf. 

Whence, (wi -f- 1) rf = / — a, 

and d = — "~ ^ ' (4) 

By means of this formula the value of d may be foand, 
after which the series is easily completed. 

V. Required to insert five arithmetical means between 3 
and 45. 

Solution. 

In this case, m is 5, a is 3, and / is 45. 

Substituting in formula (4), 

, 45-3 ^ 

^ = -5TT = ^- 

Hence, the series is 3, 10, 17, 24, 31, 38, 45. 

387. In representing the terms of an arithmetical series 
by X and y, 

1. When the number of terms is odd. 

Represent the middle term hy x, and maJce y the 
common difference. 
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Thus, a series of 5 terms becomes 

a; — 2y, x — y, x, x + y, x -Y 2y. 

2. TVlien the number of terms is even. 

JkTaJce the adjacent terms farthest frofm the extremes 
'JC — y and x -h y, 2y being the comm^on difference. 

Thus, a series of 6 terms becomes 
X —by, x — 3y, x — y, x -{- y, x -{- 3y, x + 5y. 

VI. In an arithmetical series of 4 terms, the sum of the 
squares of the extremes is 200, and the sum of the squares of 
the means is 136. What are the numbers ? 

Solution. 

Let a; — . 3y, a; — y, a; -f y, and a; + 3y represent the 
numbers. 

Then {x - Syf + {x + 3y)^ = 200. (1) 

And {x - yy ^ (x + yf = 136. <2) 

From (1), 2a^ + l^f = 200. (3) 

Prom (2), 2ir« -f %y^ = 136. (4) 

Subtracting (2) from (1), 16y2 = 64. ^ 
Whence, y = ± 2. 

And a; = ± 8. 

Hence, the series is i 2, ±6, ± 10, ± 14. 
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EXERCISES. 

388. 1. Given a = 2, rf = 3, and » = 11, to find I 
and 8. 

2. Given a = 8, / = 203, and rf = 6, to find n and & 
5. Given ? = 1, fi' = 1717, and n = 34, to find a and i 
4- Find the snm of the numbers 1, 2, 3, 4, etc., to 1000. 

5. Given a = 1, n — 23, S = 184, to find d and ?. 

6. Insert 6 arithmetical means between 3 and 38. 

7. Insert 3 arithmetical means between ^ and ^. 

<S. Given a = — 7, rf = — 7, and n = 101, to find S. 

9. If the first term of an arithmetical progression is 100, 
and the number of terms 21, what must the common differ- 
ence be that the sum of the series may be 1260 ? What the 
last term ? 

10. Two persons, A and B, start from the same place 
together, and travel in the same direction. A goes 40 milefl 
per day ; B goes 20 miles the first day, and increases his rate 
of travel f of a mile per day. How far will they be apart at 
the end of 40 days, and which will be in advance ? 

ii. If a body falling to the earth descends a feet the first 
second, 3a the second, 5a the third, and so on, how far yn& 
it fall during the t^ second ? 

IB. If a body falling to the earth descends a feet the first 
second, 3a the second, 5a the third, and so on, how far will 
it fall in t seconds ? 

13. A debt can be discharged in a year by paying H ^^^ 
first week, 13 the second, 15 the third, and so on ; required 
the last payment and the amount of the debt. 

14. A person saves 1270 the first year, $210 the secoD^ 
and so on. In how many years will a person who saves everj 
year $180 have saved as much as he ? 
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15. K board, %\ inches wide at the narrow end, and 10 
feet long, increases in width \\ inches for every foot in 
length ; what is the width of the wide end ? 

16. If 100 oranges are placed in a line, exactly 2 yards 
from each other, and the first 2 yards from a basket, what dis- 
tance must a boy travel, starting from the basket, to gather 
them up singly, and return with each to the basket ? 

17. What four numbers are those in arithmetical progres- 
sion, the sum of whose squares is 84, and their product 105 ? 

18. The sum of five numbers in arithmetical progression 
is 35, and the sum of their squares 285 ; find the numbers. 

19. What three numbers are those in arithmetical progres- 
sion, the sum of whose squares is 1232, and the square of the 
mean greater than the product of the two extremes by 16 ? 

20. Find four numbers in arithmetical progression such 
that the sum of the squares of the extremes is 4500, and the 
sum of the squares of the means is 4100. 

21. The product of five numbers in arithmetical progres- 
sion is 945, and their sum is 25. What are the numbers ? 

22. There is a number expressed by three digits in arith- 
metical progression. The division of the number by the sum 
of its digits gives 26, and when the number is increased by 
198 its digits are reversed. What is the number ? 

23. Six heirs inherited an estate of 19000. Their shares 
formed an arithmetical progression, the common difference of 
which was 1500. How much did each receive ? 

2Ji^. A body falling by its own weight, and not resisted by 
the air, would descend in the first second through a space of 
16 feet and 1 inch ; in the next second, through 3 times that 
space ; in the third, through 5 times that space ; in the fourth, 
through 7 times that space, etc. How far would it fall, at 
the same rate of increase, in a minute ? 
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389. A geometrical progression is a series of quan- 
tities that increase or decrease by a constant multiplier called 
the ratio. 

When the ratio is greater than 1, the series is increasing; 
when less than 1, the series is decreasing. 

Thus, 1, 2, 4, 8, 16, etc., is an increasing geometrioal pro- 
gression or series, of which the ratio is 2. 

And 9, 3, 1, i, ^, etc., is a decreasing geometrical series, 
of which the ratio is ^. 

390. In every geometrical series five elements occur : 

1. The first term, a. 

2. The last term, L 

3. The number of terms, n. 

4. The ratio, r. 

5. The sum of the series, 8. 

If any three of these elements are known, the other two 
may be found. 

391. To find the last term of a geometrical series^ 
^hen the first term, the ratio, and the number of 
terms, are given. 

Prom the definition of a geometrical series whose first term 
is a. 
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The second term is ar, 

" third " ar2. 

^^ mw^^ '^ ar^. 

" twsntisth " ari». 

Hence, for the w^ term, which is the last in a series of n 

terms, 

I = ar~-i. (1) 

I. Required to find the 7th term of the series, 2, 6, 18, 
54, etc. 

Solution. 

Here a = 2, r =; 3, n = 7. 
Substituting these values in formula (1), 

Z =: 2 X 3"-i = 2 X 729 = 1458. 

II. Required to find the 10th term in the series, 

16, —8, 4, —2, etc. 

Solution. 

Here a = 16, r = — ^, w = 10. 
Substituting these values in formula (1), 

/ = 16x(- J)^ = 16x(~THb) = ~A. 

392. To find the sum 8 of Sk geometrical series^ 
wlien a^ r, and n are given* 

Indicating the sum of fi terms of the series, and multiply- 
ing both members of the equation by r, 

S = a -h ar + ar^ -{- etc., + «^""* 
Sr = ar '\- ar^ -f etc., -f ar^-^ + an^ 
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Sabtracting the first equation from the second, 

Sr — S =z ar^ ^a. 

Whence, S = ^ ^ "J^ • (2) 

r — JL 

393. Taking the equation, 
multipljring both members by r. 

Substituting Ir for at^ in formula (2) gives, 

r — 1 ^ ' 

When r is less than 1, formula (3) i8 most conveniently used 
when all the signs of the second member are changed. Thus, 

1 — r 

III. Bequired to find to 12 terms the sum of the aeries 1, 

3, 9, 27, etc. 

Solution. 

Here « = 1, r = 3, ?» = 12. 
Substituting these values in formula (2), 

8 = ^ f - 1) ^ gg^ = ^65720. 

o — 1 <c 

IV. Eequired to find the sum of a geometrical series of 
which the first term is 1536, the ratio | and the last term 3. 
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Solution. 
Substituting in formula (3) gives, 

^^3xi -1536^-1534^^3^^^ 

394. To find the sum of a decreasing greometrical 
series, when the number of terms is infinite* 

For a decreasing series the formula is, 

a — Ir 



S = 



1—r 



In a decreasing series the successive terms approach zero 
more and more. It is evident, therefore, that, such a series 
may be conceived as ending in zero. But if I becomes equal 
to zero, rl will be equal to zero, and the formula reduces to 

S = .=-5^. (4) 

1 — r ^ ' 

V. Bequired to find the sum of an infinite series of which 
the first term is 1, and the ratio ^. 

Solution. 
Substituting these values in formula (4), 

395« To insert fn geometrical means between a 
and /. 

The number of terms in the series will evidently be m -}- 2. 
That is, n in the formula I =: ar"^"^ becomes 7n + 2, 
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Making the substitution, the formula is 

Whence, r-+i = -. 

a 



= "'a/«" 



Hence, r = \/ ~ (5) 

VI. Bequired to insert three geometrical means between 5 

and 405. 

Solution. 

Substituting these values of a, l, and m in formula (5), 

r = ^^i^ = \^ = 3. 
Hence, the series is 5, 15, 45, 135, 405. 

396. There are many problems in geometrical progression 
to which the fundamental formulas do not apply directly. 
In solving them, much depends on the notation employed. 

A convenient notation for a series of 

X, xy, xy^y the ratio being y. 

Three terms is •( ^ /y 

X, Vxy, y, " " A/|. 

X, xy, xy'^y xx^y the ratio being y. 

Pour terms, \^ ^ ,, f « << V 

y' ^' ^' x' X 

Xy xy, xy^y xy^y xy^, the ratio being y. 
Five terms, ^ a^ „ o V^ cc << y 
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EXERCISES. 

^911 m i. Find the fifth term of the series of which a is 3, 
and r is 5. 

^. Given a = 6561, n = 10, r = J ; to find 7. 

«?. Find the sixth term of the series of which a is 2, and 
r is 3. 

4-. Given a = 1, r = ij, m = 8 ; to find L 

5. What is the 13th term of the series 3, 6, 12, etc. ? 

6. Given a = 164, r = |, w = 13 ; to find I, 

7 . Find 8, when a = 3, r = 2, and ?i = 8. 
^. Find 8y when a = 4, r = |, and tj = 7. 

£?. Insert 5 geometrical means between 5 and 3645. 
10* Find the sum of the infinite series 1, ^, ^, etc. 

11. Find the sum of i + f + A, etc., to infinity. 

12. What is the value of 14 -f 2 -f f , etc., to infinity ? 

13. The sum of the first and third of four numbers in 
geometrical progression is 148, and of the second and fourth 
888. What are the numbers ? 

i^. What three numbers in geometrical progression have 
their sum equal to 14, and the sum of their squares equal 
to 84 ? 

15. Three numbers in geometrical progression have their 
sum equal to 52, and the sum of their extremes is to the mean 
as 10 to 3. What are the numbers ? 

16. What is the distance passed through by a ball that 
falls 50 feet and each time rebounds half the distance ? 

17 . A gentleman divided $210 among three servants, so 
that their shares were in geometrical progression. How 
much did each receive if the second received $30 more than 
the last ? 



PART II. 



NUMERICAL VALUES. 

398. Find the numerical value of the following expres- 
sions, when a = 3, S = 5, c = 8, a; = 10, y = 4, « = 6, 
M ■= 9. 

i 



3. ViP (y + 2) — c (a + h). 

4. {(>^a + h) (c + a:) } -7- w. 



6, a: (a + y) -5- ft + w. 



\ a 



T 7 



/ • b 



7. yiVu+Vy)(c—a). 



8. 



9. 



10. 



( J* _ a;) ^ a — i. 

y^zu — h 
S + c — z 



11. 



\x + 2ft X gft] y — csw^ 



When fl = 4, ft = 9, c = 5, rf = 12, e = 1, m = 8, 
71 = 25, a; = 15, y = 10, z = 3. 



\m y Ola a 



3 n4- g 

+ m' 



3()() 



NUMURICAL VALUES. 



13. {y — a) VbnT-^ ^ y^^+ "^ + ^~l^) 



lA. f g + ^ + c 2ot + iK« + a;) ~| . 






^O. ; -=. • 

cm{a + e) + yvn 



When a = 1, i = 2, c = 4, rf = 6, e = 2, / = 0. 



^^ c<^ ^be cd 
^^' T +3^-24- 

i7. abc -^ Ud-^ ec —fd. 



18. 



y + c g 
2c — 3a 



i5. \/24(? - ^2c 4- V^. 



j?0. ^ — 4^8 -f 3c — 6. 



J?i. a2 ^ J2 ^ ^2 + ^. 



j^;?. 



(^ — C3 



cP + cd ■\- (^ 



23. V^H- -^^^9^5— -^J^. 



When a =r 4, ^ = 9, c = 5, <^ = 12, e = 1, m = 8, 
w = 25, a; = 16, y = 10, a? = 3. 



25. 



(2g — 3& + ^n)^ {abn)^ 
[(5y - 3a:) {m — 2z) V^d + 8c]* 



:?e. I zyxyz 4- cv^(a; + y) (« + ^) Vo^H-e — y + 3» 
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When a = 3, * = 5, c = 7, d = 0, wi = 2, w = 1, 
r = i, 5 = i, a; = 4, y = 10, « = 6. 



ADDITION AND SUBTRACTION. 

399. Find the sum of: 

i, 3a -f i — c, 9a — 6J — 10c +/, 8a + 6J — 8c +3/, 
4a — & + c + y, and 6a — 3J — 8c. 

«. 6iB3 + 3a:» 4- 2a — 7J, Sar^ — 8J + 22:*, 5a — 6a;8 — 4J, 
and — 7a + 25. 



5. 3am + w' + 8Vm + w, 5am — 9Vm~+w, — 3m*^ 
+ Vm + w, and — 8am + 2m® — Vm + w, 

^, 4a;* + 2a;y + y' + 4, — 3x* — 5a;y — 2y2 + 11, and 
3a:y + 7y2 + 3, 

5. 5a2 + 2a* + 3*2, 5*2 + *» — 2a2, and ~ 3a2 — ab 
-2*3. 

6. a2 + 3Wa? + x^y 21^ — 4a2 — 9ar«, and 3aa + 8a?» 
— 4Wa? 4- 3c2. 



302 ADDITION AND SUBTRACTION. 

7. aT-V + ^af^, 2a" — 3S* - rc^, and a"+4^»_2/i. 

8. cr^ -f 3ft-2 ^^j^d, — Zar^ + Ir^ + ISc^ — d, and 

5. 6 V» — 3 Vy + 5, 2Vy — a? — 3, and 2^/5 + Vy 
+ 8. 

10. Sa^d — 2c\** + aid, 2a%* + 3c^ — 5a*c*, and 
a\?* — 6e^ai + 8aM. 

11. 5 (fl — «*) + dVa — a; 4- 5, 4(a — ar^) — 2Va-a; 
+ 8, 2 (a — ar») — SVa-^x — 12, and — (« — a^) + 
2Va — a? — 1. 

IJ?. rf* — 2ft* + 3^ — 4d^, 23a" + 16ft* — Uc^ + 12<?», 

— 14^ + 15ft* — 17(^ + 19d«, 18a" - ft» + c^ ~ (?, and 

— 13a" + 5ft* — 3^* + lld«. 

13. a^ — ia«a; + iaa^ — fa^s, a^ + i«^ + ioic^ + faJ*, 
and 2a8 — iah: + -f^ + ?V^- 

I^. a-ift+}c-irf, -Jc + |a-ift + rf, iei-i* 
4- c — a, Ja — irf + ft — fc, and 8a — 6ft + 3c — 4d. 

15. Prom — ah? + 4aa;y — 3afty2 take 4afty^ — 6aa;y + 
2aaa:«. 



16. Prom Var^ — y^ ^ 4 (x+y) — 3 Va + a; take 3(a:+y) 

— 2 Va^^ ■*- y8 + 3Va + a:. 

17. Prom 2a2 + oa? + a?« — 12a2a: + 20aa:^ — 4a:» + 6flV 

— 10a«8 take a^ — 3aa; + 2a?« — 16a2a: + 12aa;8 — 12aa:»— 4a:* 
+ 2a«ar«. 
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18. From 2xVa? + y — 3aajy + 2aftc take — llaxy -f 
llad^; — xVx + y. 

IP. From 9aa; — 13 + %Oalhi — 4*«c» take ^bc3^ + 9aa; 
— 6 + 3flWa;. 

20. From 5a* — 7a«S8 — ZcdJ^ + 7d take — IbaW + 3a* 
_ 3a2 _ 7cd8. 



MULTIPLICATION. 

400. MtOtiply: 

1. \o^ -\-^a? ^ 16a; + 32 by 3aj — 6. 

2. a' — aJ + a^ + Jc + J^ + c* by a + J — c, 

S. «* + 3«8 ^ 5aj2 + 4^ ^ 1 by a:3 _ 3ip8 + 4|. _ 1, 

^. iB^ + 3a:* + 6a:8 + lOar^ + 15a; + 21 by a:' — 3a;8 ^ 
3a; — 1. 

5. 3a;» + 2a;a — 5a; by 4a^« — 7a;. 

e. 2a;» + 4a:^ + 8a; + 16 by 3a; — 6. 

7. 16a8 — 24a2ft + 36aft2 _ 27*3 by 2a + Zb. 

8. a;* 4- 2a;8 + 3a;3 ^ 2a; + 1 by a;8 _ 2a; + 1. 

9. 3ar8 __ 5af>y-» -f. ^-^ by 2ar*y". 
iO. i + 2a; + 3a;» by 1 — 6a; + 9a^». 

11. — a-«a;» + 7a-^ + Sa^a;* by 2a-8a;8 — 3aa;*. 

12. |a;8 _ 5a4j + ja; ^ 9 by ^a;« — a; + 3. 

13. z^ — x^y^ + x^yi — yA by a;^ -f- yA. 
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14. a^ - a^-i -h xy-i - y"* by a; + y"*. 

15. |a»*2 _ 1^2^ ^ 6^j4 by ^4 _ 2a% 

itf. |a; + fy 4- 5« by -|« + 5y. 

17. x^ — ^TS'ip + y*» by af — y". 

18. \a^ — |« + 1 by Ja2 _ 1^ ^ 6, 

i5. |a;« — 5a^ 4- iic + 9 by ^ir^ — a; + 3. 

;?0. 6a:* — 3«8y ^ a^jy _ Sg-y* 4. j^y4 by «» + Ja;«y 

DIVISION. 

401. iKt^lild; 

i. fl» + 32i« by a -f 2J. 

*. 8mi<> — 9w* 4- wi by m* — 2wi + 1. 

J. i — 6a8 4- 27a* by J + 2a 4- Sa^. 

^. |a8 — f a2j ^ 1^^ _ ^53 by 2a — \l. 

6. a^a + |a; + I by a; 4- i. 

e. ar* — ^ajc8 4. ^aa; — «* by a^^ + Joa? — a'. 

7. a^ 4- aft 4- *^ by o + a*i* 4- *• 

5. ajJ — - a^ by a?i — a^aji 4- a. 

5. a:*» — y** by af 4- y*. 

iO. 7^ 4- a?*»y2" + y*» by ar^ 4- a:»y" 4- y*. 

ii. 16a8a:2 — y by 2a*a:* -f y*. 
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12. m« — ^mH^ — fwV + ^n^ by m^ + mhi-\- ^mn^ 

13. 48aV + ^H 4. ^i^ by 6aH - 3att + J. 

J^. a;» — Sx* — a;J + 136a:* — 128 by a;* — 2a:*— a^+2. 

15. 24«« — A|JS^ii-2 — i»^J-V- by 4a8 — 4a*H - f^-f. 

ie. 12w' — Um}n^ — n» by 4w^ — 2w^w" — 2w^. 

J7. 96a:V^ _ aj« — |a;* — ^a:— tV by 16a:*— 8a:*4-fa^*— f 



FACTORING. 

40!3. Arts. 123 and 134 show the method of factoring 
the sum or the difference of eqrml odd powers of two quanti- 
ties. This method may be extended to cases where the terms 
of the binomial may be expressed as equal odd powers. 

Thus, 
a:3 + yo = ar^ _^ (yzy = (a: + y^) (7? - xy^ + y'Y 

afi-ty' = i^y-h (y^y ={^-h y') {x^-a^^-i- y"). 

a:iO— yi5 -_ (a?*)«— (y3)5 = (a^—y^) {a^-]-afiy^-hiC^^+ix^y^-hy^). 
xi-yi = {xif^iyif = (a:* - ^*)(a* + xiyi + y*l 

403. Factor the foUotvitig : 

1. a^ -^ b% x^ — y\ x^ + y% x"^ — y^, p^ — q^. 

2. a:l»4-y^^ x^ + y^, a* — *io, m^ + n^\ a«+a:«.- 

3. a:l« + y*^ fli5_^i5^ p2o^qi5^ a^s — yis, a;»«4-y^^. 
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HIGHEST COMMON DIVISOR. 

404. Mnd the H. C. 1>. of the foUawing : 

1. a^^6ji^-- 17x 4-21 and ar* — Sa:^ — 25a; — 21. 

g. a^ + lla^ + 31a; + 21 and 2a;3 ^ 173^ ^ iq^ _ 35^ 

^. a;3 — 6a;2 + 11a; — 6 and a;8 _,_ 4a^ ^ a- _ g^ 

4. a^-- 19a;2 ^ ng^j. __ 246 and 3ar» — 38a; + 119. 

5. a;8 — 8ari + 19^ _ 12 and 4a^ — 27a;« + 58a; — 39. 

6, 2a;s + 9a;2 + 4a. _ 15 ^nd 4a;3 ^ g^^^ ^ 3^: + 20. 

7. Sa^ — x^'-'2 and 2a;S + 3arJ — 2a; — 3. 

8, 6x^ — 18a^^ + 11a; — 6 and a;*— 9a;3+29a;2— 39a;+18. 

9, a^^^x + 3 and 35a;5 _ 20a;3 + 15a; —30. 

10, a^ -{- ba^ + 6 and a;^ + 40a; + 39. 

11. 4a^ — 10a^« + 6a;— 15 and 14a;4— 35a;8 4-4arJ— 12a;+5. 
1^. x^ — 82x1/^ — 3y5 and x^ + 2Sx^y^ — %y\ 

13, 7^ — ^8xHi^ + 7/ and 7a;« — 48a;V^ + t^ 

14, a^h — ba^hc^ —l^a^hc^ — 49*c« and a^— 27«V— 77fl(;* 
— 245^5. 

15, 7^ — 15a;2 — 24a; — 10 and a^ + 10ar« + 15a; + 6. 

16, 2a;« — 9a;* — 8a;3 _ 1 ^hd a;« — 15ar« — 24a; — 10. 
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LOWEST COMMON MULTIPLE. 

4:05. Find the L. C. M. of the foUawing: 

2. rK2 + a; — 30, 2^2 ^ 11a; -f 30, and a?« — « — 42. 

2. 7 (a; — y), 14 {a^ — y% and 21 {a^ - y«). 

3. 11 {a% - ab^), 33 (a* - *^), and 22 (a^ - J^). 
^. 2a:2 ^ 3a; _ 2 and a:^ 4. .^ __ 2. 

5. x^ -{- 2x ^ Z, a^ + x^ — lAx — 24, and ar^ — 3ai8 — 
6a: + 8. 

6. 16ar« — 20a; -- 6 and ila? --^ ba^ + bx — 3. 

7. a;8 __ 7a. _ 6^ a;3 ^ 7aj2 ^ 14a. _^ 8^ and a;« + 3a;* — 
10a? — 24. 

^. rr^ — 9a;2 ^ 26a; — 24, a;^ __ lOa^ ^ 31a; _ 30, and 
a^ — lla;2 + 38a; — 40. 

9\ a;° — 5ar' 4- ic2 + 4a; — 4 and a;* + a;3 _ 6ar2 _ 43:4.8. 

10. x^ — 7ar' — 7a;« -h 43a; + 42 and a;* _ ga^a ^ 9a5 ^ 
41a; — 42. 

11. a;3 _ 6a;2 _^ 11a; __ 6, t^^^o? + 26a; — 24, and a;» 
■- 8a?J + 19a; — 12. 

12. a;3 _ 9a;2 _^ 26a; — 24, a? — 10a? + 31a; — 30, and 
a? — lla;2 -f 38a; — 40. 

13. a;* — 5a:8 — 7a;2 ^ 29a; -h 30 and x/^—a^—W-^x+Q. 

14. a;s _ 2ar» — 29a; — 42, a;3 _ 8a^^ + a? + 42, and s? 
- 7a;2 __ 9a; + 63. 
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FRACTIONS. 

406. Bedmee the foUowing to their Mmplese fomtB. 



1. 



S. 



7. 



8. 



9. 



13. 



o*srh^ 



ffixy -f axy^ 



axy 



, 9flry ~ 15ay* 



lla» — 2%a x 
33 (a* — 4a^ 



dbc + 9 Jc — Sc* 
2aW/ + l^Mf — lOw// 



g2 _ fl^ _ 2y 
o» — 3a* + 2*2' 

aJ 4- 3a^ — 4 



5. 



6. 



10. 



11. 






27a:* 



16x^ 4- 35ar^ + 3a; + 7 
rr* 4- 63«8 — 12a? ^=^285' 

-, a:* + (2*2 - g8) a^g + y 
**' ar* + 3aa:8 4. fl^aa* _ 54 ' 



j^ gs + 3ay — 4a2*8 

77 ari 4- a; - 12 

0:3 — 5arJ 4- 7a; — 3' 



a:* — ^ 
a« — *«a;3- 

g8 4- 2q^ 

fl2 4- 4« 4- 4' 



3ga:^ ~ 13aa? 4- 14fl 
7a;8 — 17a:» 4- 6ar ' 

2a:» 4- Sa:^ — 3 a: 
a:8 4- 2ar8 — 3x* 



16 ^ ^ (^ ~ ^) ^ — <^ 

a:* 4- Jar^ 4- CKc 4. 0^ ' 



1 
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^^- 5^-^5^ 

^ Q a;^ — (3m + 5^*^) a? H- Ibmn^ 
ic* — (3m — 5w^) a^ — 15m/^^' 

«/} (tg& - 1)3 + (g + a ~ 2) (g 4- ^ - 2g&) 

(«d + 1)3 - (a + ft)2 

4:07. JPiiiit </ie v€Uue of tJie fcUowing : 

. 5a; + 8 2a; — 9 ^ Ya;^ — 8a;y gy — 2^^ 

6 3 ■ 9 18 ' 

V 

^ 5a2 + Z> 4a2 4. 2^ 
^' ~h- + '5S • 

, 2a; + 1 4a; + 2 1 
•*• 3a; "^ 5a; "*" 7' 

^ 4a; + 2 2a;— -3 >, a;(aH-a;) 5aa; — a;^ 

^- — Q 5:;;: — ^- ^; — T"^ — :;: — T"' 

o ox a — X X — a 



X 



2^Jhj^y_4-_2y2 

2ar2 + 2aJy a; — y 

o ti^ 3a 2aa; 

^- - + 



a — x a -\- X d^ — Q^ 

9. -^-^^+ ^ 



a;3— 1 1— a; a;4-l 

.^ 1 1 2a 

10. —T-Z + - z + 



a + a; a — x a^ + a^ 

.^ da — U 2g — 6 — g 15g -~ 4c a + 64t 
7 3 "*" 12 84 
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bx^ + 2 3a:» — 5» — 12 Sir^ — 2 



12. 



u. 



z — 1 1— a^ a: -f 1 

1 



^^' A /I . .A "~ T7Z — r\ + 5 



4(l+y) 4(y-l)^2(l + y^) 

i — 2g g — 2a 3a;(a~ft) 
a; — J a; + J *» — «» ' 



y^ __l l_6 / 2 16 \) 

1 + aJ 1 1 - a: \1 + 2a; 2ar - 1/ ) 

;^ __1 L . 1 



a:^(a^ + y^) 2a:8(y - a;) ^ 2a:8 (a: + y) 

/;? ^ + ^^ _ 2 — 3a; _ a;^ _ le^; 
2-a; a; + 2 ar» — 4* 

29 ^ — y^ , f — xz z^ — xy 

• (a; + y) (a? + ;?) "^ (a; + y) (y + 2^) {x-^z) (y+«)' 

^/i ^ - (y - ^)^ , y^ — (a? - ^)^ . g^ - (g - yf 

J a;a — 9a; + 20 a^^ — 13a; + 42 
7^ — 6x x^ — 5a; 

x+1 x^-hx-^2 
a; — 1 x* -\- X 



2ar» — 4a; 



a-f-6 ax -]- 7^ \ ' a — xf 



FRACTIONS. 
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*-• (' - ifi) ^ (^ n-^j- 



26. 



27. 



99. 



30. 



x{a — x) ^ x{a -}- z) 



m^ — mw + n^ 



m^ — n^ 



m^ -— Smn {m — n) — n* w* + »^ 



**• \a^ + l'^ x^^l\ ' Ix'^l ar^-lj 



a + * 4- - 
a + i + 1 



a + 



ft — a 
1 -f «S 



1 — 



a{b — a) 
1 -}- ab 



31. 



a^ + V 



a^ — ah ^-V 
a — b 



%a + b 

a '\- b 



- 1 



1 — 



a + b 



33. 



35. 



1 -pa; 1 + a; 1 — a; 



1 — 



x 



1 -^-x 



1— a; 



l-{-x 



34. -1 r_3j_ 2^-^ 1 



a-^ 



+ 



*2 



(a! — a) {a — b) (x — b) (b — a) 



36. 



+ 



+ 



(o _ 5) (o _ c) '^ (b — a) (b — c) ^ (c—a) (c—b) 



37. 



+ 



^U — y)(^ — ^) yiy ~ «) (y — «) «y« 
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S8, , — yj, — ,+, — ^ — ,+ ^ 



S9. 



(x — t){y — x) {x — y) (y — «) («— y) (x—z) 

X + y a; + 5 y + 5 

(a, _ 5) (5 - y) («-y)(y-6) (x-y) {5-x) 



(a-hy {a-bf 1 1 

•^- (a — J) — l"*"i — o — l^J + 1 — o o — * + l 



42. 



(« + y) (y — a;) (o + x){a + y) (a-^x){y—x) 

a^ — 6 2a; + 9 3a! + 4 

aa_5a! + 6~5(a: — 3) 5 (a; — 2)' 






(l-ffl«) (a-b) ^ (*»-!) (a— J) "^ (**-l) {l—ab) 



THE FRACTIONAL FORMS, §, g, §• 

408. I. Zero divided by a finite quantity equals zero. 

The value of any fraction will become leas^ if its numer- 
ator is diminished while its denominator remains constant 
Hence^ when the numerator is assumed less than any assign- 
able quantity^ the value of the fraction must be less than any 
assignable quantity. In other words^ when the numerator 
equals zero^ the value of the fraction equals zero. 

Hence^ - = 0. 

a 

II. A finite quantity divided by zero equals infinity. 

The value of any fraction will become greater, if its denom- 
inator is decreased while its numerator remains constant 
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Hence^ wlien the denominator is assumed less than any 
assignable quantity, the value of the fraction must be greater 
than any assignable quantity. In other words, when the 
denominator equals zero, the value of the fraction equals 
infinity. 

Hence, - = oo . 

III. Zero divided by zero may represent any value 
whatever. 

Whatever the value of a, 

axO = 0. 

Dividing both members by 0, 



Since a may have any value whatever, 

g is called the symbol of indetermination. 



SIMPLE EQUATIONS. 

409* Mud tlie values of sc in the folUnving : 

. 8a; -f 5 7a; — 3 _ 4a; + 6 

14 "^ 6a; + ^ "" 7 ' 

ax hx . 



b{x -{- c) a{x ^ c) 
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5. 



8. 



11. 



12. 



13. 



a b a — b 



X — a X — b X — c 



- 3 + 17x 18 + g _ 21— z 27 
3x "^ 5x ~ 9x ^ 4a:' 

_ l(te + 3 , 418 15a;— 7 



5x — 4 ' 25a? — 16 ' 5a; + 4 

»»' — 1 m{a — 2w) 1 — «* n{a + m) 
m — n a — x n — vi x — a 

2 _ 1 27^ _ 17 4- 30^a; _ 2 + l^g ^ 



• a: 8 "^ 16 "~ 8a; 16a; 

in 20+ia; 19a;- 21 ^, _ Hj 



a — b 



X — a X — b a? — ab 



X — a X — a -\- c X — b — c x — b 

X — a X — a — 1 X — b x — J — 1 



X — a — 1 a; — a — 2 a; — ^ — 1 x — J — 2 
14' {x 4- a) (2a; + A + of = {x -{- b) {2x + a -\- c)\ 
^^ 7 — 2a; 2a; - 1 , oa; - 4A 17 4- 3a; 

16. {x — a)3 (a; 4- « — 2J) = (a; — bf (a; — 2a 4- *)• 
^abc aW (2« + A) bhi _ o^^ . *« 



_J 



18. i(^-2)- 
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{x - 3) {^x — 10) 



9 



^Q a^ (a 4- c) a^ (S -f c) . __ («' + o^) w 

(a — J) (a; — a) (a — J) (a; — S) "" a^ ^ a^ 

= («-D(l+')+(l-»)- 



1 + 3a; ' 2a; + 1 * 1 + 3a; 

^«. ^ (^ + ^)' +{m + n)=. (3(^+^))(gL + i^) 
cmW ^ \ mn /\ cmn / 

— mn -f (a; + 1) (m + w). 

«5- (a; — o) (a; — J) (a; -f 2a + 2J) 

= (a; + 2a) {x + 2^) (a; — a — J). 



PROBLEMS LEADING TO EQUATIONS CONTAINING 

ONE UNKNOWN QUANTITY. 

410. I. A cask contains 12 gallons of wine and 18 gallons of 
water ; a second cask contains 9 gallons of wine and 3 gallons 
of water; How many gallons from each cask will produce a 
mixture composed of 7 gallons of wine and 7 gallons of water ? 

Let x = gallons from first cask^ 

then 14 — a; =: " " second cask. 

Since the first cask contains 30 gallons^ of which 12 gallons 
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m 

are wine, a gallon from the first contains \^y or -| of a gallon 
of wine. 

In like manner^ a gallon of the second contains -^y or f of a 
gallon of wine. 

So that X gallons from the first contain x times |^ or — 
gallons of wine ; and 14 — :e gallons from the second contain 
14 — X times J, or — ^ — 7 gallons of wine. 

Whence, — H ^— 1 ' = 7 : 

4 

8a; -f 210 — 15a: = 140. 
- 7a; = - 70. 
X = 10, number of gallons from first cask ; 
14 -— a; = 4, *^ ^' *^ second cask. 

i. Two hundred pounds of bronze contains 140 pounds of 
copper and 60 pounds of tin. How much pure copper must 
be melted with the bronze so that 84 pounds in each hundred 
of the mixture shall be copper ? 

S, Gun metal is composed of 90 per cent, of copper and 10 
per cent, of tin. Speculum metal contains 67 per cent, of 
copper and 33 per cent, of tin. How many cwt. of speculum 
metal should be melted with 8 cwt. of gun metal to form an 
alloy containing three times as much copper as tin ? 

3. There are two bars of metal ; the first contains 14 oz. 
of silver and G oz. of tin, the second 8 oz. of silver and 12 of 
tin. How much of each must be taken to form a bar of S 
oz. containing equal weights of silver and tin ? 
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II. At what time between 6 and 6 o'clock will the hour 
and minnte hands be together ? 

Thjese time problems are simply questions' of pursuit. The 
minute-hand goes 12 times as fast as the hour-hand. Hence, 
the minute-hand in going 12 spaces of any kind gains 11 of 
those spaces. 

At 5 o'clock the minute-hand is 25 minute-spaces behind 
the hour-hand ; it must, therefore, gain 25 minute-spaces 
hef ore the hands are together. 

Let X = the minute-spaces the minute-hand must go after 
5 o'clock to overtake the hour-hand. 

Since distances gone and distances gained by the minute- 
hand must always be proportional, 

12 gone : x gone : : 11 gained : 25 gained. 

Whence, 11a; = 300, 

and X = 27tV. 

Hence, they are together at 27^ minutes after 5 o'clock. 

HI. At what time after 8 o'clock will the minute-hand be 
10 minute-spaces ahead of the hour-hand ? 

At 8 o'clock the minute-hand is 40 minute-spaces behind 
the hour-hand. Hence, it must gain 50 minute-spaces to be 
in the required position. 

Let a; = the minute-spaces the minute-hand must go after 
8 o'clock. 

Then, 12 gone : x gone : : 11 gained : 60 gained. 
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Whence, 11a; = 600, 

and X = 55^. 

Hence, they are in the required position at 55^ minnteg 
after 8 o'clock. 

IV. At what time after 6 o'clock is the hour-hand just as 
far beyond 6 as the minute-hand lacks of being at 6 ? 

Let X = the minute-spaces the hour-hand must go, 
and 12« = " " " minute-hand *' 

But since in the required position the minute-hand lacks 
X minute-spaces of being at 6 o'clock, 

l%x -{- X = 30. 
Whence, 13a; = 30, 

and 12a; = 27^. 

Hence, the required time is 27-]^ minutes after 6 o'clock. 

4. At what time after 2 o'clock are the hands of a clock 
together ? 

5, At what time after 6 o'clock is the hour-hand 5 mia- 
ute-spaces ahead of the minute-hand ? 10 minute-spaces 
behind the minute-hand ? 

6, At what time between 9 and 10 o'clock are the hour 
and minute hands opposite ? 

7. At what time between 7 and 8 o'clock is the minute- 
hand 15 minute-spaces ahead of the hour-hand ? 
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8. At what time between 11 and 12 o'clock are the hour 
and minute hands opposite ? 

9. At what time between 7 and 8 o'clock is the hour- 
hand as far beyond 7 as the minute-hand lacks of being at 7 ? 

10. At what time between 5 and 6 o'clock is the minute- 
hand as far beyond 6 as the hour-hand lacks of being at 6 ? 

11. At what time between 8 and 9 -o'clock is the hour-hand 
as far beyond 6*as the minute-hand lacks of being at 6 ? 

12. Two thirds of A's money is equal to three fourths of 
B's, and A has $175 more than B. How much money has 
each? 

13. A horse and carriage cost 1750, and the carriage cost 
1^ times as much as the horse. What did each cost ? 

i^. I paid 1136 for 100 bushels of corn and 80 bushels of 
potatoes. How much a J)ushel did each cost if the com was 
10 cents a bushel more than the potatoes? 

15. A walked 24 miles farther in 12 hours than B in 9 
hours. What is the rate per hour of each, if A walks as far 
in 4 hours as B in 5 hours ? 

16. A thief has If hours' start of an officer, and travels 
6 miles per hour. If the officer catches him after traveling 
100 miles, what is his rate per hour ? 

i7. A steamboat requires 6 hours and 40 minutes longer to 
go up a river 100 miles than down. Find the rate of the cur- 
rent, if it be one-fourth that of the boat in still water. 

18, If 100 gallons of a mixture of wine and water contain 
8 gallons of wine, how much water must be added to the 
mixture so that 65 gallons may contain 4 gallons of wine ? 

19, A boat steams down a river a distance of 39 miles in 
2 hours and 36 minutes, and returns to the point of starting 
in 4 hours and 20 minutes. Find the rate of the current, 
and that of the steamer in still water. 
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BO. At what time between 3 and 4 o^clock is the honr- 
hand as much beyond 12 as the minnte-hand lacks of bemg 
at 12 ? 

j^i. A thief is 20 of his own steps ahead of an officer^ and 
takes 3 steps while the officer takes 2 ; but 8 of his steps are 
equal to 5 of the officer's steps. How many steps will each 
take until the thief is caught ? 

HZ. A trader maintained himself for three years^ at the 
expense of $500 a year, and in each of those years augmented 
that part of his stock which was not so expended by ^ thereof. 
At Ihe end of the third year his original stock was doubled. 
What was his stocky at first ? 

S3. A watch gains 2 minutes per hour more than a clock 
loses^ and 819 hours by the watch are equivalent to 767 by the 
clock. Find the error of each per hour. 

j?4- -A.n alloy of gold and silver weighing 140 pounds con- 
tains 30% of gold ; with how much silver must the mass be 
melted so that there may be 25% of gold in it ? 

B5. A man leaving home took with him 4^ of his ready 
money ; he lost 110 less than | of what he had with him ; 
paid for car-fare 113 less than -^ of the remainder ; and his 
pockets were picked of 114 more than f of what then re- 
mained. On his return he found that he brought back only 
^ as much as he had left at home. How much money had he 
before leaving hoftie ? 

GENERAL PROBLEMS. 

411. A general problem is a problem in which quan- 
tities to be treated as known are represented by letters. 
Strictly, in a general problem, all values that are assumed as 
known are represented by letters. 
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412. An answer to a general problem is called a formula. 
A formula expressed in ordinary language is a rule. 

I. The sum of two numbers is s and their difference d. 
What are the numbers ? 

Let X z= the greater number. 

Then x — d = "less " 

But X -{- X -— d = s. 

Whence, 2x =z s -}- d. 

And X = — ^ — , the greater number. 



Also, X — d = — ^ ^ 

= iZL^, the less number. 



All problems in which the sum of two numbers is given 
and the difference between them, may be solved by substi- 
tuting the given sum and difference, respectively, for s and 
d in these two formulas. 

Thus, if A earns $26 more than B, and if together they 
earn $71, to find what each earns, 

—^ — becomes ^ = $48, what A earns ; 

and — ^ — becomes ^ = $23, what B earns. 
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II. A is m times a3 old as B^ but in b jeaiB A will be only 
n times as old as B. How old is each ? 

Iiet X = B's present age. 

Then tnx = A's " '' 

But mx -i b = {x ■}• b)n. 

Whence, {m — n) x = bn — b. 

Hence, x = — , B's present age. 

m — n 

And ^^ &m(n-l) ,^ ,. ,, 

7/1 — n 

1. A is 3 times as old as B, but in 16 years he will be only 
twice as old. Find by the formulas the age of each. 

^. A*8 money is 5 times B's, but after each earns $35, A 
has only 3 times as much as B. How much has each at first ? 

III. A can do a piece of work iu a days, B in ^ days, and 
C in c days. In what time can they do it working together ? 

Let X = the required time. 

.Then - = the part they can do in one day. 

X 

But -, T, and - = respectively the parts A, B, and C 
a c 

can do in one day. 

TT 1111 

Hence, - -f ^ -f - = -. 

a c X 
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Whence, ahx + clcx + hex = abc. 

dbc 



And X = 



aJf + ac + be 



3, A, B, and C respectively can do a piece of work in 8, 
12, and 15 days. In what time can they do it together ? 

4- A cistern has three pipes. Separately, the first can fill 
it in 4 hours, the second in 6 hours, and the third in 12 
hours. How long will it take if they run together ? 

IV. A steamer whose rate in still water is a miles per hour, 
can go a certain distance down stream in m hours and return 
in n hours. What is the velocity of the current ? 

Let X = velocity of the current per hour. 

Then a -f a; = rate per hour down stream. 
And a — ir = " " '' up " 

So that (a -f a;) m = {a — x) w. 

Whence, x = —^ -> 

n -}- m 

5. A steamer whose rate in still water is 15 miles per hour 
can go a certain distance down stream in 6 hours and return 
in 9 hours. What is the velocity of the current ? 

To show more fully the nature of generalization, we shall 
solve a celebrated problem and discuss the result. 

PROBLEM OF THE COURIERS. 

V. Two couriers, P and Q, travel at uniform rates along a 
road AB in the same direction. P's rate is a miles per hour. 
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and Q's b miles per hour. At a certain time they are m miles 
apart ; when are they together? 

A P Q B 

\ STEDBE i 



Let X = the No. miles Q travels before he is overtaken. 
Then «i -f a? = the No. miles P travels to overtake Q. 

Hence^ y = time Q travels before he is overtaken. 

Q 

m -4- X 

And ^ = " P « to overtake Q. 

a 



So that, Y = f since the times are equaL 

a a ^ 



Whence, ax =: hm -^ bx. 



And X r= , distance Q travels. 

a — o 

Ai . , bm 

Also, w -f a; = w -f 



a —-b 
am 



a — b 



, distance P travels. 



The time, j- = r -i- b = - 



b a—b' ~ a — b 

In discussing these formulas, the distance between the 
couriers and their rates of travel may be assumed at pleasure, 
that is, they are arbitrary quantities. 
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1. a may be greater than b, 

2. a " *' fe55 '^ by \ when m is greater than 0, 

3. a " " eqibdl to b, 

4. a may be greater than ^, 

5. a " '^ less '^ b, J- when m is equal to 0. 

6. a " '^ eqtml to b, 

In this discussion^ when the formula for the time becomes 
negative for any values of a, b, and m, it will be interpreted 
to mean time be/ore the ^'certain time" mentioned in the 
problem (T, for brevity) ; when positive, it will be interpreted 
to mean time after T (Art. 63). 

In like manner, positive values for the distance formula 
will mean distance to the right of Q's position at T\ negative 
values will mean distance to the left of Q^s position at T, 

In (1), 
— —T is positive ; they will be together after T. 
bm 



a — b- 



a ef ec c< 



at the right. 



Since they are together after T, it must be to the right 
of Q's position at T. 

In (2), 
Y is negative ; they were together before T. 

bm 



a — b 



i£ (< ii 



at the left. 



Sinbce they were together before T, it must have been 
to the left of Q's position at T. 
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In (3), 
becomes qc ; the time is infinite. 



a — b 

bm 
a — h 



'^ X ; the distance is infinite. 



Since their rates are equal, and they are separttted at 
7t they never have been, and never udU be, together at 
iHAjf point of time or distance. 

In (4), 
becomes -f 0^ the tiine after 7^ when they are together. 



a — b 
bm 



(( 



-{-0, the distance to the right when they are 
a — b 

together. 

Sifiotf P's rate exceeds Q's, P passes Q at T; they have 
never been together before, and uuUZ never be together 
again. 

In (5), 

m 
a —-b 

bm 



becomes —0, the tims before T' when they are together. 



t( 



— 0, the distance to the left. 



a — b 

Since Q*s rate exceeds Fs, Q passes P at T; they have 
never been together before, and wUZ never be together 
again. 

In (6), 
becomes - ; the time is indeterminate. 



a — b 

^' - ; the distance is indeterminate. 



a — b 
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Since l^s rate equals Q,'s, and they are together at T, 
they always have been, and always vnll be, together, 

6. Find, by substitution in the foregoing formulas, at what 
time between 5 and 6 o^clock the hands of a clock will be 
together. 

7. A train whose rate is 30 miles an hour leaves New York, 
and is followed 4 hours later by a train whose rate is 36 miles 
an hour. How far from New York, and how long after the 
faster train starts, will it overtake the slower train ? 

4:13. Solve tike foUawing general probletns : 

1. Divide d dollars among four brothers so that each shall 
have m dollars more than the next younger. 

2. One man spent a dollars for sheep, and another got the 
same number of sheep for h dollars, paying c dollars less per 
head. What price did each pay ? 

3. Divide the number n into four such parts that the first 
increased by r, the second diminished by r, the third multi- 
plied by r, and the fourth divided by r shall all be equal. 

4' A has a saddle worth a dollars, and two horses. If the 
saddle be put on the first horse, their united value will be m 
times that of the second horse ; if it be put on the second 
horse, their united value will be n times the value of the first 
horse. What is the value of each horse ? 

5. A person rides in a coach at the rate of m miles an hour 
and walks back at the rate of n miles per hour. How far did 
he go if he was gone h hours ? 

6, The length of a field is a times its breadth ; another 
field h rods longer and c rods wider contains d acres more 
than the former. What are the dimensions of the smaller 
field ? 
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7. Two vessels contain equal quantities of water. From 
the first a gallons are drawn^ and from the second b gallons, 
after which m times as much remains in the second as in the 
first. How much did each originally contain ? 

8. How much tea worth a cents a pound must be mixed 
with b pounds worth c cents a pound so that the mixture will 
be worth d cents a pound ? 

9. A workman is engaged for a days at b dollars a daj^ on 
condition that he shall forfeit c dollars for each day he is 
idle. At the end of the time he receives d dollars. How 
many days does he work ? 

10. A garrison of m men had provisions for d days. At 
the end of e days a reinforcement came^ and the provisions 
lasted only r days longer. How many men in the reinforce- 
ment? 

11. A, B, C, and D invest a dollars in a speculation. B 
furnishes m times as much as A ; G as much as A and B to« 
gether ; D as much as B and C together. How much does 
each invest ? 

12. A and B can do a piece of work in a days ; A and C 
in h days ; B and C in c days. How long would it take each 
to do it ? How long all together ? 

13. Gold is a times as heavy as water^ and silver is b times 
as heavy. A mixed mass weighs c ounces and displaces d 
ounces of water. How many ounces of gold in the mixture ? 
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414. Find the vtUue of x: 

J 5a; — 9 V6x — 3 

VEx + d "" ^ * 

V^x + l ^ 

A / 7 8 — X 

3. yx — 4 = 



V^+4 



^. Vi + jJ^ — Vl ■— a? = 1. 



5. V^oa; + y^ z=z a — x. 

6. V4:a + X = 2Vd -I- a; — Vx. 

7. a: -I- a -I- \/2aS~+^ = b. 

8. V« + ^ + Va — x = 2 Va?. 

9. \/5 (a; + 2) = a/sS + 2. 

/- / Va 

iO. Va; — va + a? = — p- 

Va; 
ii. V^ + V^ (a + ^ = V«. 



ii?. V^+ ar* = 1 -I- a;. 



i5. Va; — a = i/a; + V* + «. 



i^. a -f a? — Vinj^ -f a:2 = 5. 
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15. j/a? + 2\/ax + a* = Va + VS. 
itf. a + X — V2aa; -|- a? = *. 



17. a + a: 4- Va* + te+^ = J. 

1 la 



IP. 



« _ Va2 — a;*- a -|- Va^ — a;2 ar^ 



go. ; H ; = «a?. 

x^ V2 — x^ x — V^ — a^ 



21. X + ^/a^ + ^ = 



na^ 



VoM^ 



i?i?. |/i+^ + vT--^ = vT^=^ - WT^. 



23. ^-=1^^:=£ = .. 

Vfl + a; + V^ — a? _ V^^ 
V^ Vh 



a; — V a^^ — 1 a: + v a:* — 1 



a; + Vg ^ — a^ ^ 
a: — V ar^ — a^ ^ 

27. 2\/2a^ -i- ax + x^ = x -{- dcu 

12a 



28. V« + a; + V« — a; = 



5V« + 



a: 



ss. 



34. 



35. 



36. 



37. 
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^9, v5_^v^^:y^, 

Va Vx V^ 



30. ^ ^ + ^ 



Vx + Va—'X Vx — Va — a Vx 



31 fl^ + g + V 2aa; + ^ _ ^ 
a + X — V^ax -f x^ 



V. 



:; — :; + ^ q 

a — X o 

2 



/a -h X 
\ a — X 



V3x + 1 + 3 _ V7x + 8 + 4t 
V3a; + 1 — 3 "" V7a; + 8 — ^ 

VSx + 1 + ^23? — 7 __ V28g + 1 + V3 (4a; - -5) 
V3a; + 1 — V2a;— 7 ~" V28a: + 1 — V3 (42:^15) 

V6a; + 1 + V^ ___ 7Vx — 4 + \/7a; + 8 
V6a; + 1 — v^ "" 7Vx^^ — V7x + 8* 



V3 (a: + 1) + \/5^2 __ V9jr + 1 + V2a; + 3 
V3 (a; + 1) — Vic — 2 V9a? + 1 — V2a; + 3 



V4a: + 5 + V2a; + 3 VSa; — 6 + V3a; — 8 

■ — - ^^^ — < 

V4a? + 5 — 'v/2a; + 3 V5a; — 6 — V3a; — 8 



V« + ic + Vd — X _ a/c + ii^ + Va — a; 
Vfl + a; — V^ — a; Vc + a; — Va — a; 
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415« Soive tlie fcUawing : 



2. ?? + 



2 
3a; — 50 



6a; + 35 



15 • 3 (a? +10) 



95 



J. 6a: + ?^-^::^ = 44. 



X 



, X ^ 21 



5. 



6. 



7. 



IS. 



u. 



15. 



16. 



17. 



18. 



+ 



12 



x — l ' a? — l 
2a; + 11 X — 

— r 



X 

%x 



+ 



3 

x + % 



= 1. 



=5. 



a; + 2 ' 2a: 

X — 2 X — 4 

x—Z x—l 

X- 



= 2. 

_ 14 
~ 15* 



8. 



9. 



10. 



11. 



U. 





X 


+ x 


X 


X 


+ 1 


+ 4 


X 


+ 1 


X 


— 2 


X 


— 1 


X 


+ 2 


X 
X 


+ 4 
— 4 


X 

■"2 


+ 2 

— X 


X 


— 1 


X 


— 3 


X 


— 4 


X 


— 2 




1 




2 



a; — 2 a; + 2 



= 1. 

= 7. 

""12' 

3 

~~** — • 

5 



a;--2 



^ a;--4 



a; + 2 a;~-2 _ 5a; + 33 

a; — 2'^a; + 2 " ar^ — 4 

3 (a; - 1) 2 (a; + 1) 



a; + 1 a;— 1 

2a; + 1 2 — 3a; 



— 5 = 0. 



a; — 1 2 + 3a; 

3a; ^ 2 5 — 2a; 
2a; — 5 3a; — 2 



= 5i. 



= 3i. 
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7 ^ 16 21 4 



21. 



3a? — 5 _ %x _ 1 
9a; "■ 3a; — 25 "~ 3* 

3a; + 4 _ 30 — 2a ; __ 7a; — 1 4 
5 a;_6 "" 10 ' 

(x + 7) (a; - 4) 40 



{x + 4) (a; - 7) 13 



= 0. 



24. 13-?^+^-^? = 11. 
^ bx a; -f 1 



i^J. 



a; (a; — 1) _ {z + 3) (a; + 4) 
(a; + 1) (a; + 2) - (a; + 5) {x + 6)' 

^fi ^ + 7 _ a; + 5 __ Jt7_ 
a; -1-11 a; + 12 306* 

«7 -^^ - ^^"^ 4. '^ - 
'' x + b 11a; — 8 ^6 — 4a; "" 

28. 8 {xy + 1) = 33y ; 4 (a;y -f 1) = 33a;. 

29. a;3 — y3 = 7930 ; x — y = 10. 

30. ar^ (a; — y) = 75 ; x^{%x + 3y) = 400. 

31. a;» — a;y + y2 = 49 — 2a;y ; a;* + a;2ya + y4 --- 931^ 

32. a;2 + y2 + 4 (ar» + y2)i -, 45 . ^4 ^ y4 = 337. 

33. ar^ + 2a;y + y^ + 2a; = 120 — 2y ; a;y — y^ = 8. 

34. 3ar^ + a;y = 68 ; 4y2 + 3a;y = 160. 

35. a%^-fy2 = 333; a;y2 + y = 21. 

36. a;* + a;2y2 + y* = 133 ; a? ^ xy '\- y^ =: 7. 



INEQUALITIES. 

416* An inequality is a statement^ in algebraic 
gaage, that one quantity is greater or less than anothdr 
quantity. 

41'7« The fact of inequality is expressed by the signs > 
or < , the opening of the sign being toward the greater 
quantity. 

Thus, a > b, read, a is greater than h\ a <i h, read, a u 
less than h. 

418. One quantity, a, is greater or less than another quan- 
tity, h, according as a — h \& positive or negative. 

Thus, the values of a and b being finite and unequal, 
fl2 + ^ > ^ab, since ^2 + ^2 — 2ab = (a — by, which is 
positive. (Art. 339.) 

When a = 5, the inequality becomes an equation. 

Also, 1 + 4a: < a:^ + 6, since 1+4^ — {qi?'\-6)=z^ 
— a;2 — 5 = — (a: — 2)2 — 1, a negative quantity. 



PROPERTIES OF INEQUALITIES. 

419. I. ^n inequality ivill not he reversed by ths 
addition or suhtraction of the same quanUty from each 
member. 

For, if « > ^, « — ^ is positive. Hence, a ± ^ — (^ ± c) 
is also positive. That is, « ± ^ > ^ ± c. 
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From the foregoing it follows that, 

A term may he transposed from one memiber of an 
ineqvuaZity to the other, provided its sign is changed. 

Thus, ifa + d>c--rf, by adding + d io each member, 
a + h + dy c. 

II. An inequality wUl not he reversed when both mem- 
bers are multiplied or divided by the same positive 
gioantity. 

For, it a > b, a ^ b ia positive. Let m be a positive 
multiplier ; then m{a — b), or am — bm, is positive. That 
is, am > brn. 

Also, is positive. That is, — > — . 

m m ^ mm 

III. An inequality consisting of positive quantities 
mill not he reversed by raising both mernbers to the same 
power. 

For, if a y b, multiplying both members by a gives 
a^ > aby and multiplying both members by b gives ab > b\ 

Since a^ > ab, and ab > V^, it follows that a^ > ^. 

IV. An inequality will be reversed by m/ultiplying or 
dividing both mernbers by the same negative quantity. 

For, if « > ^, am — bm will be positive and bm — am 
negative. That is, — am <i -^ bm. 

Also, if — a > — S, — fl — (—5) or —a + 5 is positive, 
and a — i is negative, as is also am — bm. But multiplying 
— a and — 6 by — m gives am and bm. 
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Hence, avi < bm, (The proof in the case of diyisioii is 
similar.) 

It follows that, 

An inequality will he reversed by changing the si^M 
of aU its terms. 

V. The sum of the greater m^emhers of several inequdr 
ities will exceed the sum of the lesser members. 

Thus, if a > 5, c > £?, 6 >/, etc., it is obvious that 
(a + c + e -I- etc.) > (3 + £? +/ + etc.). 

VI. If the members of one inequality be subtraM. 
from, the non-corresponding m^rnbers of another ^ th 
sign of the result wUl be in the same direction as ikt 
sign of the m/inuend. 

Thus, if « > ^ and c y d, then {a — d) > {b — c). 
Also, if m < n and p > q, then {m — p) < {n — q). 

For, since a > b and c > d, a — b and c — d are posi 
tive. 

Hence, their sum, a — b -\- c -— d, or {a — d) — (b — c] 
is positive. 

That is, {a — d) >{b — c). 

9 

Again, since m <^ n and p > q, m — n and q — j9 a 
negati\^. 

Hence, their sum, m — n-i-q — p, or {m — p) — (n — } 
is negative. 

That is, (m — j)) <, (n — q). 
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EXERCISES. 
420. I. Bequired to find the limit of x in 

5a; ~ 4} > 331 - H^* 
Transposing, 7|a; > 38. 

Clearing of fractions, 38a; > 190. 
Whence, a; > 5. 

II. Required to prove that a^ + H^ is equal to or greater 
than 2ab, according as a and h are equal or unequal. 

When a is greater or less than b, a^ — 2ad -|- V is positive. 

That is, a2 _ 2a^ -f ^ > 0. 

Transposing, d^ -\- V^ y- 2ab. 

When a=ib, the expression " a^ __ 2ab + b^ reduces to zero. 

III. Required to divide the number 2a into two parts 
whose product shall be a maximum. 

Let X be one part ; then 2a — z will be the other part. 
i ' Calling their product y, 

(2a — x) X = y. 

Whence, x^ — 2ax = — y. 

j J' And a; = a ± Va^ — y. 

That X may be real, y must not be greater than aK 



«)-'■■ 



Hence, x =z a when the product y is the greatest possible ; 
that is, equal to d\ 



t 
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1, Oiven Ta; — 7j > -«- + 5 ; to find the limit of i. 

OS X 

2. Oiven x + ^ + ^>lliio find the limit of z, 

5. Given ^ + 3a: — 5 > 16 ; to find the limit of x, 

4- Given 7a; — 1 > 34 ; to find the limit of x. 

Q% j2 a^ — ^ 

6* Given — -^ — > — ^ 5 *o fi^<i ^^i® limit of x. 

wt OX 

6. Find the positive value of x that will render x t ; 
the least possible. 

7. Prove that a;^ — 8a? + 20 > 4. 

8. Given -=- + Ja? — a J > — : to find the limit of x, 

5 5 

hx V^ 

9. Given -^ — aa: -|- a3 < ^r- ; to find the limit of x, 

7 7 

10. Given { 5^ ~ * > g/^^g ) ; to find an integnd^^ 

ii. Given Iff tStf^tS'ltlt!^ 
( i (« + 2) -h Ja: > J (a; + 1) + i J 

to find an integral value of -i^ 

12, Three times a certain whole number, increased by 2, is 
more than twice the number, increased by 61 ; and 5 time 
the number, diminished by 70, is less than 4 times the num- 
ber, diminished by 9. What is the number ? 

13. The sum of two numbers is 25 ; if the greater be di- 
vided by the less, the quotient will exceed 3 ; and if the \^ 
be divided by the greater, the quotient will exceed \. Wbt 
are the numbers ? 
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.. A quadratic equation cannot have more than 

tuUO Toots. 

Every quadratic equation may be reduced to the form 

01^ '\- px -^ q :=. 0, 

in which p and q may be positive or negative, fractional or 
integral. 

Let it be supposed that there can be three roots, w, w, 
and r, unequal in value. 

Then will m^ -f jom + S^ = ; (1) 

w^ -f jo^ + ? = ; (2) 

r^ -f- j»r + y = 0. (3) 

Subtracting (2) from (1), and (3) from (1), 

(^2 — rfi) Jt {rn — n)p = 0. (4) 

(^2 — r2) + (?w — r)p = 0. (5) 

Dividing (4) by m — - w, and (5) by m — r, 

{m + n) •{- p =z 0. (6) 

{m + r)-{-p = 0. (7) 

Subtracting (7) from (6), 

n-— r =z 0, 

Whence, w = r. 

But, by supposition, n and r are unequal. 
Hence, there cannot be more than two roots. 
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432* The stum of the two roots of an eqwation in ihc 
form sr^ + pz -i- q = is equal to the co-efflcien,t of ike 
second term with its sign changed, and their product 
is equal to the third term. 

The two roots are 



Adding these roots gives — p. 
Multiplying them together gives 

423. The general equation a^ + px + q = may be 
separated into two binomial fa,ctars {x — r){x — r'), in 
which r and r' are its two roots. 

For, since r and r' are the roots, 

r '\- r' = — p, or — (r -f- r') = p, 
and rr' = q. 

Substituting these in the general equation, 

x^ -^ {r + r') X -i- rr' =: 0. 

But this, by Art. 130, equals 

{x — r) (a; -. r') = 0, 

I. Bequired to write the quadratic equation whose roots 
added together equal -— 2, and multiplied together equal 
— 15. 
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Since the sum, — 2, is, in the general equation, the co- 
efficient p taken with the contrary sign, and the product, 
— 15, is the third term, q, the equation is 

a:2 -f 2a; — 15 = 0. 
II. Bequired to find the equation whose roots are 7 and 



5. 



From the principle explained in Art. 433, the equation, 
whatever it is, is separable into two factors, 

\x - {+ l)\\x - {- b)\ = (x-1)(x + S). 

Hence, the equation is 

a;2 — 2a; ^ 35 = 0. 

III. Eequired to find by factoring the roots of the equation, 

a^ _ 8a; ^ 15 — 0. 

Factoring as in Art. 130, 

rr8 — 8a; + 15 =r (a; — 6) (a; — 3). 

Hence, (a; — 5) (a; — 3) = 0. 

This equation is satisfied by making either factor equal to 0. 
When a; — 5 = 0, a; = 5. 

When a; — 3 = 0, a; = 3. 

434. This method is applicable to equations of higher de- 
gree than the second whenever the left member is separable 
into factors. Thus, 
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IV. Beqaired to solve the equation a:* — 9a:* + 23a; - 15 
= 0. Also, 6a;» + a: — 77 = 0. 

Factoring as in Art. 136, 

a:« _ 9a:a 4. 23a: — 16 = (ar — 1) (a: — 5) (a: — 3) = 0. 
Whence, x = 1, 5, and 3. 

Factoring as in Art. 132, 

6a^ + a: — 77 = (2ar — 7) (3a: + H) = 0. 
Whence, 2a: = 7, and x = 3^. 

Again, 3a: = — 11, and x = — 3f . 

V. Required to solve the equation x^ — 4a:*— 2a: + 15 = 0. 
Factoring as in Art. 134, 

a:8 — 4a:2 _ 2a: + 15 = ar« (a: — 3) - a: (a: — 3) — 5 (a: - 3) 

3= (a?« — a: — 5) (a: — 3) = 0. 

When a: — 3 = 0, a: = 3. 

When a:^ — a: — 5 = 0, a: = i(l± \/21). 

425. It follows from the foregoing that any quadratic 
expression may be resolved into factors by making it equal to 
zero, and finding its roots. Thus, 

VI. Required to factor x^ — 2aa: -{- a^ — l^. 
Let a:2 _ 2aa: -f a2 — S2 -- 0. 
Whence, x = a -{- b, or a — b. 
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Hence, 

a:« — 2aa; + ^2 — J2 



= [x — (a + h)\ fa; — (a — b)\ 
= (a; — a — J) (a; — a + J). 



EXERCISES. 



4:S6« i. Write the equation in which 

jt> = Ha, and q z=z a^ -^ 

2. Write the equation in which 



52. 



^. 



^? = 



__ 2 (gg + ^^) 



62 



and 



1. 



a' 



3. One of the roots of a quadratic equation is 



a H- V^^ — l^, 
and q =: b^. What is the other root ? 

>^. Write the equation whose roots are 3 and 11. 4 and 

— 1. I and |. 

5. Write the equation whose roots are a -\- b and a — b, 

6. Write the equation whose roots are 2 + V3 and 

- 2 (2 + V3). 

Find by the methofl of factoring tJie roots of tlie follow- 
ing: 



7. a:2 ^ 32- _ 10 = 0. 

8. a;2 -f 7a; + 12 = 0. 

9. x^ — %x=z 65. 

10. 5a« -h 11a; -f 2 = 0. 

11. 2x^ + 11a: + 15 = 0. 



1^, S9x^ — 34a; + 7 = 0. 

13. 21a;2 4. Ha; — 2 = 0. 

14. 35a;2 — 2a;— 117 = 0. 

15. 2%x^ — 41a;— 35 = 0. 

16. 8a^ — 19a; — 27 = 0. 
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17. ar» -f a:* - 17x + 15 = 0. 

18. 7? + 10aj« -f 31a; + 30 = 0, 

19. ^ — lOaj^ + 23a: — 14 = 0. 

20. a:* + a* — 65a; + 63 = 0. 

21. «« + 3a:» - 10a; — 24 = 0. 

22. a^ + Oa^ — 24a: — 64 = 0. 

23. 7?^ — 19x — 30 = 0. 

«4. a-' — Ga:2 — 67a; — 60 = 0. 

j^5. 3ar= — ar« — 19a: — 15 = 0. 

26. 7^ — 14ar» 4- 35a: — 22 = 0. 



GENERAL DISCUSSION OF QUADRATIC EQUATIONS. 

427. In the general equation, a:* + jE?a; = g, since p and ^ 
may be either positive or negative, four forms of the equation 
are needed to represent all its varieties with respect to signs. 



EQUATIONS. 



ROOTS. 



7? ^-px ^ ^ q, (1) 



^ '\- px =. — 5'. (2) 



^ —px •=. ■\- q, (3) 



7^—px = —q. (4) 



X 



X 






(1) 



B 



Hi 






+ 9- («i 



?. W 
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4S8. Under various suppositions with respect to p and q, 
there may be found among these forms every possible variety 
of Toot»— positive or negative, real or imaginary, equal or ww- 

eqtial. 

* 

I. POSITIVE AND NEGATIVE ROOTS. 



The value of \/ K- + 5^ is greater than —-, and the value 
of a/x — ^ is less than ^, since \/4- = ^' Hence, 



(1) One root is positive and one negative. 

(2) Both roots are negative, 

(3) One root is positive and one negative. 

(4) Both roots are positive. 



II. REAL AND IMAGINARY ROOTS. 

When \/ "^ — Q is positive, that is, when 4- > $^, its 
value is real ; when negative, that is, when 4- < 5', its value 

is imaginary. The value of \/ ^ -f 5^ is always real. (Art. 
240.) Hence, 



In forms < 



( (1) ) 
; : \ Both roots are always real, 
(6) \ 



(2) ) ' «2 

\'\ Both roots are real when 4- > ^ 5 other^ 
I (4) > 4 ^ 

ivise both are imaginary. 
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III. EQUAL AND UNEQUAL ROOTS. 
When —- is equal to q^ kJ ^ — q reduces to zero. 



bnt 



V? 



H- 9 is still a positive quantity. Hence^ 



In forms 



•< 



f (1)) 
^' \ Both roots in each fomn are UTiequal', 

(A \ ■^^^^'^ roots in each form are equal; 

taking the forms — ~ ± 0, and + ^ ± 0, 
respectively. 



429. The nature and significance of the roots of quad- 
ratic equations are elegantly shown in the discussion of 

THE PROBLEM OF THE LIGHTS. 

Two lights, A and B, whose intensities at the distance 1 
are a and b respectively, are at A and B, at a distance d from 
each other. It is required to find the point on the indefinite 
line that joins them, that is equally illuminated by them. 

p; A p B F 

1 1 \ \ 



Assume A as the origin of distances, and P the required 
point of equal illumination. 

Let X = the distance AP. 

Then d — x = the distance PB. 
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Since the intensity of light varies inversely as the square of 
tlie distance^ and since the illumination from each light is to 
be the same at P, 

a b 



Whence, 



{d - xy b 

■ ■ ■ — — _ — • 

x^ a 



AT d — X ^ Vb 
And = ± — —- 

^ Va 

Solving this equation. 



dV^ 

X = — — 



Va-h 



a / Vg \ 

Vb Wa + Vb/ 



- dVa ,/ Va \ 
and X = — =: --z = d[—- —I- 

Va — Vb \Va — Vb/ 

Since these values of x are both real, there must be two 
points of equal illumination on the indefinite line joining the 
lights. 



In discussing these formulas, a, b, and d may be assumed 
at pleasure. 

1. a may be greater than b, ) 

2. a " " less ^' b, r when d is greater .than 0. 

3. a '' " equal to b, ) 

4. a may be greater than b, ) 

b. a '^ '' less ** h, r when d is equal to 0. 

6. a " '' equal to Z>, ' 



348 PROBLEM OF THE LIGBT8. 

In (1). 

d I — = r I is positive ; hence, the point is at the rigU 

\va -f y/bf 

of the origin A. 

It is greater than - and less than d, since — — -= is 

"^ \a + V i 

more than \ and less than 1. Hence^ the point is between A 

and B, hut fart/ier from A than from B. 

rfl— 7= r=] ia positive; hence, the point is at the right 

Vya— vJ/ 

of the origin A. 

It is greater than d, since — = — is greater than 1. 

Vtf — Vb 

Hence, the point beyond B is at the ri^ht of the weaker light. 

These results are as they should be ; for. 

Since the stronger light is at A, there miust he a point 
between the lights, and a point at the right of the weaker 
light, equaUy illuminated. 

In (2), 

d I -— — ) is positive ; hence, the point is at the right 

Wa + \W 

of the origin. 

It is greater than 0, but less than -, since — = —is 

^ y/a + yi 

greater than but less than |. Hence, the point is betwm 

A and B, but nearer to A than to B. 
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d I -— — I is negative ; hence the point is at the left 

\Va — Vb/ 

of the origin. 

The value of — — — depends on the relative values of a 

and b ; being numerically greater or less than — 1, according 
as Vd is greater or less than 2 Va. 

These results are consistent with the conditions ; for. 

Since the stronger light is at B, there must be a point 
between the lights, and a point at the left of the weaker 
light, equally iUuminated. 

In (3), 

d ( —pz — ] is positive ; hence, the point is at the right 

Wa + Vb/ 

of the origin. 

Its value is equal to ^ ; hence, the point is midway between 
the lights. 

d (— 7= jz) reduces to —7-7: = ± ^o 5 hence, the points 

\va — Vb/ ± ^ 

of equal illumination are at an infinite distance to the right 
and the left of the origin. That is to say, this value fixes no 
point. 

If, however, a and b are conceived as unequal and as ap- 
proaching each other in value, the points of equal illumina- 
tion determined in the second parts of (1) and (2) will recede 
to the right or to the left from A, according as a is greater or 
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less than h. When the difference between a and b is less than 
any assignable value^ the points will be at a greater than any 
assignable distance. 

In (4) and (5), 
The values become 

^ , 

= + 0, and — — -r == — 0. 



V« + V^ Va — Vb 

In these cases the lights are at the origin. A, and are un- 
equal. The foregoing values of x seem to fix the point of 
equal illumination at a distance from A equal to zero. But 
since the lights^ are of unequal intensity, this cannot be. 

Let the unequal lights, however, be conceived of as sepa- 
rated by a distance d, and as approaching each other. The 
first value of x, which fixes the point of equal illumination 
between the lights, and the second value of x^ which fixes 
that beyond the weaker light, become less and less as A 
diminishes. When d differs from zero by less than any 
assignable quantity, the points of equal illumination are dis- 
tant from the origin by less than any assignable distance. 
But when d becomes exactly zero, there is no equal illumi- 
nation. 

In (6), 
The values become — — = 0, and tt- 

The first result indicates that there is equal illumination 
at thQ^igin ; which is the fact. 

The second indicates that there is equal illumination at 
every point along the line ; which is also true. 



INDETERMINATE EQUATIONS. 

4:30. An equation containing more than one unknown 
quantity may be satisfied by an unlimited number of roots. 

Thus, 2a; -f 3y = 30 is satisfied if 

(« = !) ix = 2 ) ix = 3) ix z=z 4: ) 

etc. 

431. If it be required, however, that the roots shall be 
positive integers, it may be shown that, 

I. An egioation of the general form ax — by =^ ±,c is 
capable of an indefinite nurriber of solutions in positive 
integers, if a and I are pHme to each other, 

II. An equation of the general form ax -{- hy z=z c is 
sometimes capable of one or more solutions in positive 
integers, if a and h are prime to each other and c is 
greater than ab — a^-b. 



EXERCISES. 

432« To solve in positive integrers an indeterminate 
equation between two unknown quantities. 

I. Kequired to solve in positive integers 5a; — 8y = 7. 
Transposing and dividing by co-efficient of x, 

x = -^ (1) 
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Performing the division in second member of (1), 

Since x is integral^ -^-= — and ^ ^ ' are also integral 

T>i. 6v-f-4 V + 4 

B^t 5~ = ^ + 5- 

Since -^—z — is integral^ ^^—z — is also integral. 

u • O 

Let ^—z — = w ; then 
5 

y = 5m — 4. (2) 

Substituting in (1) the value of y in (2)^ 

a; = 8w — 5. (3) 

Assuming successive integral values for //» in (2) and (3) 
gives, 

., ^ J a; = 19 ( 

II m = 3, < ^ ^ > ; etc. 

(y = Hi 



II. Bequired to solve bx -\- ly =1 29, in positive integers. 

Transposing, etc., z = — ^^^^. (1) 

5 



INDETERMINATE EQUATIONS, 353 

Dividing in second member, 

^ = 5 — y + ^ g — ' 
Since x is integral, — — - must be integral or equal to zero. 



Let — ^-^ = 7n ; then 

y = 2 -- 6m. (2) 

Substituting in (1), a; = 3 + 7m, (3) 

Making m = 0, 

X = 3, y = 2, the only values possible. 

III. Required to find the least number which, divided by 
13, 17, and 23, leaves remainders of 7, 11, and 13, respect- 
ively. 

Let X = the number. 

Then ^^^- (1), ^ ~^ (2), and ^~ (3) are integers. 

X 7 

Let - = m ; then 

JLo 

X = ISm + 7. (4) 

Substituting in (2) the value of x in (4), gives 

13m — 4 



17 



(5) 



To avoid fractions in the value of m, it is necessary to mul- 
tiply the numerator 1dm •— 4 by a number such that there 
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will be a remainder of 1 when the co-efficient of m is diyided 
by 17. A brief inspection will show that 4 is the multiplier 
required. The reasoning proceeds as follows : 

.,. 13m — 4 . . . ,4 (13wi — 4) . , . , , 
Smce — p^ — IS mtegral, — ^ — — is also integral 

„ . 52m — 16 ^ m — 16 , m — 16 . . , , 

But — = 3m H — — ; and — — — is integral 

,. , m — 16 ., 

Let — —- — = n ; then 

m = 17« + 16. (6) 

Substituting in (4) the value of m in (6), gives 

X = 221w + 215. (:) 

Substituting in (3) the value of x in (7), gives 

221m -f- 202 



23 



(8) 



But 221. + 20 2 ^ ^^ ^ 3 ^ 2 (7n_j^), 

Since (8) is integral, 

13 (7n + 9) 92n + 115-7^ + 2 . . , ^ , 
^ or ^5 IS integral. 

Hence, —z — is integral. 

23 ~ ^ ' ^^ 

;j ~ 2 - 23r. (9) 
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Substituting in (7) the value of n in (9), gives 

a; = 657 — 5083r. (10) 

Making r = 0, gives a; = 657, the required least number. 

By taking m = — 1, — 2, — 3, etc., other numbers may 
be found answering the conditions. 

IV Giyen 1=^-2^ + ^ = 5. (1)1. 

to find the least positive integral roots. 

Eliminating z, dx — y = 12. (3) 

Whence x = — 5— ^ = 4 + | ; so that f is integral. 

O O O 

Let ^ = m; then y = 3/i. (4) 

o 

Substituting in (3) the value of y in (4), 

X = n + 4. (5) 

Substituting in (1) the values of x and y in (4) and (5), 

z = 5n + 1. (6) 

Putting 71 = 1 in (4), (5), and (6), gives 

X = 6, y = 3, z = 6, the required least roots. 

Putting n = 2, a; = 6, y = 6, z = 11. 

n = 3, X = 7, y = 9, z = 16. 

There are, therefore, an infinite number of integral solu- 
tions. 
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433* Fttul Ofie or more nets of positive integral 



1. 

S. 
3. 

4. 
5. 

6. 

7. 
8. 

17. 

18. 
19. 



2x -f 3y = 9. 

4a: + 29y = 160. 

3a; + 292( = 151. 

Ix + 15y = 225. 

3ar -f 4y = 39. 

to -f 13y = 500. 

tx + 13y = 405. 

2a; + 7y = 125. 

2a; + 5y 4- 32; = 51 ; 
3a; + 5y + 7z = 560 ; 
2x + lly — 32; = 35 ; 



9. 19a; — Uy = 11. 

10. llx — 7y = 1. 

11. 23a; — 9y = 929. 

12. 8a; — 23y = 19. 

13. 39a; — 56y = 11. 

14. 3a; + 5y = 73. 

15. 5a; + 9y = 37. 

16. 8a; + Uy = ^9- 
10a; -f 3y + 2;? = 120. 

9a; -f 25y -f 49z = 292(1. 
3a; — 2y -f 3^ = 16. 



PROBLEMS LEADING TO INDETERMINATE EQUATION! 

434. i. A farmer paid fil31 for some calves at $11 a hK 
and some hogs at $13 a head. How many of £ach kind ^e 
there ? 

2. A gentleman distributed $5 among some poorpeopl 
giving $.70 each to some and $.30 each to the rest. H( 
many were there ? 

3. I wish to purchase 100 animals for $100; hogs at) 
sheep at $3, and lambs at $.50 a head. How many of eai 
kind must I buy ? 

^. How many pairs of fractions are there with denomii 
tors 12 and 18 whose sum is |^ ? 

5. What is the least number which, when divided by <. 
and 9, the remainders arc C, 1, and 8, respectively ? 
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6. A company of men and women spend $1000 ; the men 
paying $19, and the women, $13, each. How many in the 
company ? 

7. The number 200 may be divided into two parts, such 
that when the first is divided by 6 and the second by 11, the 
respective remainders are 5 and 4. What are the parts ? 

8. Find the least number which, being divided by 28, 19, 
and 15, leaves remainders 13, 2, and 7, respectively. 

9. A number consists of three digits whose sum is 20 ; if 
16 be taken from the number, and the remainder divided by 
2, the digits will be reversed. What is the number ? 

10. A man buys horses and oxen for $2500, paying $113 
for each horse and $23 for each ox. How many of each kind 
did he buy ? 

11. Divide 30 into three parts, such that 7 times the first, 
19 times the second, and 38 times the third, are together 
equal to 745. 

IZ, Thirty persons, men, women, and children, spent to- 
gether $58. The men spent $3^, the women $1|, and the 
children $J each. How many were there of each ? 

13. The number of pages in a certain book divided by 11 
leaves a remainder 7 ; divided by 7 leaves a remainder 3 ; and 
divided by 5 leaves a remainder 1. What is the least number 
i of pages it can contain ? 

14-. A bill of $4.19 is paid with three kinds of coin, 
25-cent pieces, 10-cent pieces, and 3-cent pieces. How many 
of each must be taken ? 

16. A, B, and C's fortunes are in the proportion of 5, 7, 
and 9, If they buy land at $11, $13, and $15 an acre, re- 
spectively, they will have left, after each has paid for the 
greatest whole number of acres possible, $1, $2, and $3, re- 
.: spectively. What is the least sum each can have ? 



PERMUTATIONS, COMBINATIONS, AND 

ARRANGEMENTS. 

435. Permutations are the results obtained by gronping 
several objects in every possible order of succession, all the 
objects occurring in each group. 

Thus, the permutations of 4 letters, a, by Cy and d, are : 



Beginning with a, 






" e, 
" d. 



" abcdy abdCy acbd, acdby adbc, adcb. 
bacdy bctdCy bead, bcday bdac, Idcu. 
cabdy cadhy chady cbdUy cdaby cdha. 
ddbcy dacby dbaCy dbcay dcab, dcba. 



436. Combinations are the different groups that m 
be made of n objects taken r together, n being greater than 
r, and no two groups containing the same objects. 

Thus, the combinations of 5 letters, a, b, c, d, and e, taken 
2 together, and then 3 together, are : 



Beginning with a. 






(( 



< 



d. 



^ ab, aCy ad, ae, 
bCy bd, be, 
cdy ce, 
de. 



Beginning with a, / abc, abd, abe, acdy acBy ode* 

by } bed, bee, bde. 









cde. 



437. Arrang^ements are permutations of combinations. 

Thus, the arrangements of 4 letters, a, b, c, and d, taken 
3 in a set, are made from their combinations as follows : 
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Combinations^ abc, ahd, acd, bed. 



Arrangements, -« 



abc, abd, acd, bed. 

acb, adb, adc, bdc. 

bac, bad, cad, cbd. 

bca, bda, cda, cdb. 

cab, cad, doc, dbc. 

I cba, eda, dca, deb. 



438. To find the unmber of arrangrenients ofm thingrs 
taken n together. 

1. Suppose that m letters, a, b, c, d, etc., are taken 2 to- 
gether. If a is placed first, there are wi — 1 other letters, 
each of which may go with a, giving ab, ae, ad, etc., making 
m — 1 arrangements. If ^ is placed first, the m— 1 other 
letters each placed with it will give ba, be, bd, etc., iom — 1 
arrangements. Hence, taking each of the m letters, each giv- 
ing 171 — 1 arrangements, makes m{m — l) arrangements 
in all. 

2. When 3 letters are required in each set, each of the 
m (m — 1) arrangements with 2 in a set may be combined 
with each of the m — 2 letters remaining, giving for each of 
the m — 2 letters m — 2 arrangements, or for all 

m{m — l) {m — 2) 

arrangements with 3 in a set. 

3. Each of these sets, in like manner, gives with each of 
the m — 3 letters remaining m — 3 arrangements, or for all 

m (m — 1) (w — 2) (m — 3) 

arrangements with 4 in a set. 
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4. Finally, wheu the letters are taken 7h in a set, the num- 
ber of arrangements must be m{m — 1) (m — 2) {m-% 
and so on to m — (» — 1) arrangements^ or 

m (m — 1) (f» — 2) (f» — 3) . . . . {m — n-\- 1) 
arrangements. Hence, 

The number of arrangements of m things taken n in 
a set is equal to the continued product of the conseeidm 
numbers from m down to m — w -f 1. 

439. To find the number of permutations of w 
things. 

In the case of permutations, m becomes equal to n. Hence 
the preceding expression for the number of arrangements be- 
comes w (m — 1) {m — 2) (m — 3) . . . . (m — m -\-l), or, 
reversing the expression, Ix2x3x4x....xw. Hence, 

Ihe number of perm^utations of m things is equal to 
the continued product of the consecutive numbers from 
1 to m. 

440. To find the number of combinations of m 
things taken n together* 

It has been shown that with m things taken n together, the 
number of 

Arrangements = m(m— 1) (w— 2) (m— -3) . .'. . (w— n+1)- 

But the arrangements of m things taken n together are 
obtained by permuting the combinations of m things taken « 
together, each combination yielding 1x2x3.... xw ar- 
rangements. (Art. 437.) Hence, if the number of arrange- 
ments of m things taken n together be divided by the number 
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of permutations of n things, it will give the number of com- 
binations of m things taken n together. That is, of m things 
taken n together, the number of 

ConMnaticn^s = ^{rn-l)(m-%nrn-Z) . . . . jm-n+l)^ 

Ix2x3x. . . . xw 

Hence, 

The nurriber of combinations of m things taken n to- 
gether is eqwal to the continued product of the consecu- 
tive numbers from fn to m — n -\- 1, divided by the con- 
tinued product of the consecutive numbers from 1 to n. 

EXERCISES. 

44l. 1. How many permutations can be made of the let- 
ters in the word forest 9 In the word logaritJims 9 In the 
word mucilage 9 

2. How many arrangements and how many combinations 
can be made of 10 things taken 3 together ? Taken 4 to- 
gether ? Taken 5 together ? 

<?. In how many ways can 12 pupils be seated on a bench, 
so that they shall never, when taken in the same direction, 
be seated twice in the same order ? 

^. In how many different groups of 7 can 15 persons be 
placed, no two groups to contain the same persons ? 

5. In how many ways can the seven colors of the rainbow 
be made to succeed one another ? 

6. How many arrangements can be made of the letters in 
the word Richmond, taken 4 letters in a set ? How many 
combinations ? 

7. How many different groups of 12 soldiers can be made 
of 25 soldiers ? 

8. In how many orders of succession can 10 pupils leave 
the class-room when dismissed ? 



INDETERMINATE CO- EFFICIENTS. 

442. Indeterminate co-efficients are co-efficients as- 
Bumed in a digcnssion. Their values are at first unknovn, 
but may be found as the discussion proceeds. 

443* The method of indeterminate co-efficients depends 
upon the following principles : 

Peik. L— // A -i- Bx-{- Cx^-{'Da^ + etc. » A' + B'xj 
C'x^ + lya? + etc., then unU the co-efficients of l^ 
powers of x he equal to each other, 

1. For since the equation is true for any value of x, it is 
true when a; = 0. Making aj = 0, the equation becomes 
A =. A', (These are the co-eflicients of ofi.) 

'it. Dropping these equals, A and A*, from the equation, it 
becomes Bx -\- Co? -\- Da^ -\- etc. = B'x -f C'a^ + D'^ + etc. 
Dividing by a;, and then making a; = 0, gives B = B\ 

3. Again, dropping B and B' , dividing by x and making 
a; = 0, gives O = C\ In this manner we proceed for tlie 
remaining co-efficients. 

Prin. II.— J/ ^ -f ^a? 4- C'ar* + Z>a:8 -f etc. =0 is *^ 
for all values of x, then ivill A, B, C, Z>, etc., be each 
equal to zero. 

The equation may be written A -{- Bx -\- Ca^ + D^ + etc 
= 0-f0a;+0ar«-f0a:8 + etc. Whence, from Principle I., i^ 
follows that -4=0, J? = 0, etc. 
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EXAMPLES. 
1 —X 

ld4 , 1. Develop — into a series by the method 

of indeterminate co-eflScients. 

Assume =— = = A -^^ Bx -[- Ca^ -}- Da? -f Ex^ + etc. 

1 + X -\- 7? 

Clearing of fractions, 

-^ iEYa? -\' etc. 

Whence, by Prin. I., 
A = 1, ^+^=—1, A-\- B +0 —{^, 

B+ c+n = 0, C+i>-f^=0. 

Solving these, A = 1, B = — 2, 0=1, D = 1, 
and JS^ = — 2. 

Substituting in the assumed equation, 

, ^"^ ^ = l — 2X'\-x^'^a?-^2x^-\' etc. 

Actual division will give the same result, 

» 

^. Develop ^-^ into a series. 

In this method, since the series A + Bx-}- Ca:^+ etc, is hypo- 
thetical, we must carefully observe whether the subsequent 
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processes develop any inconsistency. For example, perhaps 

a particular expression will not develop in the form assumed. 

If so, some inconsistency will appear in the process. Thug, 

2 2 

were we to attempt to develop -^ — hy assuming — — -, 

=z A ■\' Bx ■\' Ct? -f Dt? 4- etc., we should find, after clear- 
ing of fractions, that the first member had only the term^, 
which is 27^ ; and as there would be no corresponding t^rm 
in the second member, we should have to write 2=0, which 
is fitbsurd. In general, when we equate the co-efficients, the 
assumed member must have a term containing as low a 
power of a: as the lowest in the first member. This may 
be secured either by putting the expression to be developed 
into a proper form before assuming the series, or hy assuming 

a series of proper form. Thus, for -^ — -^, we may Yfn\A 

1 ^ 
and then assume 

^ = A ^Bx-\- Ct?^ Dt? ^ etc.. 



1— .T 



and finally multiply by -^ ; or it may be developed by as- 
suming 

2 



^ — 7? 



= Aar'i -f Bor^ -f CtP -}- Dx + Ba^ + etc. 



3. Develop rr-x — ^r-^ into a series. 
^. Expand -^ into a series. 

X. —"" ^X ~j~ X^ 

2 
5. Expand ^-^ — v-g into a series. 



DIFFERENTIATION. 

445. In certain classes of problems and discussions^ the 
quantities involved are distinguished as constant and variable. 

446. A constant quantity is one which maintains the 
same value throughout the same discussion, and is represented 
by one of the leading letters of the alphabet. 

447. Variable quantities are such as may assume in the 
same discussion any value within certain limits determined 
by the nature of the problem, and are represented by the final 
letters of the alphabet. 

If X is the radius of a circle and y is its area, y = ttx^, as 
we learn from Geometry, tt being about 3.1416. Now if x, 
the radius, varies, y, the area, will vary ; but n remains the 
same for all values of x and y. In this case, x and y are the 
variables, and tt is a constant. 

Again, if y is the distance a body falls in a time x, it is evi- 
dent that X increases or decreases with y, i, e., that when x 
varies y varies. We leam from Physics that y = 16r^a^, for 
comparatively small distances above the surface of the earth. 
In the expression y = IQ^a^, x and y are the variables, and 
16^ is a constant. .•. y oc a;^, read, y varies as x. 

Once more, suppose we have y^ = 26a^ — 3a;* — 5, as an 
expressed relation between x and y, and that this is the 
only relation required to exist between them ; it is evident 
that we may give values to x at pleasure, and thus obtain 
corresponding values for y. Thus, if x = 1, y = ± Vl7 ; 
if a; = 2, y = ± Vl83, etc., etc. In such a case, x and y 
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are called variables. But we notice that M we give to z 
a value as to make 3a:^ -f 5 > %h^ (as, for example, \, \ 
etc.), y will be imaginary. This is the kind of limitation 
referred to in our definition of variables. 

448. A function is a quantity, or a mathematical expns^ 
sion, conceived as depending for its value upon some other 
quantity or quantities. 

A man^s wages /or a given time is a function of theamouni 
received per day, or, in general, his wages is a function of 
the time he works and the amount he receives per day. Id 
the expression y = IG^a:* (447), y is a function of a:, i.?., 
the space fallen through is a function of the time. The ex- 
pression 2aa^ — 3a: + 5 J, or any expression containing i 
may be spoken of as a function of x. 

449. To indicate that one variable, as ^, is a function of 
another, as x, and without being more specific, we write y = 
f{x), read "y is a function of x," This means nothm 
more than that y is equal to some expression containing the 
variable x and any constants. Several different expressions, 
each of which contains x, are written f{x), 4>{x), or/ (4 
etc., and read "the/ function of x," ''the function of a:, 
or ''the/' function of x," 

The expression f{x) may stand for a^ — 2a; + 5, or for 
3 {a^ — x^), or for aiiy expression containing x combined in 
any way with itself or with constants. But in the same dis- 
cussion /{x) will mean the same thing throughout. 

450. In equations expressing the relation between tvo 
variables, as in y = 3ax^ — x^, it is customary to speak oi 
one of the variables, as y, as a function of the other, ^' 
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Moreover, it is convenient to think of a; as varying and thus 
producing change in y. When so considered, x is called the 
independent and y the depe^ident variable. Or we may speak 
of ^ as a function of the variable x, 

451. An infinitesimal is a quantity conceived under 
such a form, or law, as to be necessarily less than any assign- 
able quantity. 

Infinitesimals are the increments by which continuous 
number or quantity may be conceived to change value, or 
grow. 

Time affords a good illustration of continuous quantity, or 
number. Thus a period of time, as 5 hours, increases, or 
grows, to another period, as 7 hours, by infinitesimal incre- 
ments, L e,, not by hours, minutes, or even seconds, but by 
elements which are less than any assignable quantity. 

452. Consecutive values of a variable are values that 
differ from each other by less than any assignable quantity, 
i.e., by an infinitesimal. Consecutive values of a, function 
are values which correspond to consecutive values of its 
variable. 

453* A differential of a function, or variable, is the 
difference between two consecutive states of the function, or 
variable. It is the same as an infinitesimal. 

Eesuming the illustration y = 16^a^, let x be thought of 
as some particular period of time (as 5 seconds), and y as the 
distance through which the body falls in that time. Also, 
let x' represent a period of time only infinitesimally greater 
than X, and y' the distance through which the body falls in 
time x'. Then x and x' are consecutive values of a;, and y 
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and y* are consecutive values of y. Again, the differeiiu 
between x and 2;', as a:* — a;, is a differential of the variable 
2", and y — y is a differential of the function y, 

4o4« Notation. — A differential of x is represented k 
writing the letter d before ar, thus dx. Also, dy means, and 
is read, "differential y/' 

455. To differentiate a function is to find an expression 
for the increment of the function due to an infinitesimal Id- 
crement of the variable ; or it is the process of finding the 
relation between the infinitesimal increment of the variable 
and the corresponding increment of the function. 



RULES FOR DIFFERENTIATING. 

456. Rule I. — To differentictte a single varicMe, dm- 
ply xjurite the letter d before it. 

This is merely doing what the notation requires. Thus, if 
X and x' are consecutive states of the variable x, t. e,, if x' is 
what X becomes when it has taken an infinitesimal increment, 
a;' — X is the differential of x, and is to be written dx. Id 
like manner, y' — y is to be written dy, y* and y being con- 
secutive values. 

457* Rule II. — Constant factors or divisors app^^^^^ 
the differential the same as in the function. 

Let us take the function y = ax, in which a is anj oon- { 
stant, integral or fractional. Let x take an infinitesimal 
increment dx, becoming x -{- dx'^ and let dy be the cone- 
spending increment of y, so that when x becomes x -|- fe 
y becomes y + dy. We then have 



I 
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Ist state of the function, y =: ax] 

^d, or consecutive state, y-^-dy z=z a{x + dx) z=. ax -{■ ad x. 

Subtracting the 1st from the 2d, dy = adx, 

Avhich result being the difference between two consecutive 
states of the function, is its differential. Now a appears in 
the differential just as it was in the function. This would 

evidently be the same if a were a fraction, as — • We should 

1 
then have, in like manner, dy = — dx, for the differential of 



y = —X. 



458. Rule III. — Constant terms disappear in dif- 
ferentiating ; or the differential of a constant is 0. 

Let us take the function y = aa; 4- ^, in which a and h 
are constant. Let >x take an infinitesimal increment and 
become x -{- dx; and let dy be the increment which y takes 
in consequence of this changie in x, so that when x becomes 
X -\- dx, y becomes y -\- dy. We then have, 

1st state of the function, y z=z ax-\-h, 

2d, or consecutive state, y -f dy =a{x'h dx) -i-b=ax-\- adx -j- b . 

Subtracting the 1st from the 2d, dy = adx, 

which being the difference between two consecutive states of 
the function, is its differential. Now from this differential 
the constant b has disappeared. 

Wc may also say that as a constant retains the same value, 
there is no difference between its consecutive states (properly 
it has no consecutive states). Hence, the differential of a 
constant may be spoken of as 0. 
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459. Rule IV. — To differentiate the algebraic mm 
of several variables, differentiate ea^h term separately 
and connect the differentials with the same signs as the 
terms. 

Let u =• X ■\- y — Zy u representing the algebraic sum of 
the variables x, y, and — z. Then is du = dx -{- dy — dz. 
For, let dx, dy, and dz be infinitesimal increments of x, y, 
and z ; and let du be the increment which u takes in conse- 
quence of the infinitesimal changes in x, y, and z. We then 
have, 

1st state of the function, u = x-[-y^z; 

2d, or consecutive state, u-i-du = x-\'dx + y-\-dy—(z-\-dz). 
Or, u-\'du = x-{'dx-\'y-^dy^z—dz. 

Subtracting the 1st state from the 2d, du =i dx + dy — dz. 

460* Rule V. — The differential of the product of two 
variables is the differential of the first into the second, 
plus the differential of the second into the first. 

Let u = xy he the first state of the function. The con- 
secutive state is w -f dw = (a: -f dx) (y -f dy) = xy -\- ydx 
-f xdy -f dx • dy. Subtracting the first state from the con- 
secutive state, we have the differential, i. e., du z= ydx+xdy 
+ dx'dy. But, as dx*dy is the product of two infinitesi- 
mals, it is infinitely less than the other terms {ydx and xdy\ 
and hence, having no value as compared with them, is to be 
dropped. Therefore, du = ydx -f xdy. 

461. Rule VI. — The differential of the product of 
several variables is the sum of the products of the differ- 
ential of each into the product of all the others. 

Let u = xyz ; then du = yzdx -f- xzdy + xydz. For the 
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1st state of thiB function is w = xyz^ and the 2d, or consecu- 
tive state, u -{- du = {x -\- dx) (y + dy) (z H- dz), or u 4- du 
=: xyz + yzdx -f xzdy + xydz 4- a;^?^^^; 4- y^diz; + zdxdy + 
dxdydz. Subtracting, and dropping all infinitesimals of in- 
finitesimals, we have du = yzdx + xzdy 4- xydz. 

In a similar manner, the rule can be demonstrated for any 
number of variables. 

462« Rule VII. — The differential of a fraction hav- 
tng a variable numerator and denominator is the 
differentiaZ of the numerator multiplied by the de- 
nominator, minus the differential of the denominator 
multiplied by the numerator, divided by the square of 
the denominator. 

Let w = - ; then is du = 5 — — • For, clearing of 

y y ■ 

fractions, ytv = x. Differentiating this by Eule V., we have 

X 

tidy 4- ydu = dx. Substituting for u its value, - , this be- 

xdtt 
comes — - 4- ydti = dx. Finding the value of du, we have 

<f 
, ydx — xdy ^ 
du = r — - • Hence, 

463. The differential of a fraction having a con- 
stant numerator and a variable denominator is the 
product of the numerator with its sign changed into the 
differential of the denominator, divided by the square 
of the denominator. 

Let u = -' Differentiating this by the rule and calling 

the differential of the constant (a) 0, we have 



1 
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464. Rule VIII. — The differential of a variable af- 
fected with an exponent is the continued product of the 
exponent, the variable with its exponent diminished hy 
1, and the differential of the variable. 

1st. When the exponent is a positive integer. Let y = af", 
m being a positive integer ; then dy = rnx'^'^dx. For y = 
a^ := x-X'X'X. , , , to m factors. Now, differentiating this 
by Rule VI., we have dy = {xxx. ... to m — 1 factors) rfa; 
+ {xxx, ... to m — 1 factors) dx 4- etc., to m terms ; or 
dy = af^^dx + oT-^dx -f af^^dx -f etc., to m terms. There- 
fore, dy = maf^hlx, 

2d. 'When the exponent is a positive fraction. Let y = ^, 

— being a positive fraction ; then dy =. —x dx. For in- 
n n 

volving both members to the n^ power, we have y* = a?». 

Differentiating this as just shown, we have nifHy = 



m^jif^^dx, Now, from y = a^, we have y*~^ = a; " . Sub- 



stituting this in the last, it becomes nx "^ dy =z maf^^dx] 

- , m m-i-?!?^ _ m "•-! , 

whence, dy ^ —x *" dx = —af" dx, 

^ n n 

3d. When the exponent is lugative. Let y = a;"*, n being 
integral or fractional ; then dy = —nxr^~^dx. For y = ar* 

= — , which, differentiated by Rule VII., gives 
x> 

, nx^'^dx ^ , ^ 

dy = i- — = — nx~^*^^dx. 

It is desirable that the pupil not only become expert in 
writing out differentials, but that he know what the operation 
signifies. Thus, in the equation y = 5rc, if x changes value, 
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// must change also, in order to keep the equation true. In 
til is simple case, it is easy to see that y must change 5 times 
as fast as x. This is what differentiation shows. 

Again, let y =. ^x^ — 2x + 4, and let it be required to 
find the relative rate of change of x and y. Differentiating, 
'we have dy = ^xdx — 2dx = (6a: — 2) dx. This shows that, 
if X takes an infinitesimal increment represented by dx, y 
takes one (represented by dy) which is 6a; — 2 times as large ; 
i. e,f that y increases 6:r — 2 times as fast as x, 

EXAMPLES. 

466. i. Differentiate y = 3ar2 — 2a; + 4. 

The result is dy = 6xdx — 2dx, Which is thus obtained : 
By Rule I., the differential of y is dy. To differentiate the 
second member, we differentiate each term separately, accord- 
ing to Rule IV. In differentiating 3x^, the factor 3 is re- 
tained in the differential, Rule II., and the differential of x^ 
is, by Rule VIII., 2xdx, Hence, the differential of Sct^ is 
6xdx, The differential of — 2x is — 2dx. By Rule III., 
the constant 4 disappears from the differential, or its differ- 
ential is 0. 

£, Differentiate y = 2ax- -f 4:aa^ — x -\- ni. 
3. Differentiate y = 6ba^ — ^Ou^ -f 4:r. 
4' Differentiate y = Aa^ -{- Ba^ -f Cx*. 

5, Differentiate ^ = .r^ — a^, and explain the significance 
of the result. 

6. In order to keep the relation 2y = 3x^ true as x varies, 
how must y vary in relation to a; ? What is the relative rate 
of change when a; = 4 ? When x = 2? When x = 1? 
When X =z I? When x = i? 
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7 to 12, Differentiate the following : w = — ; w = — — ; 

y = x^z^ ; u = a^y^ -f 6a: ; y = 2^ — 3a!^ -}- 4^ — 01^ i-l] 
and y = ^x^ — fa:* 4- a:. 



y 



iJ to 17. Differentiate y = {a^ ^ x^y ; y = {a -{- o^f] 
=z (3a: — 2)* ; y = (3 — a:2)-2 ; and ^ = (1 + a:)"*. 

Such examples should be solved by considering the entire 
quantity within the parenthesis as the variable. This is evi- 
dently admissible, since any expression that contains a 
variable is variable when taken as a whole. Thus, to differ- 
entiate y = (a -\- a^)^, take the continued product of the 
exponent (|), the variable (a + a^) with its exponent dimin- 
ished by 1 [i. e., {a -\- ar^)"^], and the differential of the vari 
able {%, e., the differential of a -h s^, which is 2xdx), This 
gives dy = | (a ^- x^)~^ 2xdx, or 

dy = ^x{a + x^)~^ dx = 



18 to 22. Differentiate 



— m Tz T^ ; and -- m 



3V« + ^ 
1 1 



\-\-x' (1 ■\-xY' (1 ^xf 



(1 + xf ' ^^^ (1 + xY 

23. In the expression 6a;*, when x is greater than 1 does 
the function (6a:*) change faster or slower than a:? How, 
when X is less than \ ? What does the process of differe: 
tiating ^:j^ signify ? 
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466. For brevity of notation^ the continued product of 
all the consecutive numbers from 1 to ti is indicated HtuB, 
\n , and is read, factorial n. 

Thus, 1x2x3x4 is written I 4, and is read factorial 4. 

467. WTiatever the vcd^ue of ?n, i. e., whether integral 
or fractional, positive or negative, 

(a 4- aj)"» = a"» -f ituC^^x + ^H^ — f ^mr-iy^ 

At 

m(in^\)(m-% ) (m - 3) 

11 
4- etc 

Assume 

(a-\-xY = A-^Bx-\'C7?-\-D^-\-Ex^-\-Fx'^-\-QiQ,, (1) 

in which Ay By C, etc., are indeterminate co-efficients inde- 
pendent of X (i, e.y constants), and are to be determined. To 
determine these co-efficients, we proceed as follows : 

Differentiating (1), we have 

m (a 4- xY'-Ulx = Bdx + '^Cxdx + ^Dx^dx 4- ^Ex^dx 

-f- Fx^dx -h etc. 

Dividing by dx, we have 

m {a + a:)"-> = B -{- 2Cx -j- 3Dx^ + ^Ba^ -f 5Fx^ 

-f- etc. (2) 
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Differentiating (2) and dividing by dx, we have 

,» (w — 1) (a -h a?)"-* = 26' + 2'SDx + 3.4i;a? 

+ 4.5i^2:« + etc. (3) 

Differentiating (3) and dividing by dx, we have 

fii(fw— 1) (1/1—2) (a+a:)*~'» = 2.3Z>H-2.3.4i5;a:+3-4.5/¥ 

-f etc. W 

Differentiating (4) and dividing by dx, we have 
?«(w— l)(w— 2) (w— 3) (a + a;)"-* = 2.3.4.5/^-f etc. (5) 

We have now gone far enough to enable us to determine 
the co-efficients A, B, C\ D, E, etc., and doubtless also the 
law of the series. 

The foregoing equations are to be true for all values of 2, 
and the co-efficients A, B, C, etc., are constants, /. e., have 
the same values for one value of a; as for another, so that ii 
their values can be found for one value of ic, these will be their 
values in all cases. Now, making x = 0, we have from (1)^ 

A = a"' ; 
from (2), B = ma^~^ ; 



from (3), 



^ 7n (m — 1) „ „ 



from (4), D = — ^^ -^ -a'^^; 

from (5), B = — ^^ -^-^- ^^ ^a 
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These values substituted in (1) give 

^ m (m ~ 1) (771 - 2) ^_3^ 



'J 4 I 



m (r/?. — 1) (m — 2) (?« — 3) , ^ 
-j 5^ ' -^ ' «™-*a:* -fete, 

which is the Binomial Forviula, 

468. The n^ or general term of the series is 

m {m - 1) {m - 2) . .. . (^ m - ^^ + 2) ^^^_^^^ ^_^^ 

n — \ 



For we observe that the last factor in the numerator of the 
co-efficient of any particular term is m — the number of the 
term less 2, i, e,, for the n*^ term, 7n—{n—2), or m—n + 2; 
and the last factor in the denominator is the number of the 
term — 1, i. e., for the n^ term, n — \. The exponent of 
X in any particular term is m — the number of the term less 
1, i. e., for the ti^ term, m — (/i — 1), or m — n -\- 1 ; and 
the exponent of y in any term is one less than the number 
of the term, i. c, for the n^ term, 9i — 1. 

469. In a series, the scale of relation is the relation 
tliat exists between any term or set of terms and the next 
term or set of terms. 

470. 21ie scale of relation in the binomial series is 

( iV- , since the n^^ term/ multiplied by this pro- 

duces the (w -f 1)^ term. 
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This is readily seen by inspecting the series^ or by writing 
the (n -f 1)** term and dividing it by the nf^. Thus, sub- 
stituting in the general term as given above^ n + 1 f or n, we 
have 

m (m — 1) (w — 2) . . . . (w — n 4- 1) _._ ^ 

— ^ i-i i- ^ L af*"^ «•, 

\n -^ y y 

as the (n 4- 1)^ term. This divided by the «^, or preceding 
term, giveB ( )?, or (-^- ^ l)|. 

EXAMPLES. 

471. 1. Expand (1 + x)^ to five terms. 

2. Expand (1 + 2x)^ to five terms. 

3. Expand (1 ~ ^x)^ to five terms. 
4' Expand (1 -f a:)"^ to five terms. 

5. Expand (1 — - 2a;)"* to five terms. 

6. Expand (1 — a^^ji to five terms. 

7. Expand (1 — dx)"^ to five terms. 

8. Expand {a 4- a;)~* to five terms. 

9. Expand (1 -f -1 to five terms. 

10, Expand (1 — a^)i to five terms. 

11, Expand j-^ -^ to five terms. 

12, Expand (c^ — a:^)! to five terms. 

13, Expand {(t^ — Zh^xf^ to five terms. 



LOGARITHMS. 

472* A logrd^thm is the exponent by which a fixed 
number is to be affected in order to produce any required 
number. The fixed number is called the base of the 
system. 

Thus, let the base be 3 : then the logarithm of 9 is 2 ; of 
27, 3 ; of 81, 4 ; of 19683, 9 ; for 3^ = 9 ; 3^ = 27 ; 3* = 
81 ; and 3^ = 19683. Again, if 64 is the base, the logarithm 
of 8 is ^, or .5, since 64^, or 64*5 = 8 ; and ^, or.. 333 + , is the 
logarithm of 4, since 64^, or 64*^+ = 4. Once more, since 
64*, or 64-«««+ = 16, |, or .6664-, is the logarithm of 16, if 
the base is 64. Finally, 64~i, or 64r'^ = \, or .125 ; hence, 
— J, or — .5, is the logarithm of J, or .125, when the base 
is 64. In like manner, with the same base, — ^, or — .333 + , 
is the logarithm of }, or .25. 

EXAMPLES. 

473. i. If 2 is the base, what is the logarithm of 4 ? of 
8? of 32? of 128? of 1024? 

£. If 5 is the base, what is the logarithm of 625 ? Of 15625 ? 
Of 125? Of 25? 

3. If 10 is the base, what is the logarithm of 100 ? Of 1000 ? 
Of 10000 ? Of 10000000 ? 

4' If 2 is the base, what is the logarithm of I, or .25 ? 
Of i, or .125 ? Of ^V» or .03125 ? 

5. If 8 is the base, of what number is f, or .666 + , the 
logarithm? Of what number is 4 » or 1.333 + , the logarithm ? 
Of what number is 2 the logarithm ? 
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474. A system of logarithins is a scheme by which 
all numbers can be represented, either exactly or approxi- 
mately, by affecting a fixed number (the base) with exponents. 
Negative numbers can have no logarithms. 

475. There are two systems of logarithms in common use, 
called, respectively, the Briggean or commoii system, and 
the Napierian or hyperbolic system. The base of the 
former is 10, and of the latter 2.71828 + . 

476. One of the most important uses of logarithms is to 
facilitate the multiplication, division, involution, and the 
extraction of roots of large numbers. These processes are 
performed upon the following principles : 

477. Prix. I. — The sum of the logarithms of two 
niLiYvbers is the logarithm of their product. 

Let a be the base of the system. Let vi and n be any two 
numbers whose logarithms are x and y respectively. Then, 
by definition, «* = m, and a*' = n. Multiplying these equa- 
tions together, we have «'+' = m7i Whence, a; + y is the 
logarithm of mn. 

478. Pbin. II. — The logarithm of the quotient of two 
nuTYibers is the logarithm of the dividend minus the 
logarithm of the divisor. 

Let a be the base of the system, and m and n any two num- 
bers whose logarithms are, respectively, x and y. Then, by 
definition, we have a' = m, and a* = n. Dividing, we have 

a*~* = — • Whence, x — y is the logarithm of — • 
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470. Prik. III. — The logarithm of a fjower of a num- 
her is the logarithm of the number m^ultiplied by the 
indejc of the power. 

Let a be the base, and a: the logarithm of m. Then a" = w ; 
and raising both to any power, as the 2;^, we have, a" = w^'. 
Whence, xz is the logarithm of the z^ power of m, 

480. Prin. IV. — The logaHthm of any root of a nunv- 
her is the logarithm of the number divided by the nuni- 
her ejcpressing the degree of the root. 

Let a be the base, and x the logarithm of m. Then a' = m. 



X 



Extracting the z^ root, we have a' = \^in. Whence, - i 



13 



the logarithm of v w. 

481. To apply these principles practically, a table of 
logaritliins is needed. 

483. To compute a table of logarithms, the base 
being lO. 

It is evident that it is necessary to compute the logarithms 
of prime numbers only, since the logarithm of a composite 
number is the sum of the logarithms of its factors. 

To compute the logarithms of the series of prime numbers. 
In the first place, we know that the logarithm of 1 is 0, since 
100 = 1. Also, the logarithm of 10 is 1, since 10^ = 10. 
Now if we find the logarithm of 5, we can get the logarithm 
of 2 by subtracting the logarithm of 5 from log. 10. If there 
be any number which is the logarithm of 6, it is evident it 
must lie between 0, which is log. 1, and 1, which is log. 10. 
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Therefore, starting with 

10« = 1, 
aud 10' = 10, 

Multiplying them together, we have 10* = 10. 

Extracting the square root, 10^ = VTo 

= 3. 162277 +. 

Again, as 5 lies between 10 and 3.162277 + > its logarithin 
lies between 1 and .5. Multiplying the last two equations, 
we have 

10»-5 = 31.62277 H-. 



Extracting the squai^ root, lO-'' = V31.62277 + 

= 5. 623413 + . 

Again, lO-s = 3. 162277 -h, 

and lO-'s = 5. 623413 -f. 



Multiplying, 10»-» =17. 7827895914 -f . 



Extracting the square root, 10-®5 = a/1 7. 7827896914 + 

= 4. 21 6964+. 

Again, multiplying this last by 10-^ = 5. 623413 + , as 5 
lies between these numbers, and extracting the square root, 
we have lO*®*'^ = 4.869674 + . In each case the exponent of 
10 is the logarithm of the number; thus, .6875 is log. 
4.869674 + . Continuing this process to 22 operations, we 
have log. 5.000000+ = .698970 + , which is sufficiently ac- 
curate for ordinary purposes. 

Now log. 10 — log. 6 = log. 2 = 1 — .698970 = .301030. 

To find log. 3, we would take lO-^ = 3. 162277 + , and 
10" = 1, and proceed as before. 
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Were it our purpose to find log. 11, the computation would 
be as follows : 

101 = 10 
10^ — 100 
103 _ 1000. 

101-5 _ Viooo = 31.G2277 + 
101 — io_ 

102-5 ^ 316.2277+ . 

101-25 ^ ^316^2277+ = 17.78278 + 

101 = 10 

102-25= 177. 8278 + . 



101.125 -- v'l77.8278+' = 13.33521 + 

101 ^ 10 

102-125=: 133 .3521 + . 

101.0625 -, V133.3521+ = 11.64782— 
101 -^ 10 

102.0625-- 115.4782 + . 



101.03123 _, V115.4782+ = 10.74607 + 

101.0625 -■ 11.54782— 

102.09375— 124.093G8 + . 

101.046875 — V124. 09368+ = 11.13973 + 

101.03125 -: 10. 74607 + 

102.078125 _ 119. 70845 + . 
101.0390025 _ 10.94113 + . 

Whence, 1.0390625 is log. 10.94113 ; and proceeding with 
the computation, the logarithm of 11 may be found with suf- 
ficient accuracy. In this manner a table of logarithms might 
be computed. 
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N. 





.1 


2 

7468 


3 


4 


5 


6 


7 


1 8 


9 


W i 


280 


447158 


7313 


7623 


7778 


7933 


8088 


8242 1 8397 


8552 15oi 


281 


8706 


8861 


9015 


9170 


9324 


9478 


9633 


9787 


9941 


..95 


154 


282 


450249 


0403 


0557 


0711 


0865 


1018 


1172 


1326 


1479 


1633 


154 


28JJ 


1786 


1940 


2093 


2247 


2400 


2553 


2706 


2859 


3012 


3165 


153 


284 


3318 


3471 


3624 


3777 


3930 


4082 


4235 


4387 


4540 


4692 


153 


285 


4845 


4997 


5150 


5302 


5454 


5606 


5758 


5910 


6062 


6214 


152 


286 


6366 


6518 


6670 


6821 


6973 


7125 


7276 


7428 


7579 


7731 


152 


287 


7882 


8033 


8184 


8336 


8487 


8638 


8789 


8940 


9091 


9^2 


151 


288 


9392 


9543 


9694 


9845 


9995 


.146 


.296 


.447 


.597 


.748 


151 


289 


460898 


1048 


1198 


1348 


1499 


1649 


1799 


1948 


2098 


2248 


150 


290 


2398 


2548 


2697 


2847 


2997 


3146 


3296 


8445 


3594 


3744 


150 


291 


3893 


4042 


4191 


4340 


4490 


4639 


47S8 


4936 


5085 


5234 


149 


292 


5383 


5532 


5680 


5829 


5977 


6126 


6274 


6423 


6571 


6719 


149 


293 


6868 


7016 


7164 


7312 


7460 


7608 


7756 


7904 


8052 


8200 


148 


294 


8347 


8495 


8643 


8790 


8938 


9085 


9233 


9380 


9527 


9675 


148 


295 


9822 


9960 


.116 


.263 


.410 


.557 


.704 


.851 


.998 


1145 


147 


296 


471292 


1438 


1585 


1732 


1878 


2025 


2171 


2318 


2464 


2610 


146 


297 


2756 


2903 


3049 


3195 


3341 


3487 


8633 


3779 


3925 


4071 


146 


298 


4216 


4362 


4508 


4653 


4799 


4944 


5090 


5235 


5381 


5526 


146 


299 


5671 


5816 


5962 


6107 


6252 


6397 


6542 


6687 


6832 


6976 


145 


300 


7121 


7266 


7411 


7555 


7700 


7844 


7989 


8133 


8278 


8422 


145 


301 


8566 


8711 


8855 


8999 


9143 


9287 


9431 


9575 


0719 


9863 


144 


302 


480007 


0151 


0294 


0438 


0582 


0725 


0869 


1012 


1156 


1299 


144 


303 


1443 


1586 


1729 


1872 


2016 


2159 


2302 


2445 


2588 


2731 


148 


304 


2874 


3016 


3159 


3302 


3445 


3587 


3730 


8872 


4015 


4157 


143 


305 


4300 


4442 


4585 


4727 


4869 


5011 


5153 


5295 


5437 


5579 


142 


306 


5721 


5863 


6005 


6147 


6289 


6430 


6572 


6714 


6855 


6997 


142 


307 


7138 


7280 


7421 


7563 


7704 


7845 


7986 


8127 


8269 


8410 


141 


308 


8551 


8692 


8833 


8974 


9114 


9255 


9396 


9537 


9677 


9818 


141 


309 


9958 


..99 


.239 


.380 


.520 


.001 


.801 


.941 


1081 


1222 


140 


310 


491362 


1502 


1642 


1782 


1922 


2062 


2201 


2341 


2481 


2621 


140 


311 


2760 


2900 


3040 


3179 


3319 


3453 


3597 


3737 


8876 


4015 


139 


312 


4155 


4294 


4433 


4572 


4711 


4850 


4989 


5128 


5267 


5406 


139 


313 


5544 


5683 


5822 


5960 


G009 


6238 


6376 


6515 


6653 


6791 


139 


314 


6930 


7068 


7206 


7344 


7483 


7621 


7759 


7897 


8035 


8173 


138 


315 


8311 


8448 


8586 


8724 


8863 


8999 


9137 


9275 


9412 


9550 


138 


316 


9687 


9824 


9962 


..99 


.236 


.374 


.511 


.648 


.785 


.922 


137 


317 


501059 


1196 


1333 


1470 


1607 


1744 


1880 


2017 


2154 


2291 


137 


318 


2427 


2564 


2700 


2837 


2973 


3109 


3246 


3382 


3518 


3655 


136 


319 


3791 


3927 


4063 


4199 


4335 


4471 


4607 


4743 


4878 


5014 


136 


320 


5150 


5286 


5421 


5557 


5693 


5828 


5964 


6099 


6234 


6370 


136 


321 


6505 


6640 


6776 


0911 


7046 


7181 


7310 


7451 


7586 


7721 


135 


322 


7856 


7991 


8126 


8260 


8395 


8530 


8664 


8799 


8934 


9068 


la") 


323 


9203 


9337 


9471 


9606 


9740 


9874 


...9 


.143 


.227 


.411 


134 


324 


510545 


0679 


0813 


0947 


1081 


1215 


1349 


1482 


1616 


1750 


134 


325 


1883 


2017 


2151 


2284 


2418 


2551 


2684 


2818 


2951 


3084 


133 


326 


3218 


3351 


3484 


3617 


3750 


3883 


4016 


4149 


4282 


4414 


133 


327 


4548 


4681 


4813 


4946 


5079 


5211 


5344 


5476 


5609 


5741 


133 


328 


5874 


6006 


6139 


6271 


6403 


6535 


6668 


6800 


6982 


7064 


132 


329 


7196 


7328 


7460 


7592 


7724 1 7855 


7987 


8119 


8251 


8382 


132 


330 


8514 


8646 


8777 


8909 


9040 


9171 


9803 


9434 


9566 


9697 


131 


V. 


: 1 


2 


3 


4 


5 


6 7 


8 


9 


D. 
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483. To find the lograritluu of a number from the 
t^able. 

Let it be required to find the logarithm of 325. Now, as 
the logarithm of 100 is 2, and of 1000 is 3, the logarithm of 
325 must be between 2 and 3, i. e., 2 and a fraction. The 
fractional part is all that is given in the table, as the integral 
can be known by simple inspection. Looking in the table 
down the column marked N (numbers), we find 325, and op- 
posite it, in the column headed 0, we find 1883, but just 
above this we observe .51, which beloligs to this logarithm and 
which is simply omitted to save space in the table, since it 
really belongs as a prefix to all the logarithms clear down to 
the number 332, where it is replaced by 52. Prefixing the 
51 to the 1883, we have .511883 as the decimal part of the 
logarithm. Hence, log. 325 is 2.511883. In like manner, 
the logarithm of any number represented by three figures 
between 279 and 331 is found from the table. 

To find the logarithm of a number represented by four fig- 
ures. Let it be required to find the logarithm of 2936. 
Looking for 293 (the first three figures) in the column of 
numbers, and then passing to the right until reaching the 
column headed 6, the fourth figure, we find 7756, to which 
prefixing the figures 46, which belong to all the logarithms 
following them till some others are indicated, we have for the 
decimal part of the logarithm of 2936, .467756. But, as 3 is 
the logarithm of 1000, and 4 of 10000, log. 2936 is 3 and this 
decimal, or log. 2936 = 3.467756. 

To find the logarithm of a number represented by more than 
four figures. Let it be required to find the logarithm of 
2845672. Finding the decimal part of logarithm of the first 
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four figures, 2845, as before, we find it to be .464082. Now 
the logarithm of 2846 is 153 (millionths, really) more than 
than that of 2845. Hence, assuming that if an increase of 
the number by 1000 makes an increase in its logarithm of 
153, an increase of G72 in the number will make an increase 
in the logarithm of ^VW ^^ -672 of 153, or 103. Omitting 
lower orders and adding this to .454082, we have .454185 as 
the decimal part of log. 2845672. The integral part is 6, 
since 2845672 lies between the 6th and 7th powers of 10. 
Hence, log. 2845672 = 6.454185. 

Note 1.— If in seeking the logarithm of any number, any of the dots 
noticed in the table are passed, their places are to be filled with 0*s, and 
the first two figures of the decimal of the logarithm taken from the 
column in the line below. Thus, log. 3166 is 3.500511. This arrange- 
ment of the table is a mere matter of convenience to save space. 

Note 2. — The column marked D is called the column of Tabular Dif- 
ferences ; and any number in it is the difference between the logarithms 
found in columns 4 and 5, which is usually the same as between any two 
consecutive logarithms in the same horizontal line. The assumption 
made in using this difference, viz., that the logarithms increase in the 
same ratio as the numbers, is only approximately true, but still is accu- 
rate enough for ordinary use. 

484. The integral part of a logarithm is called the char- 
acteristic and the decimal part the mantissa. 

485* The mantissa of a decimal fraction, or of a 
mixed numiber, is the same as the Tnantissa of the num- 
ber considered as integral. 

It was found above that log. 2845672 = 6.454185. Now 
this means that 106-454186 _, 2845672. Dividing by 10 succes- 
sively, we have 
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38' 


205*454185 — 


284567.2, or log. 


284567.2 = 


5.454185 


20^*^^!^ = 


28456.72, or log. 


28450.72 — 


4.454185 


;|^()S.454185 


2845.672, or log. 


2845.672 - 


3.454185 


IQMSilSS 


284.5672, or log. 


284.5672 - 


2.454185 


]^0i*4^i^ 


28.45672, or log. 


28.45672 - 


1.454185 


1Q0^4SA1S5 


2.845672, or log. 


2.845672- 


0.454185. 



Now, if we continue the operation of division, only writing 
0.454185 — 1, 1.454185, meaning by this that the character- 
istic is negative and the mantissa positive, and the subtrac- 
tion not performed, we have 



1QT.454185 
]^Q7.4S4185 



: .2845672, or log. .2845672 

: .02845672, or log. .02845672 

: .002845672, or log. .002845672 
etc., etc. 



1.454185 , 
2.454185 ; 
3.454185 ; 



The characteristic of an integral number, or of a mixed 
integral number and decimal, is one less than the number of 
integral places, as will appear by comparing such numbers 
with the powers of 10. The characteristic of a number 
entirely decimal fractional is negative, and one greater than 
the number of O^s immediately following the decimal point, 
as appears from the last demonstration, or as appears from 
the fact that 10-^ = ^ = .1 ; lO'^ = ^f^ = .01 ; lO"* = 

YoVir = -^^1 ; etc. 



EXAMPLES. 

486, 1. Find the logarithms of 285. Of 3145. Of 
29056. 

2. Of 30942. Of 298.026. Of 32.56. 

3, Of 2.864. Of 3205. Of .00317. Of .00000328. 
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487* To find a nmnber coiresponding' to a given 
logarithm* 

Let it be required to find the number corresponding to the 
logarithm 5.515264. Looking in the table for the next less 
mantissa^ we find .515211, the number corresponding to 
which is 3275 (no account now being taken as to whether it is 
integral, fractional or mixed ; as in any case the figures will 
be the same). Now, from the tabular differencCy in column 
D, we find tliut an increase of 133 (millionths^ really) upn 
this logarithm (.515211) would make an increase of 1 in the 
number, making it 3276. But the given logarithm is only 
53 greater than this, hence it is assumed (though only ap- 
proximately correct) that the increase of the number is ^^ of 
1, or 53 -^ 133 = .3984 + . This added (the figures annexed) 
to 3275, gives 32753984 + . The characteristic, being 5, in- 
dicates that the number lies between the 5th and 6th powers 
of 10, and hence has 6 integral places. 

.-. 5.515264 = log. 327539.84+. 

EXAMPLES. 

488, i. Find the numbers corresponding to the following 
logarithms : 3.467521 ; 2.467521 ; 0.467521 ; 4.520281 ; 
1.520281 ; i.520281 ; 0.520281 ; 1.520281 ; 2.490160 ; 
2.490160; and 0.490160. 

«. If 28.035 : 3.2781 : : 3114.27 : x, what logarithmic 
operations will find x ? 

Solution. — The logarithm of the product of the means is the sum of 
their logarithms ; and the logarithm of the quotient of this product 
divided by the first extreme is the logarithm of said product minus the 
logarithm of the other extreme. .-. log. x = log. 3.2781 + log. 3114^ 
-log. 28.035 = 0.515622 + 3.493356 - 1.447700 = 2.56127a Haying i 
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table sufficiently extended, the number corresponding to this logarithm 
could be found, and would be the value of x. 

3. Find the product of 23.14 by 6.062, knowing that log. 
23.14 is 1.364363, log. 6.062 is 0.704322, and log. 117.1347 is 
2.068685. 

4> How is 287 raised to the 5tli power by means of loga- 
rithms ? How is the 5th root extracted ? 

6, Extract the 6th root of 31162784.1 by means of loga- 
rithms, knowing that log. 31162784.1 = 7.493497. 

6. What is the cube root of 30 ? 

7. What is the cube root of .03 ? 

Solution. — Log. .03 = 2.477121. Now to divide this by 3, we have to 
bear in mind that the characteristic cUone is negative; i. e., 2.477121 = 
— 2+.477121, or -1.522879. This divided by 8 gives -.507626, or 
0— .507626 = 1.492874. But a more convenient method of effecting this 
division is to write for the —2, —8 + 1, whence we have for 2.477121, 
-3+1.477121, which, divided by 8, gives T.492374, nearly. 

8. Divide 3.261463 by 2 ; by 4 ; by 5. 



THE LOGARITHMIC SERIES. 

489. The modulus of a system of logarithms is a con- 
stant factor which depends upon the base of the system and 
characterizes the system. 

490. The differential of the logarithm of a number 
is the differential of the number multiplied by the mod- 
idus of the system,, divided by the number ; 

Or, in the Js^apierian system, the modulus being 1, the 
differential of the logarithm of a nuiriber is the differ- 
ential of the nuniber divided by the number. 
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Let X represent any number^ ^. e.^ be a variable, and n be 
a constant, such that y := af^. Then log y = » log x. 
Differentiating y = a?», we have dy = ?ia?»~^ dx ; whence, 

af^~^dx aJ* , V , rfa: ^ ' 

— aa; - aa; — 
a; a; x 

Again, whatever the differentials of log y and log a? are, n 
being a constant factor we shall have the differential of log y 
equal to n times the (lifferentiul of log a;, which may be 
written, 

^(logy) = W.J (log a;), 

whence, n = -~r^-H' (2) 

a (log X) ^ ' 

Now, equating the values of n as represented in (1) and (2), 

we have 

dy 

d (log y ) y 
d (log x) dx 

X 

Whence, rf(log y) bears the same ratio to — -, as d{\ogu) 

dx 
does to — • Let 7n be this ratio. Then 
x 



d{}ogy) = — -, and J (log a;) = 



mdx 



y ' - ' X 

We are now to show that rn is constant and depends on the 
base of the system. 
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To do this, take y = z"', from whicli we can find, as above, 

dy 

^/ ^ d (log y) ^ X . 
d (log z) dz 



dy 
Now, as m is the ratio of d (log y) to — , it is also the 

dz 
ratio of rf (log z) to — ; and 

z 



, ,, . mdz 
d{logz) = —-' 



Thus we see that in any case in the same system the same 
ratio exists between the differential of the logarithm of a 
number and the differential of the number divided by the 
number. Therefore, m is a constant factor. 

Again, -^ = m- indicates the relative rate of change of a 

logarithm and its number. Now it is evident that the larger 
the base the slower the logarithm will change with reference 

to the number. But the factor - varies inversely in the 

number ; hence, m must vary with or be a function of the 
base. 



491. To produce the logarithmic series. 

The logarithmic series, which is the foundation of the 
usual method of computing logarithms, and of much of the 
theory of logarithms, is the development of log {1 + x). To 
develop log (1 + x), assume 
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log(l + x) =z A+Bx+Cx^+DT^+Ea^+Faf^+QiQ.y (1) 
in which 2; is a variable, and A, B, Cy etc., are constants. 
Differentiating (1), we have 

-^^ = Bdx+Wxdx+WQi?dx+^Ea?dx-\-bFa^dx+%\x^. 

1 -\- X 

Dividing by dx, 
-^— = J9 + 2CS1; + ^Dx^ + 4^rc8 + 5iV + etc. (2) 

Differentiating (2), and dividing by dx, we have 
1 



— m 



,, ,., = 2C+2.3i>a;+3.4^ar«+4.6i?'a:8+etc. (3) 

(1 + xy ^ ' 



Differentiating (3), and dividing by 2 and by dx, we have 
'fn i^ ^ x^i = 3Z> + Z^^Ex + 2.3-6i^ + etc (4) 

Differentiating (4), and dividing by 3 and da;, we have 

1 



m 



.- r-, = 4^5^ + 4.5i^a; + etc. (5) 



Differentiating (5), and dividing by 4 and dx, we have 

We have now gone far enough to enable us to determine 
the co-efficients A, B, O, D, B, and F, and these will proba- 
bly reveal the law of the series. 
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As the equations are to be true for all values of x, and as 
the co-eflficients A, B, C, etc., are constant, i. e., have the 
same values for one value of 2; as for another, if we can 
determine their values for one value of x, these will be their 
values in all cases. Now, making 2; = 0, we have, from (1), 

^ = log 1 = ; 
from (2), B = 7n; 

from (3), = — ^m; 

from (4), B =z im; 

from (5), B = — i^i ; 

from (6), F = \m. 

These values substituted in (1) give 

log (1 + a;) = m (^a; - - + - - ~ + ^ - etc.j, 

the law of which is evident. This is the lograrithmic 
series, and should be fixed in memory. 

492. The Napierian system of logarithms is characterized 
by the modulus being 1 (m=l). Hence, the Napierian 
logarithmic series is 

2/ /Jj3 rfA /Jj5 

log(l+aj) = a:~^+3-j+j-- etc. 

493. The logarithms of the same nurnber in different 
systems are to each other as the moduZi of those system^s. 

This is evident from the general logarithmic series. Thus, 
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tl]0 logarithm of 1 -f a;, in a system whose modnlas is fn, is 
expressed, 

(2j2 Qr^ QT^ o^ \ 

and the logarithm of the same number in a system whoa 
modulus is m!, is expressed. 

Now, as the number (1 + x) is, by hypothesis, the same in 
both cases, x is the same. Hence, dividing one equation by 
the other, we have 

10gm( l +g) __ ^W ^ 

log»/(l +'ir) m!' 

494. 27tc logarithm of a nurriber in the Napierian 
system, m/ultiplied by the modiiZus of any ofher system, 
gives the logarithm of the same number tjh the latter 
system,. 

Or, the logarithm/ of a number in any sy stein divided 
by the logarithm, of the same number in the JVapierim 
system,, gives the modulus^ of the former systerrv, 

m 

495. To adapt the JVapierian logarithmic series /" 
numerical computation, so that it can be coiwenienth 
used for computing the logarithms of numbers. 

That log(l+a?)=a^ — 2^"3"~4"^5 ^ ®*^-' ^ °^ 
in a practicable form for computing the logarithms of num- 
bers will be evident if we make the attempt. Thus, suppose 
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^we wish to compute the logarithm of 3. Making a; = 2, we 
liave 

log (1 + 2) = log 3 = 2 - ^ + 3 - J + ^ - etc., 

ai series in which the terms are growing larger and larger (a 
cli verging series) . 

We wish a series in which the terms will grow smaller as 
we extend it (a converging series). Then the farther we ex- 
tend the series, the more nearly shall we approximate the 
logarithm sought. To obtain such a series, substitute — x 
for X in the Napierian' logarithmic series, and we have 

'??* Q? X^ X? 

log (1 — a;) = - a; - "^ - g. - J - g - etc. 
Subtracting this from the former series, we have 



log (1+ a;) - log {\-x)= log (i ^-*) 



(X^ Xf" 7y \ 

.'?^ + 3+^+y+ etc. j 



Now, put X = 2^ 7 ; whence, 

^ 2z -{- 1 



— 1 _ 2 ^ + 2 

1 +a;- 1 + ^— ^_ 2z-^V 

2z 



1 -{■ X 1+2 

ana ^ = • 

1 — X z 
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Hence, as log (— ---^) = log (1 + «) — log z, substituting j 
and transposing, 

log(i + *) = log* + 2(^^ + 3 (a/+ i ]5 + slaT+T 

This series converges quite rapidly, especially for te 
values of z, and is convenient for use in computing logarithm 

496. To compute the Jfapieridn logarithms of ^f- 
natural numbers 1, 2, 3, 4, etc. 

1. It is necessary to compute the logarithms ot prims num- 
bers only, since the logarithm of a composite number is equi 
to the sum of the logarithms of its factors. 

Therefore, beginning with 1, we know that 

log 1=0. 

To compute the logarithm of 2, make z=zl, in series (A), 
and we have 

log (1 + 1) — log 1 = log 2 

— \3 "^ 3.38 "^ 5.3« "^ 7-3' "^ \i'^ 

111, 

-I 1 f- etc. 

^ 11.3" ^ 13.3^*^15.315^ 

The numerical operations are conveniently performed '^ 
follows : 
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3 


2.00000000 


1 




9 


.66666667 


.66666667 


9 


.07407407 


3 


.02469136 


9 


.00823045 


5 


.00164609 


9 


.00091449 


7 


.00013064 


9 


.00010161 


9 


.00001129 


9 


.00001129 


11 


.00000103 


9 


.00000126 


13 


.00000009 




.00000014 


15 
[y 2 = 


.00000001 




= .69314718 
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2. To find log 3, make z = 2 ; whence, 
log3 = loga + 2(J + 3^3 + 5^5 + 7^7 + 9^. + «*«•)' 



5 


2.00000000 


25 


.40000000 


25 


.01600000 


25 


.00064000 


25 


.00002560 




.00000102 



COMPUTATION. 



1 
3 

6 
7 
9 



log 2 = 



.40000000 
.00533333 
.00012800 
.00000366 
.00000011 

.40546510 
.69314718 



.-. log 3 = 1.09861228 



3. To find log 4. 



log 4 = 2 log 2 = 2 X .69314718 = 1.3862943C. 



4. To find log 5. Let « = 4 ; whence. 
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logs = log4 + 2(1 + 3I3 + ^ + ^, + etc.). 



9 


2.00000000 


81 


.22222222 


81 


.00274348 


81 


.00003387 




.00000042 



COMPUTATION. 



1 

3 
5 

7 



.22222222 
.00091449 
.00000677 
.00000006 



.22314354 

log 4 =' 1.38629436 

•. log 5 = 1.60943790 

In like manner, we may proceed to compute the logarithiM 
of the prime numbers from the formula, and obtain those of 
the composite numbers on the principle that the logarithm 
of the product equals the sum of the logarithms of the factors. 

Thus, the Napierian logarithm of the base of the common 
system, 10, = log 5 + log 2 = 2.30258508. 

497* The modiolus of the common system is 

.43429448 + . 

Since tbe logarithm of a number, in any system, divided 
by the Napierian logarithm of the same number, is equal to 
the modulus of that system (494), we have 

Com. log 10 -I 1 - i. 

=r= ^ ° ^ - = modulus of common system. 

Nap. log 10 -^ 

But, com. log 10 = 1, and Nap. log 10 = 2.30258508, as 
found above. Hence, 

1 



Modulus of comnnon ay stem = 



2.30258508 



= .43429448. 
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;. The Jfapierian base is 2.71S2&1S2S. 
Let e represent the base of the Napierian system. Then, by 

,4:92), 

com. log e : Nap. log e : : .43429448 : 1. 

But the logarithm of the base of a system, taken in that 
system, is 1, since a^ = a. Hence, Nap. log e = 1, and 
com. log e = .43429448. Now, finding from a table of com- 
mon logarithms the number corresponding to the logarithm 
.43429448, we have 

e = 2.718281828. 
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1. 

2. 
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6. 

7. 

8. 
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14 cts. 

$180 each. 

Paid, $5600, 1st ; 
12600, 2d ; 
rec'd, 16300, Ist; 
11600, 2d. 

Art. 59. 

10a. 

16a;. 

12ft. 

— box. 

2abc, 

by. 

10 (a + b). 

8 (ft + c). 

(12 + a){x + y). 

{x + y + z){a + ft). 

x + dy. 

2x — 2y + Sz. 

9ab — 6ax + Ibbd, 

21abd — Idabx — 2cx. 

b + a^ — xy + 4:, 

4:03? — y + 2ft. 
8^2 + fttj + ft — 3. 
oab 4- ci^c -f 4. 



20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 

35. 
36. 
87. 
38. 



1. 
2. 
3. 

7. 



6ft2 — i — 2c. 

— a^ + 9 + 6ac. 
ys + ft2 — 6. 
12a + 1^. 

4ir2 + y^ 

im + 7n + 2y. 

4a. 

'-2C + e. 

W^ + Had- 
4aft + 3c + 2ft. 

9ax — 2ay. 

28a;3 + bx^ + 18a; -f 87. 
J^ — Jft. 
bx — by — 2z. 
Sa^bx + aft^ + 2afta^ - 
3a2^a:. 

— i^y^ + 3a;2y2. 
18a3ft3c3 + 6aWA 
8a;2 + 3y2. 

^a^ + x — 1 -h ^xy. 
Art. 67. 



Ida. 
dax. 

Sx. 

a — 7ft. 



4. 6aftc. 

5. 15ft. 

6. — 3ax. 
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8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 

18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 



a; — 4y 4- 22. 

2^ + y + 42J. 

4a — 45 4- 4c. 

3a;* — 0)8 — 14a; + 18. 

6a8 — 5a25 — 2ic + 16. 

2^c + 4aia: + 3. 

ISoa; — 6Jy + dx. 

6bcx + 6aby. 

Six — 6acy + hxy + be. 

18aJ + 56gr. 

4a;y. 
-2y^ 
6a 4- 4c. 
X — dy — 2«. 

y- 

Baa; + ^bx -\- ex — d, 
6a7n — 2yz. 

.96a; — .98% — 3ar^. 

i\a + 4JJ - 4^^^. 

18 + a« — 6&y + %e. 

\a + ic. 

— 2ir. 

7aa; + 9Jy — 2c. 

3a — 6J — 2c. 



Art. 70. 

1. 12. 6. 16. 

2. 3. 6. 70. 

3. 4. 7. a. 

4. 1. 

8. 27a — 14i. 

9, 2c. 

10. a 4- 3* — 2c. 

11. 17a — 6c 4- 2a;. 

12. 2a; 4- 2y — 2z. 

13. - 16a + 86 ~ c. 
14» 8rf + 2tf — 4a — 13c. 
16. 40a4-65— 5/4-5C— 3A. 

16. a — ft 4- c 4- ^ — ^. 

17. a — J 4- 2c — d. 

18. — a — - 2a;. 

19. 2a — b. 

20. 7a; — 23( — 6«. 

21. a. 

22. 0. 

23. c 4- y^. 

24. — %b + 2ab — c. 

1. Ibmh^y. 

2. 66ay. 

3. 24a3J«. 
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4. TOrr^c-ary. 

6. — 20a»ft». 

6. — 35a»&c» 

7. - 10a»yc». 

8. 21a«ir3y. 

9. 36»|3n3. 

10. — 56»V- • 

11. — ^\(fi<^. 

12. I;i5flr*im3»*, 

15. 120fl«6^c»a:*. 
14. 'Ud'Wf^. 

16. -— «)a*i^r*«»*. 

16. ~ SfOttVf®. 

17. Canary. 

18. — 120a'i^A 

19. 52flf**V\ 

20. 60fl5W<j3, 

21. lO0«8aP* 

22. lOOw^w', 

23. Cff^iV. 

24. ?A^c^f^. 

25. — 45«2OT%8ry, 

26. — 30flr«aj3. 

27. 24«|i3»»j5, 

28. — 24a8cV- 

29. r^OcrV^^. 

30. 48rt*&^c*. 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 

14. 
15. 
16. 

17. 
18. 
19. 
20. 

21. 
22. 



Ai-U 83. 

cfi + 2ab + *2. 

eaW — dt^— Vlh^. 

iC* -f 2^2 — y* — ^. 

«4 ^ 3a2J2 ^ 4J4. 

a^ _ 41a — 120. 

6a:* ^ 96. 

8I2:* — yK 

a^ + 32J5. 

a:« + a:5 _ n^. ^ g^ 

32a + 4. 

m^ — 67» -f 5. 

a:6 _ 2^:3 _^ 1, 

2a'~7^*-|-7flf5J2^flW 

— 15a35*. 

^ -1 «4 j3 + a2** — ft«. 
^3 ^ ^ ^ ^ __ 3^^. 

a6 _ 3^J2 ^ 3flj2J4 _ js. 

189a4 — 91a3^ + 62^2^ 
7^ — 32/. 

— 15^3 -f 1. 
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23. 
24. 

25. 
26. 
27. 

28. 



33^ — 46a:'«^2 ^ 43a;2y3_ 

»»» — 20m* — 27m« + 
25«i« — 135m + 21. 

84a» — 437a«J2 + *«. 

243a;* — y". 

a? 4- 131«* + 120«« — 
81a; + 21. 

3? — 125a;« + 3004ar + 
5040. 



29. a:* — 98a;* + 2401a;* — 

14400. 

30. cfi — h\ 

81. a;* — 253?! + 1**. 

32. a* — a^b -{■ a^¥ — V. 

33. 1 — a;*. 



Art. 107- 

1. a(?. 

2. %(!*¥. 

3. 7*. 

4. fia^bcd, 

5. 2aa;y. 

8. — 2a5c. 

7. 3^ + 6a;«yl 

8. 2ab + 4a''J — c. 



9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 

23. 
24. 



1. 
2. 
3. 
4. 
5. 
6. 
7. 



4a'c + 'd(P — 2ae. 

3a'c — a + Ga^c. 

da + 4i — 5e. 

Gm — 7«. 

Sab — 4c. 

a + 4a'J» — 7a'. 

a; — ii/z' + 5az*. 

b + l — abe + aW<^. 

Sab^ — 5c + 3ia2ja;. 
— xY -f Salary — 5a*. 

3a;y2 — a^y5_3y2_5a;y3^ 

9 

3aV ^az -^2 

ax 

•< 

6a2 _ lia + 4 -f -• 

^rf. 109. 

X -\-y. 

x — y. 

x^ — ^xy + y*. 

arJ + 3a?'+ 10. 

a:3 + 3a;2 — 4. 

ar* -f a: + 3. 

ic* — 3ic — y. 



r» 
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8. 

9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 

23. 
24. 
25. 
26. 
46. 
47. 
48. 
49. 
50. 
51. 



'la — 5^. 

z« + 2ic -f 1. 
ar + 2. 
a? — 2. 

x^ + I0x + 14. 

a^ «- 9a; — 10. 

r« — 3a: + 7. 

7? ^ x^y + xy\ 

a;2 — 2a: + 2. 

2^8 __ 4a; 4- 8. 

9a:* — ^xy -\- ^y 

a;3 + 2ar» + 4a; -f 8. 

a:* 4- 2a;8+3a;2-f-2a;+l 

7a* + 21^35 4- 8a2J2 ^ 

3aJ« + J*. 
a2 + a5 - 2J8. 



/2 



27. ar^ — ^xy — 2y2. 

28. 2a; — 4y. 

29. ar* -f 2a;3 ^ 33:24. 4a; 4.5. 

30. l — ^x + 2x^ — x^. 

31. fl* — a — * + 1. 

32. ah — ac + be. 

33. 4a2 — 6aJ — 8^. 

34. 3a + 2* + c. 
36. X -\- y -\- z. 

36. a3 + 2a2J -f 2ad2 4. ^^ 

37. 1 — 2a; 4- a:^. 

38. 1 -f 3f/ -f V 4- 27y« 

39. aS __ 4flj2 ^ 9flj _ 3, 

40. a;* + 2a;3 + 3ar*4-4a:4-5. 

41. a:* — 3ari 4- 4a; + 1. 

42. a;* 4. 2a;3 4. 33:24. 2x4-1. 

43. a:* — 3a;« — 2x^ — 4. 



2a;3 4- 4ar« 4- 8a; 4- 16. — - 

—4a;— 11. 44. 2a;3 — 6a?* 4- 3a; — 1. 
■^ ^" " 45. 3a;8 _ 153:2 4. 20a: — 12. 



a;* 4- 2a;« 4- a;*--4a; 

a? '\-^a?y + ^xy'^^%lyy 

flj6 _ 2a5 + 4a* — Sa^ + ba^ + 5. 

a^j _ 2a;5 4. 4a:4 _ 334J 4. 7a;2 __ 16a; 4- 32. 

a4 -. 3a:Sy s^ iQ^y2 _ 343:^3 ^ 115^4, 

8a;5 _ 8a;* 4- 4a;3 _ 2ar* 4- ^a? — 1. 

m* — 2m^ + 4m* — 6m^ + 6m^ — 4m 4- 1. 

a:5 4- 3a;*.v 4- 13a;8y2 __ 53.2^3 _^ 22a;y* — 19f. 



i 
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62. a"^ — 2a* — ISa^ — 6a^ + « — 5. 
53. m^ — 7m% — 4:mn^ -f- Stj^. 



1. 



2. 



3. 



4. 



^rf. 129. 



a^ + 



;rc2 4- 3a; + 9) {x^ — ^x^ 9), 

9a2 J- 6a + 4) (9a2 _ 6« -f 4). 

y +y + l)(i?'-i?' + 1), 
m^ -f m -f 1) (m^ — m -f 1), 

y + 4a; + 16) (a:2 — 4r + 16). 



1. (ic -f 2) (a; -h 1), (a; + 3) (a; -h 7), (« + 2) (a + 6). 

2. (a: -h 7) (a; + 8), (a; + 1) (a? -f 20), 
{m + 6) (m + 7). 

3. (a; -f 4) (a: + 10), (a; + 4) (a: + 7), 
{m -f 5) (w -f 12). 

4. (a — 4) (a — 5), (« ~ 3) {a — 8), 
(m — 3) {m — 7). 

6. {x — 1) (a; — 8), {x — 3) (a; — 12), 
{x — 8) (a: — 12). 

6. {x - 7) (a; - 12), {x - 4) (a: - 11), 
{x - 6) (a; + 17). 
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7. 



8. 



9. 



10. 



11. 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



9. 



y + %)(y-&), (y + 7)(y-ll), 
a; + 6) (a; — 12). 

X - 3) (a: + 14), {x - 4) (a; + 15), 
X — 10) {x + 21). 

3? + 2) (a^ — 11), (a* — 3) (o« + 8), 
a4 + 5) (ar« — 13). 

o + 2) (a + 26), (y + 5) (y - 10), 
X _ 2) (» + 45). 

a + 3) (a + 5), (c* + 23) (c« - 3), 
d« - 12) (*« + 10). 

Art. 133. 

5x + 1) (a; + 2), (5a; + 2) (a: + 1), 
2y + 5) (y + 3). 

a + 7) (3a + 1), {x + 7) (5x + 1), 
m + 3) (Hot + 1). 

a; — 7) (2a; — 3), (n — 5) (2m — 7), 
n + 3) (2n — 7). 

5m — 1) (3f» — 11), (3a; — 1) (13a; — 7), 
y + 2) (3y - 7). 

155 - 1) (5 + 3), (7y - 13) (y - 3), 
3a; — 5) (5a; + 6). 

a; + 6) (2a; - 11), (3y - 13) (y + 5), 
7a — 1) (3a + 2). 

13m — 7) (7m + 3), (6a + 3) (3a — 3), 
5a: + 1) (a; — 1). 

2a;S _ 5) (a« + 2), (5«» — 7) (3n» + 4), 
lla;8 + 7) (2a;8 — 5). 

4m« — 9) (m« — 4), (8a;» — 27) {v? + 1), 
^7? — 3) (3ar! + 2). 
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1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11, 
12. 
13. 
14. 
15. 
16. 



1. 
2. 
3. 
4. 
6. 
6. 
7. 
8. 



Art. 135. 

(to + 2) (a; + y), {x + 1) (a + b). 

{2x + 3) (2 + a), {a + b){c + d). 

{a - 3) (* + 1), (y - 2) (Sx - 1). 

(2a; + By){x — m), {2x + m) (x — 3). 

(mq — x+p){q — x). 

(p + q — s)(a- c). 

^^r — c + 2m) (a + 2b). 

(cf—c + 2b) (x + y). 

(a + 2c — 4ac) (3J + d). 

{2a — b — c) {m — d). 

(4c + 3ra + 2r) (a — 2*). 

(» + 2r — cd) (a + bs). 

{2x — y — z) {a + c). 

{2x + 3^^) (3« — J9 + 2s). 

(2a; — 2y) (3a + 2* — 1). 

(3.r - 2y - 5) (7 + n). 



{x + 2 

{x — \ 

{x — 2 

(a; — 3 

{x— 1 

(a; + 2 

(a; + l 
(a; -2 



(a; + 3) 
(a; -2) 
(a; + 3) 
(a; + 5) 
(a;-5) 
(a; -3) 
(a; + 3) 
(a; -3) 



^r«. 137. 

{x + 1). 
(a; + 8), 
{x + 4). 
(a; + 10). 

(a; + 7). 
(a; + 6). 
(a; - 7). 
(a; — 5). 



10 ANSWJCHJS, 

9. (x - 1) (:^ -h 1) {x + 8). 

10. (x - 6) (a:-f 4) (z 4- 2). 

11. (x -f 6) (a; - 3) {x — 3). 

12. (x -h 10) (x - 5) (re - 5). 

13. {x - 7) (a; + 5) {x -f 2). 

14. {x -f 3) (a; + 5) \x - 25). 

16. (x + 3) (ar + 5) (a; + 11).' 

16. (x - 1) (a; + 9) (x - 10). 

Art. 139. 

1. {x -^ ft -^ <>) (.r -h a). 

2. (a; — 2a + 9) (a; — 2a). 

3. (w — 5 — - «) {m — 5). 

4. (a; - 7 - 5a) (aj - 7). 
6. (a — 3a; -f 2) (a — 3a;). 

6. {y-^z-\- by) (y -f z). 

7. (*2 _ 2^(1 + c2 — 4a) (i — c), 

8. (5w — w — 6r) (5w — m). 

9. (3a: — 4y — bz) (3a; — 4y). 

10. (7a; - 2 -f 3y) (7a; - 2). 

11. (m2 — 3^2 — 6p) {m^ — 3n«). 

12. (2w -f. 1 — 5m) (2w -f 1). 

13. (a; -h 3y — 2c) (a; + 3y). 

14. (a; - 7y - 12) (a; - 7y). 
16. (3a; — 2y — 4) (3a; — %y). 

16. (oa; — 3* -f- He) [ax — 3^^). 

17. (a^'-. %i ^ ^c) {a^ — %b). 
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18. 
19. 
20. 
21. 
22. 
23. 
24. 
P5. 



2a — b-- 6c) {2a — b). 

2c — 3^ — Zab) (20 — 3d). 
7a 4. 3^ — 13) (7a 4. 3^). 

5a _ 2* — 2a^) (5a — 2*). 
«m -f 3 4- 5a:) (am + 3). 
3a; -f 2 -f 6a) (3a: -f 2). 
5a: + 3y — 4) (5a; -f 3y). 

Art. 140. 



1. (a2 + 9) (a -f 3) (a — 3). 

2. (a; -h y) (a;* — iz^^y + x^y^ — xy^ + y*). 

3. (a:* + 1) (a;2 ^. 1) (a; ^ 1) ,(x _ 1). 

4. (m — n) {m^ + m^ 4- mW -f- m/i^ -|- w*). 
6. (a; + yX(a^« — xy -\- y^) {x -^ y) {7^ ^ xy -\' f). 

6. (a — 5) (a8 + 5a -f 25). 

7. (a — 1) (a^ -f a' + «^ + « -f !)• 

8. {x 4- 4) (ar^ - 4a: -h 16). 

9. (a« -f- ^*) (« -f *) («2 - ai + i^) (a-b) {a^+ab+ly^). 

10. (a: + 2) (a:* — 2a:» + 4a:2 __ 8^. ^ 16). 

11. Ix + 2/i) (ar^ — 2nx + 4^2). 

12. (a 4- 6) (a2 — 6a + 36). 

13. {x + 10) {3^ — 10a: 4- 100). 

14. {3^ ^ 10) (ar« - 10). 

16. {1 -\- x) {1 — X -{- x^ — x^ + x^ — af^ -^ afi). 

16. (x — y) (a;" + a;i8y 4- x^y^ 4- i^^"^^ 4- a^^ V 4- x^y^ + sfiy^ 4- 

a;y 4- a^y® + a;®^^ 4- x^y^^ 4- a:^y" 4- x^y^^ 4- .ry ^^ 4- y "). 

17. {x 4- 7) (ar« - 7a: 4- 49). 
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18. 
19. 
80. 
21. 



S3. 
84. 
85. 
86. 
87. 



29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
50. 



a 



ANSWEU8. 

-h 1) (<!'-«» -f a'-^a 4- 1). 

• + y') {^ -H y) (^ - y). 

fl« 4- 1) (a -f 1) (a2 — a -f 1) {a _ 1) (^2 4- a + 1). 

oa; -f by) {ax — iy). 

w» + pq) (mn — ^g^). 

x^ 4. 25) (ar 4. 6) (a; — 5). 

h -h 2) (^2 - 2^ 4- 4) (d — 2) (^ 4- ^ -h 4). 

ar 4. 3) (.T* - 3ar8 4. 9arJ — 27a; 4- 81). 

X 4- 2y) (a: -f 2y). 

a — 3^) {a — 3*). 

2« — 3a:) (2a — 3a;). 

4m — 5) (4w — 5). 

- 1) (a; - 9). 
X - 9) (a; — 25). 
a; 4- 7) (a; - 2). 

a; 4- 5) (a; — 5) (a; 4- 1) {x — 1). 
a 4- 4) (a 4- 2). 

-h 5) (m — 5) (w 4- 2) (wi -- 2). 



X - 7) (a; 4- 2). 

2a 4- 7) (8a — 3). 

3^ -- 8) (S + 2). 

3y - 4) (y - 7). 

"Iz — 3) (2 — 2). 

a 4- 3) (5a 4- 7). 
8a^ — 3) (2a;2 _ 7). 

7rry 4- ll)(7.r3^4- H). 



43. (2p — 3) (5/? - 13). 

44. (x — 8) (a; - 8). 

45. (5f/i — 3) (2W 4- 5). 

46. (3a; 4- 2) (2a; - 1). 

47. (2a;8 - 3) (a;* + 2). 

48. (ar^ 4- 4) (4ar» - 3> 

49. (%n — 5) (2w - 5). 
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51. 
52. 

53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 

71. 
72. 
73. 
74. 
75. 
76. 
77. 



a — h -\' c) {a + h — c). 

b -\- x) {a -^ x) {a — x), 

x — y--2z){x — y-\- 2z). 

Sx -f- 2y — bz) (e3:c — 2y + 5z). 

a — x) (x -j- b){x — b). 

sfi — yz — 4tz) {a^ — yz -\- 4«). 

«2 _ ^ _ ^ ^ ^) (^2 _ J2 ^ ^ _ J2)^ 

^ -Y y — z) {a — <^. 
3a; - 1 — 5y) (3a; — 1). 
w — w -f 2A) (a; H- y). 
2x'^m + 3n) {Sy + 2x). 

ir — 4) (a? -h 5) (a: -f 1). 

2y + 7 - 3z) (2y + 7). 

a; — 2) (a; ~ 3) (a? — 5). 

X — 3) (a: — 10) {x + 4). 

b — c — a + y){b — c -\- a-^y). 

a: — 3) (a; 4- 4) (a; — 5). 

4a? — 5y — 6) (4a; — 5y). 

a: 4- 4) (a: + 7) (a; — 5). 

a^ — be) {a -{- b -{- c), 

a + x){b--x){b -^ y). 

2m + dn — c) {x — 2r). 

a -^ d — b -\- c) {a — d -{- b -— c). 

a + be + 5m) {a + be), 

a 4- 3m) {a -f 2m) {a — m). 

,r — 5y) (x -f 4?/) (;c 4- 3y). 

r^ 4- ^^ 4- ^O (if - y). 
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ANSWERS. 



Art. 144. 



1. 
2. 
3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 



3ax. 

dbuv, 

4ab. 

a + h. 
X -\- I, 
m 4- w. 
a + 3. 
a: — 5. 
X — 1, 
m -f- 6. 
h — 11. 



13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 



5a; +25. 
ic — 9. 
a: — 11. 
2a; -f 5. 
3a; — 2. 
X -f- 3. 
X -h 2. 
a; + 3. 
a; — - 5. 
22^-6. 
a — 3^. 
a — 2. 



Art. 147. 



X -I- 3. 
X — 1. 



X 



1. 



a; — 2. 

2a; + 5. 

a;8 — 4a; -f- 3. 
5a;3 - 1. 

a;2 — 2a; -f 1. 
a;* — 7arJ -f- 1. 
^ -f- .r- — . .^ _ 1. 
a;2 — 2.C 4- 1. 



12. a^ — 3a;2 ^ 5a. ^ 2. 

13. a;3 _ 5^ ^ 5a. _ 3, 

14. a;4 — 4a;3 + 2a: - 3. 

15. a;8 _|_ 4a;2 _ 2a; + 3. 

16. a^ ^ 4.ac + 7(^. 

17. ar 4- 3ar^ + 3a; 4- 1. 

18. a?2 4- oa; -f 3. 

IJ. a;3 _ 4a^^ _|. 4a; — 1. 

20. cr2 _|_ 4a; 4_ 7. 

21. a;2 4- 4a; 4- 7. 

22. X -f 3. 

1. 12a*&8. 

2. 45a4J'. 

3. 106a^fz\ 

4. 42a;3^V. 

5. 2 (4ar« - 1). 

6. a;4 ^ 2a;3 — 8a; — 16. 

7. 48a;y {x^ — y^). 

8. a;3 _ 4a4s _ 47a; 4- 210, 

9. a^^ 13a; — 12. 

10. x^ — 10a^«— 123a;4-118a 

11. a;8 __ 6a?8 _ 19a; ^ 84. 

12. ar"* — 6a;3 4- Gx^— 7a; 4- 6. 
18. 24ar^ — Ua^ — a; + 1. 
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15. 
16. 

17. 
18. 
19. 

20. 
21. 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



12a:* — 203? + 5a? + 5x 

— 2. 

a* — a? + 6a^ + a — 7. 
105a^ (a2 — S«). 

3? — l. 

X* + 5a? + 5a?—5x—6. 

x* + Sa? — 7a?- 27x 

— 18. 

afi — 8x* + 503?—x—^. 
a* _ I0a:3 + 35aJ! _ 50a; 

+ 24. 

Art. 158. 

Say + X 

y 

2x + a 

X 

^ab — a 
b 

2dh? + a* 

X 

1 + 2a! 

1 + a;' 

2a« — 2a5 + 4S» 



a 



-b 



2a^ 



a — X 

da? 
a? — l 



9. 



10. 



11. 



12. 



13. 



14. 



16. 



16. 



17. 



18. 



19. 



20. 



21. 



22. 



23. 



a'a; + 4a 

a + X 

bbx — %oihi 
a2 



a ■ 


f c 


a> 


— ab + 3a 




a -h 1 


3? 


— a^y -f 2y 




x — y 


a« 


W 



a — db 

^— ^— ^— — — • 
m — n 

a -{- X 
a^y^ 



a^ -{-xy -\-y^ 

0^ — 5 

X -}- 5' 

x*.-j- 5 

a^ + 2x — 1' 

x^ + X + 1 

a* — iB* 

■ » 



\r> 


* 


AN8WEB8. 


84. 


x-y 




13. 


26. 


a*-b* 
a-b 

AH. 160. 




14. 
15. 

16. 

IT 



1. 2a -h 



5a 



2. 3a6c + 



3aAc 



4^ 

3. 4ac -h -g- 

4. 2a -f — • 

4a 

6. 2^-^. 

6a: 

6. 2aa: 

a 



1. X + 



2 



8. 2a; — 



a; -1-3 
1 



a; — 3 



9. X — 2y. 

10. x^ -{- xy + y^ -h 



x — y 



11. a2 - ^2 ^. 



2^^* 



a-^+ ^ 



12. a^^ab-\- 1^ 



- — - — ■" — I 

a -\- b 



18. 



a^ — a^ '\' X — 1. 
a2 H- ^. 

ar8 + 4a: -f 7 + 

28ar^ + a; — 2 
a:3 _ 4^ ^ 4a. _ 7' 

2a:2 4. 5a; -I- 3 4- 

^ 

a:d — 5ar8 4- 5a: — 3' 



^a'f. if;^. 



1. 



2. 



3. 



5. 



11. 



12. 



13. 



dxy^ 

2yz 

7x ' 

3a:2 

■ - • 

bmnxz 
~7pqy" 

2ab 
9cde 

a :{-b 

" • 

a — b 
ax 



6. ^ 



2x 
Sa 



7. 



8. 



9. 



10. 



be 
5aa: 

5ab3i^ 

a + b 
2b ^ 



dax — 2y2 

- - -- ■ - • 

a — b 
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14. 



15. 



16. 



17. 



18. 



19. 



20. 



21. 



22. 



23. 



27. 



28. 



29. 



30. 



31. 



3a 



a — X 
a + b 



a — b 

a^ — ab + P 

• • I 

a — b 

X 



X + 2 
X + 6' 

2ax 
ax — 3y* 

2( z + y) 
3{x- y)' 

a; + 3 

x — l' 

x + t 
X — 5 

cc — 1 



24. 



25. 



26. 



x + l 

a? -f 3 

a^ — 2a; + 5 

3a: — 4 
4a; — 3' 

1 
17 (a — 3d)* 

X — a 
a 



XT 



a^ + y« 


a? 


3? — l 


X 2 



a; + 3 



bx + cy 



32. 



33. 



34. 



35. 



36. 



37. 



38. 



39. 



40. 



41. 



42. 



43. 



3m 



1. 



n — r 

1 
1 — x 

2a; — 3 



2x 7 


2m — 3a; 


6m — 3a; 


3a; 4-2 


3a; -2 


2a; -fl 


X 2 


a;-f- 1 



X — 4 

a; + y 
a;-f 8* 

3a; — 5 

5a; +7' 

2a; -f 5 
6a; + l' 

Q? — y^ 

1 

a; — l" 

Art. 166. 

9ar^ 8a; 5 



12a;3' 12a;3' 12a;3 
T^z xy'^ yz^ 



2. —, -^ 

a;y« a;y2J ' xyz 
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AN8WBB8. 



5. 



7. 



c %h Za 

abc ' abc ' abc 

adf bcf bde 

bdf bdf* Mf 



{\axt 40* 



8^^-' 8^y2' 8ar^« 



(rt --xY {a + g)» 
o2 _ ^ ' a2 - x» 



{a -h 2b) (a + b) 



a^-b^ 



a^ 



fl»-62 



(g ~ by al±V- 
a^ — ^3 



9. 



10. 



11. 



12 (1 — x) 5 (I - /) 
4(1 —ar^)' 4(1-/) 

8a; 



-r) 



4 (1 — a:2^ 

a;(a:« + ar^ + ayg + y^) 
or* — y* 

re* — y^ 
ay (ar^ + y^) 

a:* — y* 

} (^2 — fl^ -f ^ ) 

«4 4_ a2J2 + **' 



12. 



13. 





(a? - 1) (a; + 3) 


(a.- 


- 5) (a; - 3) {x + 3) (a; + 1)' 




(x + 3) (a^ - 9) 


(X- 


- 5) (a; -3) (a; + 3) (a; +1)' 




(x 5)' {x 3) 



(a; - 5) (a; — 3) (x + 3) (a; + 1) 

{x> - 9) (a; + 3 ) (a;^ - 4) (a; + 3) 

(ari-^Xaj+S)*' (ar* — 4) (a: +3)»' (a* - i)~(a:+3)'' 



3*—\6 
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14. 



15. 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



9. 



19. 



5 (a>2 -I- a; — 6 ) 

(ar8 + a; — 20) (a;^ + a: — 6)' 

3 (ar^ + 3a; — 10) 

{p^ + a; — 20) (a;2 ^ x — 6)' 

2 (ar» + a; — 20) 
(ar^ 4- a; — 20) (a?2 + a; — 6)' 

i2-ar^ 



d^ — a? 



{a — a;) (a — y) {h — x)' (a — x) (a — y) {b — x) 



Art. 172. 

ax + Sa: + c 

5g + & 
18 

7ar2 + y2 
~36 

15a + ^y + 9 
3ay 

3a; — 10a 
4aa; 

g + & 
12 

2a 



12a; — 2y 

01? ^i^ 

anhi — pc 



10. 



13. 



14. 



15. 



16. 



17. 



an -\' b 



2 2 {ax - ny) 
ar* — y2 



a -{- b + c 
abc 



rri? — 1 

6 — a;« 
a?^ — 9' 

5 

a; — 5 

12a; 
1 — 9ar»' 



Ifi ^^^ + ca; + 2& 
bcx^ 



a^ (15m + lOamba? + WVh?y) 
120wa;8 



to 



ANBWEBB. 



SI. 



83. 
24. 

25. 

26. 

27. 



29. 



80. 



31. 



82. 



33. 



84. 



^ + f 


x-y 


a? + y 


^-y 


2a« 


x^x' — a') 


4a 


a + X 


2mz + n 



x^ — f 

2a;» — 2a:^ — 18a; + 8 
a;8 ^ 3a;2 _ 4a. _ 12 

2a8 + 9c2 



2. 



6ac 



2 



m + n 

2gy 
a* -J*' 



a; (1 — 4a;2) 

ft (g + a) 

ar«-ft2 * 

2a: -3 
a;(4ar^ — 1) 



2 



{x + 1) (a: + 2) (a; + 3) 



4 (a; + 10) 
»* — 16 



85. 
86. 
87. 
88. 
89. 
40. 
41. 
42. 

48. 

44. 
45. 

46. 

47. 

48. 
49. 
50. 



2^8 ^ 9a; 4. 44 
«»+ 64 



a^ — V 



1 

«3 — y8' 



(a; - 1) (a: + 2)^ 

4gft 
(a - *)»' 

4a; 
aJ + y' 

4gg 
ft2-a2- 

1. 
0. 

c 

{x — a) (a: — J) * 

g» + a; -I- 1 
a^{a? + If 

2a; — 3 
(a;8 — 1) (2a; + 3) 

0. 
-3. 
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51. 0. 
52. 



1. 
2. 

6. 

7. 
8. 

9. 

10. 
11. 
12. 

13. 

14. 

15. 

16. 



24S* 



a {a^ — **) {«« — 4^) 



Art. 175. 



ahnn 
be 

4c 
5a 

4:a^ + Aiob 



%x. 

4« (a + b) 



3. 

4. 
5. 





7 


9ic2 




2 




3a:- 


-1 



a: — 2 



X — a. 



a' 



¥ 



ab 


{a b)b 


{a ■\- b)x 


a^-ir* 


ahi 


b 


ai — ab-\- b' 


a^-f 



5n 

■■ i 

ibex 

1. 

8. 



y{^ + f) 



17. 



18. 



19. 



20. 



22. 



24. 



25. 



26. 



27. 



29. 



30. 



{x - 1) (x + 2) 

x + 3 



1-y 



X 



3x 



4y 
21. 1. 



a-4 



x-\-6 
23. a + b. 



ax 



a« 


:^ 


a« 


+ ** 




a 


a 


— X 


m 


+ n 


X 


+ 2 



x — 2 



^e, X^ X^ ^ 

28. - + - + 1. 



a^ ' «« 



a:2 — lla: -I- 28 



a^ 



4Mb 



a^-b^ 
31. ^1^^. 



X 



n 



AMSWiata. 



8S. 

SS. 
34. 
35. 

36. 

37. 



1. 



3. 



4. 



5. 



6. 



7. 



8. 



9. 



1-y 

X 

— az. 
4 



1 

\a - bf 



Art. 177. 



ad 



2. '^ 



ay 
bx 



a^ 

• 

mhiq 


2(x + y) 


Z{z-y) 


a* 


i(a-b) 


3? + xy Jf y* 


^+f 


2y 


3? — xy + y-' 


{a xf 


x{a + x) 


a {x y) 



'y(a -^ b) 



10. 



11. 



12. 



13. 



14. 



15. 



16. 



1. 



2. 



3. 



4. 



6. 



6. 



3? Zx + 2 


3? 


3? + y* 


z 


2m* 


3» (to — n) 


^ + f 


3?-y' 


x + y 

y 


a;' + y« 


^y 


x 4 



ic2 _ 2a: + 8 



^rf. 2y» 






277^2 



371 (tti — 7^) 

a{x — y) 
y{a -Yh) 

a^ 
b{a- by 

^ + f 

— — ^^^^ • 

X 

x^ — 2a2 

• 

ax 
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7. 

8. 

9. 

10. 
11. 
12. 

13: 

14. 
15. 

16. 
17. 



ac — bd 




ac -f- bd 




(x -l)ix- 


-2) 



X' 



X — 4 

■ — • 

X — 5 

1 + a? 

a. 

1 

p^ -h q 
a2 + ^ 



fi 



2ab 



1. 



X. 



X^ + 1^ ' 

a' i-b^ ' 







Art. 


191. 


1. 


10. 




8. ^. 


2. 


2. 




9. 2. 


3. 


10. 




10. 4. 


4. 


12. 




11. 1. 


5. 


3. 




12. 34. 


6. 


3. 




13. — 28 


7. 


9. 




14. 1. 



15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 



1. 



2. 



3. 



4. 



5. 

60. 

41. 

7. 
8. 
9. 
4. 
5. 



23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 



i- 
4. 

17. 
2. 

5. 

2A. 



Art. 193. 



8. 
8. 
4. 
6. 

7A. 

1. 

3|. 

1t^- 



10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 



2. 

8. 

lA 

7. 
4. 
4. 

4. 
3, 



Art. 195. 





a 


a - 


-J + 1 


ab 


de 


a 


— c 


a^ 


¥ 




2S 


ah 


{c + d) 



a — b 



24 



AN8WEES. 



5. 




6. 


4* — 6c. 


7. 


rd -^ ab 



9. 

10. 
11. 

12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 



a 

c—b 
a — d 



1^ 

ab 

a — h, 

a + J. 

%a-{-b 

g (1 — 3 a) 
3d 

- " • 

a + b '\- c 
2ab 

a^ ^ ab ^-W 

— ^^-^^^^^— ^-^— ^— ^ • 

a -\- h 
b{a — b + c) 



a 



a* 



a 



ac 



21. 


4a. 






22. 


8a 
25 




23. 


c. 






Art. 196. 


1. 


11. 




14. 5. 


2. 


42. 




15. 2^. 


3. 


11. 




16. 63| 


4. 


19. 




17. 2. 


5. 


13. 




18. 3. 


6. 


15. 




19. 10. 


7. 
8. 


5. 

27. 




abc 


9. 
10. 


5. 
-3. 






11. 


23. 




22. 50. 


12. 
13. 
25. 


• 
5. 




23. 4. 

24. 10 


26. 


a 4 


a) 
c 


27. 


10. 




28 


abc -f 


am7i — hn 


4W* 


bc 


-\- mn 


tf&A 


a — b 







2ab 
a -\-b 



30. 



ab 
ab 

■ — 4 

a — b 
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3 (rt + J) 


12. 


6 days. 


^# A* 


b — a 


13. 


12 days. 


^d 


ac 




14. 
15. 

16. 
17. 


8, 11, 14, and 17 yrs. 

Overcoat, 129 ; 
suit, 141 ; boots, $10 

135 ; $19 ; 113. 

Wheat, 11.13 ; 


049. 

33. 
34. 

36. 


a — i 

3. 

3. 

«» + J« 
2a 


36. 3f 

37. 1. 

38. -lA- 








rye, $.92 ; oats, $.47. 




^»^. ld«. 


18. 


76 years ; 38 years. 


1. 


$120. 


19. 


48 years ; 40 years. 


2. 


216. 

• 


20. 


76; 100. 


3. 


. 150 acres. 


21. 


House, $5000 ; 


4. 


$1800. 




lot, $3000. 


6. 


Hat, $6 ; coat, $15. 


22. 


$2. 


6. 


House, $2600 ; 


23. 


Ist, $85 ; 2d, $170 ; 




lot, $1175. 




3d, $145. 


7. 


Father, $101.30 ; 


24. 


$2800. 




son, $63.70. 


26. 


120. 


8. 
9. 


Horse, $230 ; 
carriage, $205; 
sleigh, $165. 

Wife, $8300; 
son, $5000 ; 
daughter, $2500. 


26. 
27. 

28. 


21. 

Watch, $145 ; 
chain, $40. 

House, $7200; 
lot, $5600. 


10. 
11. 


35, 50, i 

55 lb. at 
45 lb. at 


md 70 miles. 

;$.40; 
, $.50. 


29. 
30. 


Cargo, $36400 ; 
steamer, $91000. 

$2000. 



25 



26 
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81. Copper, 420 oz. ; 
tin, 85 oz. 

32. 5, 17, and 26 oz. 

33. 36. 

34. A, 143.75; B, $49.25 ; 
C, $62. 

35. 48 feet. 

36. A, 40 ; B, 29. 

37. 36^; 60^. 

38. A, 150 ; B, $20 ; 
C, $30. 

39. Father, $2; son, $1.65. 

40. A, $1500 ; B, $500. 

41. 57 ; 40. 

42. $60. 

43. A, 40 ; B, 30. 

44. $12000. 

45. 50 10-cent pieces ; 
20 25-cent pieces. . 

46. 85 ; 68 ; 119. 

47. 20. 

48. $150 ; $100 ; $40. 

49. Earns $1000 ; 
spends $800. 



50. Working, 14 ; idle, 16. 

51. $.79. 

52. $4800. 

63. 35 of 15.cent ; 
65 of 11-cent. 

54. 22 men ; 18 women ; 
50 children. 

55. $160. 

56. 27 ; 24. 

57. 484 miles. 

58. 800. 

59. $2333^; $2666|. 
60.' 824 bu. of each. 

61. 7. 

62. $800 ; $1200. 

63. 120. 

64. 22 3-cent ; 

17 5-cent pieces. 

65. 31ft.; 47 ft.; 22 ft. 

66. 20 miles. 

67. 12, com ; 9, potatoes. 

68. 7 50-cent pieces ; 
9 25-cent " 

69. 168 acres. 











ANSWERS. 














Art. 


206. 






Art. 


208. 


1. 


X 




4, 


y — 5. 


1. 


X 


10, 


y 


= 7. 


2. 


X 




6, 


y = 3. 


2. 


X 


5, 


y 


- 2. 


8. 


X 


— 


8, 


y = 4. 


3. 


X 


2, 


y 


- — 3. 


4. 


X 




30, 


y-25. 


4. 


X 


-'4, 


y 


= 12. 


5. 


X 




9, 


y-e. 


5. 


X 


3, 


y 


- 2. 


6. 


X 


— 


5, 


y _ 4. 


6. 


X 


-H, 


y 


— 4. 


7. 


X 


— 


3, 


y = 4. 


7. 


X 


h 


y 


f 


8. 


X 


— 


15, 


y = 9. 


8. 


X 


19, 


y 


= 2. 


9. 


X 


— 


2, 


y 3. 


9. 


X 


-6, 


y 


— 12. 


10. 


X 




5, 


y 2. 


10. 


X 


h 


y 


i- 


11. 


X 




3, 


y 2. 


11. 


X 


-30, 


y 


— 25. 


12. 


X 




H, 


y — 4. 


12. 


X 


= 56, 


y 


— 40. 


13. 


X 




10, 


y 7. 


13. 


X 


-6, 


y 


- 5. 


14. 


X 




19, 


y-2. 


14. 


X 


-3, 


y 


— 5. 


15. 


X 




38i, 


y 70. 


15. 


X 


= 30, 


y 


-20. 


16. 


X 


— 


6, 


y 12. 


16. 


X 


6, 


y 


- 12. 


17. 


X 




848 
T6T> 


y - m- 


17. 


X 


6, 


y 


- 8. 


18. 


X 




10, 


y = 5. 


18. 


X 


= 36, 


y 


— 24. 


19. 


X 




12, 


y 12. 


19. 


X 


= 2, 


y 


- 37. 


20. 
21. 
22. 
23. 


X 
X 
X 
X 


= 


20, 
10, 
4, 
5, 


y 20. 
y = 4. 

y _ 9. 

y 7. 


20. 
21. 
22. 


X 

X 
X 


•7, 
3, 
-18, 


y 
y 
y 


- 10. 
-2. 
= 6. 


24. 


X 




^, 


y-1. 


23. 


X 


— 99, 


y 


- 15. 


25. 


X 




3 


y-2. 


24. 


X 


-4, 


y 


— 3. 


26. 


* 


— 


63, 


y 14. 


25. 


z 


7, 


y 


— 4. 
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1. 
2. 
3. 

4. 
5. 
6. 

7. 
8. 



10. 
11. 
12. 
13. 
14. 
16. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
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X 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



= 12, y = 



8, 
6, 
4, 
4, 



2, 

1, 

4, 



3, 

7, 



4. 
i. 



y — 
y = 
y = 

y = 



IG, y = 

3, y = 

8. 



y = 
y = 
y = 
y = 



= 34. y = 



y = 
y = 
y = 



21, y = 

7, y = 



y = 
y = 



= 11, y = 
= f y = 



8. 

1. 

24. 

2. 

5. 

35. 

4. 

2. 

1. 

— 1. 

7. 

46. 

2. 
2. 

6. 

20. 

9. 

1. 

2. 

12. 



i 

If 
— 11. 

= 11, y = 13. 

= .3. y = -h 

= -2i, y = H. 



4i, y = 
1, y = 



1. a; = 



2. 



3. 



5. 



6. 



7. 
8. 



Art. 213. 

eg — br 



aq — bp' 
_ ar — cp 
^ aq — bp 

em + bn 

ae + be 
^ an — cm 
^ "" ae -^ be' 

_ ae -\- b^ 
ab — c 



y = 



4. X = 



a' + b' 
6a^ — c 



a + 2b' 
__^ ac -\- be — 3a' 
y ~ b{a + 2b) 

__ ac + bd 
^ be — ad 

_ be 
""^ a + b' 

ac 

y = T+b- 

X = a, y = b, 
X = a, y z=z b, 
ab 



9. a; = 



y 



a -f J' 
~ a i- b 
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10. 
11. 



14. 

15. 
16. 



X = 



X = 



y = 



*, y = a. 
aV^c 



12. x = 



y = 



13. a; = 



y 



17. « = 



» := 
X = 

a; = 
3^ = 

X 

y 



(£' + b^' 
a^bc 


a2 + S2 


am — bn' 
111? — n^ 


an — bm 
ac 


a + y 

be 


a + b 
1 



= *. 



a + b' 
a, y 
a + l, 
a — b. 

(a + b)>, 
(a - b)». 



y = 0. 



18. X = 



y = 



19. X = 



y = 



a + b\ 


c 


a + b 


ab + d^ 


a + c ' 


ab + (^ 



b -\-c 



20. a; = (a + b)\ 
y = {a- b)K 



1. 
2. 
3. 
4. 
5. 
6. 



7. X = 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 



X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 

X 

X 



19. X = 



20. » = 



Art. 214, 

= 10, y = 5. 

= 6, y = 1. 

= 16, y = 35. 

= 2, y = 3. 

= 1, y = a. 

= 3, y = 2. 
a, y = 5. 
= 1, y = 3. 
= 17J, y = 115f 
= 17i, y = 8f. 
= 8, y = 2. 

= h y = h 

= h y = |. 
= li, y=-H. 

= 11, y = - 9. 
= 9, y = 123i. 
= — 12, y = 50. 

a, y = b. 
1 



X := 



m + n' 



y = 



a a + 2d 
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Art. 211. 



1. a; = 12, y = 8. 

2. a: = 8, y = 1. 

3. a; = 6, y = 24. 

4. a: = 4, y == 2. 
6. a; = 4, y = 5. 

6. ar = 10, y = 35. 

7. a; = 3, y = 4. 

8. a: = 8, y = 2. 

9. a: = 2, y = 1. 

10. ar = 1, y = — 1. 

11. a; = 4, y = 7. 

12. X = 34, y = 46. 
18. a: = 7, y = 2. 
14. a; = 3, y = 2. 

16. a: = 7, y = 6. 

16. a: = 21, y = 20. 

17. a; = 7, y = 9. 

18. a; = 4, y = 1. 

19. x = \, y = 2. 

20. a: = 11, y = 12. 

21. a; = f, y = |. 

22. a: = 4i, y = IJ. 

23. a: = 1, y = — 11. 

24. a; = 11, y = 13. 
26. a; = 3, y = ^ J. 
26. a: = —2]^, y = If 



1. X =^ 



3. 



7. 
8. 

9. 



Art. 213. 

cq — hr 



y = 



2. a: = 



aq — bp' 
ar — c^ 
aq — bp 

em + bn 

ae -\- be ' 
an — cm 



^ ae -\' be 

_ ac +^ 
a* -\- 
__ ah — c 
"^ a' 4- b 
6«2 _ c 



y 



4. X =: 



a -I- 2^' 

ac 4- be ^ 3a' 
y = ^ .^. 



6. a: =r 






6. a: = 



a2 -h ^ ' 
Jc — ad 

_ be 
a-\-b' 

ae 

^ "" a -i- b' 

X = a, y = b. 
X =z a, y = b, 

ah 

a + b' 

ab 



y = 



a -]' h 
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10. X 

11. X 



b, y = a. 



y = 

12. x=i 

y = 

13. x = 

y = 

14. x = 

16. a; = 

16. X = 

y = 

17. x = 

y = 

18. a; = 



* 

d^bc 


a^ ^¥ 
m^ — w^ 


am — - ^Tj' 


an — bm 
ac 


a + y 

be 


a + b 

1 



« + &' 
«, y 

a — S. 

{a + bY, 
{a - d)a. 



y 

b 



= 0. 



y = 



a + b] 



a + b 



19. a; = 1 - 



y = 



ab + c^ 
a + c' 

ab + c^ 
b + c' 



20. a; = (a + J)2, 

1. a; = 10, y = 5. 

2. a; = 6, y = 1. 

3. a; = 16, y = 35. 

4. a; = 2, y = 3. 
= 1, y = 2. 
= 3, y = 2. 
= 2, y = 5. 
= 1, y = 3. 
= 17J, y = 115|. 
= 17i, y = ^. 
= 8, y = 2. 

= 4> y = \- 

= f > y = |. 
= ii, y.= -2*. 

= 11, y = - 9. 
= 9, y = 123^. 
= — 12, y = 50. 

= a, y = S. 
1 



d. 


X 


6. 


X 


7. 


X 


8. 


X 


9. 


X 


10. 


X 


11. 


X 


12. 


X 


13. 


X 


14. 


X 


15. 


X 


16. 


X 


17. 


X 


18. 


X 



19. X = 



20. X = 



m + n^ 



y = 



a 
be' 



y = 



a + 2b 
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30. 
81. 
8S. 
83. 
34. 
85. 
86. 
87. 
88. 
89. 
40. 
41. 
42. 



A, 81500 ; B, $702 ; 0, $1026. 

A, t400 ; B, 8640 ; G, $780. 

1st to 2d, 52 mi. ; 2d to 3d, 45 mi. ; 1st to 3d, 37 mi 

A, $6i ; B, $6| ; bill, $7f 

3 hen., 3| hrs., 4j^ hrs., 1 hr. 12|4^ min. 

20^, 24#, 18^. 

972. 

$50, $100, $120. 

2 mi. np, 4 mi. down, 3 mi. leveL 

A in 24 da., B in 48 da. 

5, 8, 13. 

A in 20 da., B in 30 da., G in 60 da., all in 10 da. 

First horse, $120 ; second horse, $150. 

Son, $4500 ; daughter, $3000 ; mother, $3750. 







Art. 


223. 


« 


1. 


«»Ws«. 




7. 


26inWif^. 


2. 


— a^y*. 




8. 


— 343a%«w«. 


3. 


a;'V«*. 




9. 


266a8^>i^» 


4. 


243o%'». 




10. 


lOOOafiy^z^. 


6. 


32m>«M». 




11. 


e26a^^(^'^ 


6. 


^ImHM. 




12. 


— 1024M^^^n^'^. 


13. 


T^*, imW, 


16a^b*(fi. 




14. 


sV*'**. uVa^y^*. 125a8»i»!J«. 




16. 


100o«J*c«, 225a;y««. 




16. 


- tWV^/^'. 


tM"^"- 


hiY. 
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17. 
18. 
19. 
20. 

21. 
22. 
23. 



9^2' -^' 9^2- 



81g8&16g4 



32miW 



10. 
11. 
12. 
13. 



1. 
2. 
3. 
4. 
5. 
6. 
7. 



8. m 



Art. 225. 

a^ + y^ -f «^ -f '^xy 4- 2a:iJ -|- 2yz, 

a2 + 4^ + 9^2 + 4a& + 6ac + VZhc. 

4w2 -I- 9^3 -f 25y2 __ 127WW -f 20wi^ ~ 30wy. 

92:8 _l_ 4y2 ^ iG2;2 _ 12a;^ — 2^xz + 16y«. 

81ar» -f 9y2 + ;2;2 _ 54^;^ 4. i%xz — 6y« 

a* + J6 4. c* 4- e?2 + 2a2^ — 2a2c3 + %aH — 2*^^ + 

t* + 8m8 + 18m2 4- 8w + 1. 

a? 4. i? 4. c2 4- e/^ 4. 2a& 4- 2a^ — 2ad 4- 2&c — 2hd 
— 2cd. 

a*-^eafi + ISx* — 222:8 4- 34ar» — 20a; 4- 25- 
a« 4- 6^5 4- 15a* 4- ^Oa^ 4- Iba^ 4- 6a 4- 1. 
xs^ea^s ^ 15^^i _ 20;r' -\- 152*2 _ ^2: 4- 1. 
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14. 4i:* + 4a:» - 27a:» — 14a: -f 49. 

16. jr* + 2j:» + 3a? + 2a: -f- 1. 

16. la» -f «*** + i** 4- «*^ H- i«^ -f «^^. 

17. Ill* + •»* + 1^2 ^ ^m -\- i. 

18. 25a:« -f 9y< — .0625z» + SOary^ _ 2.5a;2; - 1.5jf>i 

Art. 227. 

1. «• + 3^2* + 3a^ 4- ^. 

2, 8a:» + 12a:»y -f 62;/ 4. ys^ 

8. 27w« — 54wi2n + 36f?iw« — Sw^. 

4. 8a« - 36a8A 4- 54o^» - 27^. 

6. 27a« + 108a2J + I44a*2 -f 64^. 

6. 64a» — 144a2y 4- lOSay^ _ 27y». 

7. m^ — C/w% + 12mw« — 8m». 

8. fl» + ^a^b 4- 27a*8 4- 27Z>8. 

9. 8a« — 12a8^ + 6a^ — ^. 

10. 1 4- 3a: 4- 3ar2 4- 2:8, 

11. 1 — 3ar» 4- 3a:* — a^. 

12. a^ — 6a:ay 4- l^^^y' — 8y«, 

13. aS 4- 15a2 4- 75a 4- 125. 

14. ^a^^ixhi-{-\xy^^\f. 
16. 1 — ^mn 4- 3w2w2 — w^^ 
16. ^^ + 12aV + 6ac2 + (:3. 

17. -h^ + ii^y^-h^y^ + W* 

18. 64a:3 4. 43.^^ 4. i2^y2 ^ ^3, 

19. /^«^ 4- ^ci^h 4- 2a^2 _^ ^.i. 
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20. a^ - x'y + ia:y2 _ ^i^ys, 

21. a« 4- 3a*d2 ^ 3^2 j4 ^ j«. 

22. :?:« — 6ar*y + l^i^y — 8^. 

23. m^ — 3m2n2 + 3mw* — w«. 

24. 27a« + 27a**2 ^ 9^2^4 ^ j«^ 

26. «9 4- 6x8y 4- 12a;y 4- 8a:<^y3. 

26. mf^ 4- 3a;5y 4- 3a;*y2 _|. ^s, 

27. 8a:« — ^^a^y 4- $4a:4y2 _ 27a:3y«^ 

28. 27«8^3 — 54«2^* 4- 36aZ>5 — 8^«. 



1. a^ 4- 3^2^ 4- 3a^2 4- ** 4- 3«2<- 4- 6aftc 4- 3^V 4- Sor* 

4- Zhc^ 4- <?*. 

2. a:^ _ 3^y _^ 3^y2 __ y3 _^ 3^22 _ Q^yj^ ^ 3^2jj ^ 3^^2 

— 32^«2 4- £3. 
8, wt^ — 3m2» 4- Zmn^ — w^ — 3fieV 4- ^^^^r — Sw^r 4- 

4u a^ + 6a^ 4- 12«^ 4- S^ 4- 3a^ 4- l^oAc 4- l^^c 4- 
3ac2 4. 6*c2 4- c8. 

6. a:^ — 6a;2y 4- 12a;y2 — Sy® 4- 3«2jb — 12a;y« 4- 12y^« 4- 
3a;je* — 6^^^ 4- «*. 

6. ics 4- 6a% 4- 1^3^^ 4- 8y3 4. 9a:2« 4- 36a;^« 4- 36y% 4- 

27a»2 + 54:y«2 4- 27a;8, 

7. aS __ Qa^ 4- 12«d2 — 8*» — Qa^t; 4- 36fl^ — 36^ 4- 

27a€^ — 64*^2 _ 27^:3, 

8. Sa^ — 12a^m 4- 6af»2 — m* 4- 24a^n — 24<iwin 4-6^271 

4- 24an^ — 12mn2 4- 8w«. 
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9. 8/r» — 36^^ + 54py2 _ 27^^ — 60pV -f 180p?r - 
135^ -f 150^ — 225yH — 125r3. 

10. «» — 15o*y + 75«y2 — 125y3 -f Sa^^ _ 30ayz + 75^ 

11. «« -f 3a<a« + 3aV + a^ — 3«*y^ — 6a^f - 3ar*^ + 

3«y + 3a:»y* -- y«. 

12. 27a:* + 27a:*y» + 9a^ 4- y* + 542:*^ -f SGa^y^z + 6^1 

+ 362^z^ + 12yV -f 823. 

13. 1252:8 — 150a:* -f 135a:« — 68a;« -f- 27a:' — 6a;« + a^. 

14. a« 4- 3a5^ -f- 6a*^2 -f '^a^i^ + 6a2^* + 3a^ -f J«. 
16. ofi — 3ar*y -f 6a:*y8 — 7a^ -f ear^y* — 3xf + f. 

16. «« -f 6a^ -f 21a:* + 44a:» -f 63a^ -f 54ar -f 27. 

17. 8a:« -f 36a:5y j^ gg^a ^ 53^ ^ 33ar«y* -f 9a:y« fjf*. 

18. 27a« — 54a«y 4- 171«*y2 _ i88«8y» -f 285ay -150oy* 

+ 125y«. 

19. wi« — 15m5« 4- 84w%2 — 215wi%3 -|-252w2,j*-ia5jmr^ 

4- 27w«. 

20. 27«^^ 4- 135aiy 4- 171»y — bba^f— 11^ f+Wf 

- 8v« 



21. 
22. 



•,^. 1 + 3jry? — 5/;6 4- 3joio — p^\ 

23. 8a:« — 3%7^y 4- 66a:*y2 — 63a:8^ 4- 33a:2y4 ^^^f, 

24. ar« — 9a:i0y ^ 24a:8y2 — 9a:«y3 — 24a:Y — 9a:y -J*. 
26. a^ — 6a:5^ 4- 9a:y 4- 4a:3y3 — ^2^ — 6a;y5 — f. 
26. a^ — 6a:8y2 + 12ary — 8a:«y« 4- 3a:6y8 —n^x^y^^-l^ 



4- 3a:3y« — 62:^^8 _|_ ^9^ 



-t- dar'y" — K)X^y° -f- y. 

27. «« ~ 15a;5 ^ 93^ __ 305^ ^ 5533^ _ 540^; + 216. 

28. a:^2 _ 27a;i0y + 267a:8y2— 1161a:«y3 -f- 2136a:*y*-1728fj' 

4- 512y«. 
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Art. 232. 

1. «2 4- 2ax -I- a^. 

2. m^ — 2i»w -f n\ 

3. a3 ^ 3^2^ ^ 3^j2 ^ ^, 

4. p^ + Ap^q + 6p2gr2 ^ 4pq^ + 5^. 

6. 4a' + 4oa; + a:'^. 

7. 8a8 -f. 36a2w^ -f- 54am2 -f 27w«. 

8. 2W 4- 135.r2 + 225a; + 125. 

9. 80:8 ^ 60a;2y 4. I50a;y2 4. i25y». 

10. 625aH 4- 500a:3 ^ isQ^^a ^ 20a; 4- 1. 

11. 1 4- 4a; 4- 6a:2 ^ 4a;3 ^ ar*. 

12. a« 4- 5a4^ 4- lOa^^ 4- lOa'^ 4- 5a^* 4- ^. 

13. flfS _ 5^4^ ^ 10^8^2 _ 10fl2^ 4. 5ab* — d^. 

14. 32a;''* 4- 80ar»y 4- 80ary 4- 40ary 4- lOxy* 4- y^ 
16. a;5 __ lo^y _|_ 40a;3y2 — 80ar^y3 ^ gQ^yi _ 32^5. 



16. 
17. 

18. 
19. 



243a;5 ^ 405a;4y 4- 270a;3y2 4. goa^ys ^ 15.^.^4 -^ ^r, 

w5 _^ 25w% 4- 250^3^2 4- 1250m27i8 4- 3125mw* 4- 
3125^5. 

32;?5 __ 240jo*|7 4- 720??V — lOSOj^^^ 4-810^^— 243(^». 
^4 _^ 8^8^ _^ 24^2^2 ^ 32a^ 4- 16^. 



20. ICa-' 4- 32a;«y 4- 24a;2y2 ^ 8.^y8 ^ y4. 

22. ar^ — ^a^y 4- f ^y^ — i^'^ 

23. ^a^ — a^x 4- \ao^ — fj^^. 

24. fl« 4- 3a^^ + 3a8** 4- b\ 
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ANSWERS. 



25. 
26. 
27. 
28. 
29. 
30. 



1. 
2. 
3. 
4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 



27o» 4- 27a^y -f Ooa^^ya 4. a^y, 

^aj* 4- 9a;«y + 6ar^y2 + ^xf -f- H y*- 



Art. 244. 

± babf^. 

±%^. 
± UmhiK 

± 3a?y V. 
2pg^. 

— 3?71^. 

± 5a2J8c. 

— Saa^y*, 

— 5w^w^*. 

± faJ^c*. 



^ax^y 



xu. 


5w7^V2 


20. 


|a2^a:4^ 


21. 


^¥(^. 


22. 


± i^y"^^ 


23. 


|m*wV^- 


ad 


6aJ»^ 



Art. 24e. 

1. « -f ^. 

2. a 4- 3. 

3. X — y, 

4. w — ». 

5. « + 2*. 

6. w -h 3«. 

7. « — 4d. 

8. a; + 7y. 

9. «a; -f 1. 
10. *ai-3. 









ANSWERS. 






3< 


11. 


1 + 3«m. 




17. 


617. 


24. 


iH. 


12. 


2x — 3y. 


• 


18. 


1.324. 


25. 


4309. 


13. 


10m* — 9«». 




19. 


2173. 


26. 


6089. 


14. 


8a* 7a:*. 

• 




20. 


1507. 


27. 


42.87. 


16. 


Ua^ -f 6zK 




21. 


f|. 


28. 


4.305. 


16. 


bax^ — 2y3. 




22. 


^^ 


29. 


.7508. 


17. 


«^ —- a -f 1. 




23. 


m- 


30. 


987.6. 


18. 


2y8 + 3y - 1 


■ 


31. 


4.5825 + . 




19. 


2a;2 a; + 1. 




32. 


.2236 + . 




20. 


2a2 — 3ay -f 4yl 


33. 


.0948 + . 




21. 


5^2 — 3ww 4- 4^2. 


34. 


6.4031 + . 




22. 


«» 3a2^ -f 3ai8 b\ 














35. 


10.6301 + . 




23. 


7^ 3a?« -f 4a 


;-5. 








24. 


20^3 3a^y 


bxy* + 


36. 


24.9799 + . 






7y«. 




37. 


.7905 + . 




26. 


w^ — 5m^ — 


3w«' — 


38. 


.9574+. 






6^3. 




39. 


.8944+. 






Art. 249. 




40. 


.9128 + . 




1. 


24. 


9. 


107. 


41. 


1.9364 + . 




2. 


28. 


10. 


123. 


42. 


2.7735+. 




3. 


37. 


11. 


145. 




Art. 251. 




4. 


45. 


12. 


305. 








6. 


67. 


13. 


964. 


1. 


x — y. 




6. 


64. 


14. 


327. 


2. 


m -\- n. 




7. 


93. 


15. 


945. 


3. 


a; + 3. 




8. 


97. 


16. 


409. 


4. 


2a + 3 


• 
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ANSWERS. 



6. Zx — 2. 

6. a^ - 2. 

7. 3y« — 5. 

8. oa; + 2. 

9. 5a^ — 1. 

10. 2a^ — 6y*. 

11. 6a% - 3. 

12. a;* — 2a; -f 1. 

13. a^ — 3a: + 2. 

14. 2a:« — 3aa; -h 4a«. 
16. 2w2 -I- 3wn — w2. 

16. 3a2 — 5a — 2. 

17. 6a* — 4a2 — 3. 

18. 2a:» — 3a:y -f 6y*. 

19. 3a2 - 4a - 7. 
JW. 2a:3 + 4aa; — 3^2. 



^r«. »55. 



1. 17. 

2. 41. 

3. 68. 

4. 97. 



6. 123. 
9. 345. 

7. 678. 

8. 497. 



9. 805. 

10. 409. 

11. 906. 

12. 709. 
IS. 123.4. 
14. 56.78. 



15. 3.245. 

16. .8264. 

17. 70.65. 

18. 9.208. 

19. 30.07. 
SO. 8905. 





Art. 


2S9. 




1. 


a\ 


8. 


ISfl***. 


2. 


a;*y*. 


9. 


6it». 


3. 


a;*y*. 


10. 


4r«. 


4. 


win*. 


11. 


«t. 


6. 


X. - 


18; 


ab< 


6. 


«t. 


13. 


z. 


7. 


at. 


14. 


t^ir. 


15. 


x"^^^ 






16. 









17. c^hi. 

18. «-«*-». 

19. w**. 



20. ar*. 

21. ar*. 

22. $f. 



AN8WER8. 41 



Ap. 260. 

1. a -A. 2. »♦ — yi 

4. »*! 4- a;"*y"* — x'iy-i — y"^ 

6. x~i 4- 2a:~*y* + y. 

7. a?"* + ar^y^ — x'^p-^ — y-^. 

8. joi 4- J»M — j»*^"' — ^' 

9. a;-* + ar2y"^ + y^. 

10. a 4- «*** 4- *. 

11. x-^ — x-iy 4- ariy* — 2x-^y^ 4- y*. 

12. X — 2a:i 4- 1. 

13. x-i — 109a:-* — 12a;-i — 56. 

14. 5ar2 4- 303x-i - 378ar-* - lla:~* 4- 2. 
16. .02a:^ -\- 1.28a;-^ 

16. 25a;-« 4- IKGx-* — 266ar-3 4- 1. 

17. |a;-2 _f. .0054y*. 

18. i^mi-^mi^jh- 

19. |a:-t-H^-ty-2 4-Hy-*. 

20. 84ic2 - 437a:* 4-1. 
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* 




Ay«ir/SRA 








Art. 


««;?. 




1. 


3<r». 




• 

9. 


aibc^x. 


2. 


4ar*. 




10. 


Sbicr^dx. 


3. 


Zafi. 




11. 


a-ib-i(r^. 


4. 

• 


H. 




12. 


xysrK 


6. 


«*»*• 




13. 


5w2n-2ar2. 


6. 


xy*. 




14. 


ixyz-K 


7. 


5ab. 




16. 


^mwK 


8. 


2ar-y. 


' 


16. 


2a'^b'-^x^ 


17. 


far-«yz-' + iar-2y-i0-' 


I 

• 




18. 


f«-»*»-- 


- iab-i c-2 ar^ 


5 

• 




19. 


l^am *M 


— 2an2;. . 






20. 


faa;» «*+• 


+ ix^yisT. 






21. 


U-tb-^c- 


i _ 5a-* ^•^^r-*. 




22. 


|a-+Y-'' 


5 -^ |y-8 2jt 






23. 


iaf +♦ 2- J 


- i|a;y2^. 







- 3*-»2-i 



3. 
4. 
6. 
6. 



Art. 263. 



1. a* - &*. 



2. a;* -f y*. 



a:^ — a;iyi -|- x^y^ — y*. 



ar^ -h a:"*yi -|- ar^yl -}- a;"iy -f- yi 
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7. a^ + a^x^ + x^. 

8. x — 2a:*y"* + 4y"i 




9. a^ + 3. 

10. a;-3 — 5ar2 ^ ^^i _ 3. 

11. a-i — 3a-* 4- 9«"* - ^7«"* — 1- 

? € 

13. 2a^ + 3a:* + 5a; — 2. 

14. 2a; — 6a;* + 3a;* — 1. 
16. a;* + 5a;* + 4a;* — 3. 

16. a;* + 4a; + 13a;* -f 42a;* -f 28. 

17. 2a-* - 8a-* + 8a-* - 14. 

18. 4a;-* + lOari ^ 23a;-* -f 5a;-* -f 1. 

19. a;* 4- 3a; + 5a;* 4- 7a;* 4- 9. 

20. a; — 3a;* 4- 6 ~ 3a;-* 



6x 



.-1 



Art. 265. 

1. a^y~^z^. 

2. 16a2Z»%-2. 

3. ^m^ x'^ v"^' 

4. 25 J-* c^^ d^y 
6. 1000a-2Jc-^. 

6. Ux-^y-^^. 

7. 3a-^J-«2;*. 



8. 


4aii-«c*. 


9. 




10. 


n 


11. 


^im-^y i 


12. 


49a'^a;*y^ 


13. 


3af// 'a;". 


14. 





44 



ANSWISBli. 



16. 
16. 
17. 

18. 



1. 
8. 
3. 

4. 

9. 

10. 
11. 

IS. 
13. 

14. 
16. 
16. 



lOOOOar-' y«2*. 
144a~'i~'»t*'. 

16a!" y -z". 
Art. 267. 



f»». 
tn*nK 



6. 
6. 

7. 
8. 



ofy. 



«^ (^ + y)*- 

a-j- (a^a -l_ y). 

15 (a — J)i 
Art. 268. 



1. Va. 

2. Vi!cy. 
8. ^^^a5. 



4. \^mhi. 

6. Va^c X V^. 

7. '2a\/S 

8. 6xVa. 

9. 3iJ^. 



2. 



6. 



7. 

8. 

9. 
10. 



10. VE^. 

11. 4^J^. 

12. %\/x^. 



Art. S71. 



1. ^. 



a* 



3. 



5g»y 

7aY' 






4. ^ 



ox 



ai 



6. 9a^b. 






a + 1 



a8_4a 4.-4 
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11. 

12. 

13. 
14. 
15. 
16. 
17. 

18. 
19. 
20. 



1. 
2. 
3. 
4. 

6. 
6. 



3^ + f 

g (g + y) 

*(«» + *)' 

1 + X + a? 



X^ 



ah. 
h 



a 



xy. 



«"•*• 






hax — 3a; — 5a 4- 3. 
%xy — Q? 



-t 



xy 



Art. 273. 

-3> 



a. 



mn. 



eV, 



X 



llVm X ^x 



V 



n 



7. 



9. 



10. 



11. 



12. 



13. 



b'\/ah/ 



8. ^^^^ 



■■ < 

^X Vff _ ,e/^ 
V«X ^ 






14 V^ . 
\/by 

16. 9\/« + *. 
16. 3\^(a - A)2. 



17. 6a^(a; + 3)8, 

18. 17V^ X ^/{a - 2)3. 



19. 



S'V^ X ^/x — 1 
i-v/g X -v^a; + 1 



20. 






4< 









AyswEB:^. 






Art. 


275. 




15. 


4i»«*V7». 


1. 


6. 


8. 


2SS, 


16. 


SaxVSa. 


t. 


8. 


9. 


24. 






s. 


15. 


' 10. 


300. 


: 17. 


5a^V5if. 


4. 


42. 


• 11. 


924. 


' 18- 


7mnW2m. 


5. 


72. 


12. 


28ar«. 


19. 


7p-q^VSpq, - 


6. 


24. 


18. 


900. 


20. 


S2^V'3xyz. 


7. 


160. 


14. 


13824. 






16. 


1728000. 




21. 


^y^/byz. 


16. 


30. 






22. 


lOmhiVbmn. 


17. 


1650. 






23. 


3av^2«. 


18. 


120. 
Art. 


;!?«/. 




24. 
25. 
26. 


2xy^4y. 
\dhy/Zc. 


1. 


2V3. 


5. 


4V2. 


27. 


bmn\^2mn. 


2. 


2\/5. 


6. 


4V3. 


28. 


(>xy\^2a^y. 


3. 


3^/2. 


7. 


5\/2. 


29. 


2«2^'^2^. 


4. 


3V3. 


8. 


3^5. 












" 


30. 


3ax\^2ay. 


9. 


3aV7a, 


\ 




31. 


bb\/2ab. 


10. 


SoVej. 






32. 


2ax\^2^a^. 


11. 


Ca'Jv'S 


h. 




33. 


3ax\^Z. 


12. 


hxyy/Z_ 


V' 




34. 


{a 4- b) V3. 


13. 


^rn^v?\ 


^5n. 




35. 


{2a Sb) Vs. 


14. 


artVll. 


(lb. 




36. 


{z — y) V2a, 









AN8WER8. 






4? 


37. 


(5a — 4) V5*. 




21. 


yVlCtey. 




38. 


(3a; 2) VSa. 




22. 


-^lOa'i 


. 




39. 


{2z + by) V'3. 




23. 


hV2a. 






40. 


(3a - 76) V2. 




24. 


^hxy^. 






41. 
42. 


(Sx ly) VS: 
(a;i + %y\) y/l 


i 


25. 
26. 
27. 


ahVlU. 

-^30. 

xVba. 




43. 


(2a« — 8) \/^. 




28. 


mV^a. 






44. 


{x - 3) v^. 




29. 


lV\^a. 






45. 


(x - y) 4^i. 




30. 


a;VlOa 


• 






Art. ii82. 




31. 


IcVitac. 






j~^~ 


/ ~~~ 


32. 


aVl05*. 




1. 


Vs. 


9. 


V2. 










2. 


V'5. 


10. 


V2. 




Art. 


»«3. 




3. 


2V2. 


11. 


V7. 


1. 


iVc. 


11. 


i\^70. 


4. 


VIO. 


12. 


Ve. 


2. 


Wl. 


12. 


iv^ios 


5. 


^e^io. 


13. 


Vi. 


3. 


1^30. 


13. 


fv^u. 


6. 


2. 


14. 


^. 


4. 


iA/21. 


14. 


iv^is. 


7. 


V3. 


15. 


V5. 


5. 


iV22. 


15. 


i-v^u. 


8. 


V2. 


16. 


-^6. 


6. 


tVV38. 


16. 


iv^57. 


17. 


V^3a. 




7. 


\\/2\. 


17. 


V2. 


18. 


\^2ab\ 




8. 


\V'i. 


18. 


Ve. 


19. 


t 

y\/3i^. 




9. 


\V2\. 


19. 


2\/5. 


20. 


V'fOa^ 


1 

• 




10. 


1 v'44* 


20. 


v^i. 



4« 



ANSWEH8. 



%v 



»/« 






28. \^/li)ab. 

24. |^i^5S. 
2a 



26. — - V5to. 



n 



26. — „VlO/wy. 



27. ^-VllOay. 



28. 4^. VlS^^i^r. 



a^y^ 



a %, 



29. 2^V/I80<y. 

30. abV'Z. 

81. 3aV3. 

82. ^VT^. 



88. y/x^ — y«. 

1 J 

84. n V « (« -f i«?). 



Art. »8S. 



86. (a -h x) Va {a — ar). 
36. \/T{j^ i/). 



1. V19. 

2. V45. 
8. Vs. 



4. 

9. 
10. 
11. 
12. 
18. 

14. 

16. 
16. 

17. 



19. 



V320. 



6. 
6. 

7. 
8. 



^/ 64a*. 



V8a'ft5. 
VISaP. 
V^40oa:. 
V40w^*. 



^ 



14a 



9 



V3a^y. 



Va:^ — 9. 



V: 



a -I- * 
a — b 



18. Var^ — 9. 



v^ 



X + a 



X — a 



Art. 287. 

1. ^; -Me. 

2. -M^S ; ^^. 

3. v'TG; \^27. 



Vio. 



ANSWERS . 



49 



4. 
5. 
6. 



10. 



15. 



^25 ; v^lO. 

^'8; ^; ^7. 

v^Iooo. 



lO/r 



10 



lOy 



7. 72; V'a^S; a716. 

8. v'ei ; ^nS ; 
v^iai. 

9. v'ei ; V'256 ; 
^125; v'ig. 



^1024 ; ^625 ; 



M 



.H'- 



11. v^; v'*^ V^; 



12. Vi^y® ; "s/^y^ ; 



19 



11/ 



V^a«^=^ ; v^a2**. 



18. V (a 4- xf ; 



^(a; - y)2. 



16. 



18 



14. '^(m — lif ; 
V^(m + »)». 






17. 



18. 



19. 



1. 

2. 

3. 

4. 

5. 

6. 

7. 
16. 
16. 
17. 
18. 
19. 
20. 



V(ar'-1)»; 

\f\^ + 1)'. 

3-9^64; av'ie; 
10v^5l"2; Sv'TO; 



8. 8v^4. 

9. 2 a/5. 
10. 6v^. 



20\/2. 
2 a/3. 
18a/3. 
38a/6. 

11^. 

fVio. 

6yA/3S. 

(3a2 — 4«) \/2a. 

2\/2a. 

sVt" - ^. 

(a + x)2 ^J^. 
%xy^/y — 25. 



11. 40V5. 

12. \/3. 
18. 22 a/5. 
14. 4 a/3. 



50 



» 






AS8WBBS. 






Art. 291. 




1 **• 


o^v^i — 3?yVi- 


1. 


sVio. 


4. 


8. 


f 

26. 


2 Vis 6. 


2. 


36. 


5. 


15-^ 


27. 


5V35 + SV^-Vlo 


3. 


48 V3. 


6. 


8^. 




— 16. 


« 

7. 


IS-C^IS. 




28. 


2. 


8. 


a*6*Vbx. 




29. 


6. 


9. 


tirhf*. 




30. 


5 + 2v^ - v^ - 


10. 








-^6 — 2^10. 


11. 

12. 

13. 
14. 

16. 

16. 


14o«A»'C^^. 

72av^4i». 
225. 

5 + 2-\/6. 

8 — 2^15. 




31. 
32. 
33. 


2^ + 2'^6 - 21?^ 
- 2'^'3 2. 

5 V64 + 2-^ - 
V2i -^72. 


17. 


4. 






^rf. 293. 


18. 


28 - 7a/15. 




1. 


Vios. 


19. 


12 — 5^35. 




2. 


V'6912, 


20. 


10\/15 + 4. 


^. 


3. 

4. 


V'2«a;. 


21. 


ev'SflfaV. 


22. 


VM- Vi9. 




5. 


3^32. 


23. 


12^ + lOv^ - 


6. 


12V3. 




6v^36. 


7. 


>^72. 


24. 


a'b — a^. 




8. 


V2OOO. 
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9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
35. 
36. 

37. 
38. 

39. 

40. 

41. 

42. 

43. 



81^^972, 

15^^36. 

48\/3. 

■^{a — xy. 
iA^49 X 3'«. 



22. 

23. 

24. 

26. 

26. 

27. 

28. 

29. 

30.' 

31. 

32. 

33. 

34. 



^54. 



24a'^. 
eOff-MoSa. 

30V2. 

^^2 _- hy/'h. 

2^2 4- 2^432 -h 3. 



^\^486. 
20b^a^. 

lOv^i + ll\^i08 — 18. 

>^^ — ^ 4- '^O — V6 + v^243 — Vis. 

V'12'8 4- \^6 - A/^4 - V6 - V'2i87 + v'972. 



48 f- 20\/72 - 18 Ve - 15\/243. 



;»^ 



AJfS 



44. 


•i ^ i< 


:2--j20-'C 


^25. 




46. 


i - ■i'j ^ v'lias + v^io. 




4*. 


2\ *<* 3v^ + S-C^-" 4 


Vnh -\- Sv^if" 5V«t. 


47. 


- .1 — av^T^ + '^. 






48. 


V ff* + v'*'. 






49. 


5 + V6. 






50. 


V'w* + V'*** -r V K 






51. 


Vjt - V jf. 






52. 


-{^125 v'27. • 






6S. 


2z - y v^2f» + yy. 






54. 


V .t* — 13v^ + 4v^y». 






^rf. :!?95. 


13. 


3. 


1. 


V5. 


4. &Vax. 


14. 


Sv'*. 


2. 


6. 


6, 2V6. 


15. 


2-^. 


8. 


4\/3. 


6. a^. 


16. 


4. 


7. 


1 

A 

« — a; 


b. 


17. 
18. 




8. 


/a* — 3?. 


9. 


3V2. 


1. 


<^3. 


10. 


^</l. 


2. 


1-^48. 


11. 


iVio. 


3. 


^. 


13. 


^-^40. 




4. 


4-5^480. 1 
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5. 


i^486. 


5. 


x — l. 




6. 


2-^. 


6. 


X — 16. 

• 


7. 
8. 
9. 




7. 

8. 

9. 

10. 


a; -- 9. 

X - 25. 
X — 81. 


10. 


v'lSaar'. 


11. 


X 4. 


11. 


^/^ah*. 


12. 


:r - 4, 


12. 
13. 
14. 

15. 




13. 
14. 

15. 
16. 
17. 


J- - 2. 
a- - 2L 
J- — 9. 


16. 


5-^2. 


18. 


jr — 4. 


17. 
18. 
19. 




19. 
20. 
21. 
22. 


j: — 2J. 
.r — 9. 
.r - 25. 


20. 


'^i + v^y. 


23. 


:r - 1. 


21. 


-^a + v'«2A» + Vb. 


24. 


X - 85. 




Art. 299. 




^r^. ;:^oi 


1. 


x = 1. 


1. 


X 4. 


2. 


x = %. 


2. 


^- A- 


3. 


X — 1.3. 


3. 


a: — 10. 


4. 


X — 20. 


4. 


X - IJ. 



5U 
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5. 


Z : 


= 3. 


11. 


X 




: ±3. 


6. 


X : 


= 64. 


12. 


X 





: ±9. 


7. 


O^ * 


491 


13. 


X 




±2. 


X 


~ (1 + ny 


14. 


X 




±3. 


8. 


X 


-m 


15. 


X 




±n 


9. 


X 


= f 


16. 


X 




±*. 


10. 


X 


= 1*. 


IT. 


X 


= 


±1. 


11. 


X 


= 6. 


18. 


X 




±1- 


12. 


X 


— 4. 


19. 


X 




±5. 


13. 


X 


= L- J- 


20. 


X 





±3. 






MiV %^r 


21. 


X 




±5. 


14. 


X 


ft 


22. 


X 




±2. 


« if 




b{a + by 


23. 


X 





±2. 


15. 


X 


- (a -by 


24. 


X 





±1- 








25. 


X 




± V3. 




Art. 310. 








g~^ 








26. 


X 




±iV3. 


1. 


X 


= ±4. 


27. 


X 




iiVs. 


2. 


X 


- ±6. 
















28. 


X 


MM^ 


± 2a. 


8. 


X 


= ±4. 
















29. 


X 





±2. 


4. 


X 


- ±7. 










6. 


X 


- ±v&. 


30. 


X 





±iv^. 


6. 


X 


- ±3. 


31. 


X 





±iV5. 


7. 


X 


- ±7. 


32. 


X 




±f 


8. 


X 


- ±4. 


33. 


X 




±laV3. 


9. 


X 


= ±11. 


34. 


rg' 




±2 


10. 


X 


- ±3. 


JO 




V4aA d» 
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86. a = ± V2aJ — V. 



36. « = ± 



1-* 



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 

ii: 

12. 
18. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 



X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



Art. 316. 

: 9, or — 
: 9, or 3. 

: 2 
: 3. 

: 1, or — 
: 19, or — 
: — 2, or 

: 11. 

: 25, or — 
: 4, or — 
: 7, or — 
: 4, or 2. 
: 9, or — 
: 4, or — 
: — 1, or 
: 6, or — 
: 1^, or — 
: 2i, or - 
: 1|, or - 
4^, or — 
: 1, or — 



1. 



17. 
1. 
— 18. 

1. 
2. 
3. 

1. 
2. 

-3. 
2. 

f 



f 
If 



22. 
28. 
24. 
25. 
26. 
27. 
28. 
29. 
80. 

81. 

32. 

33. 



1 

2 

3 

4 

5 

6 

7 

6 

9 
10 

11. 



X 
X 
X 
X 

X 
X 
X 
X 

X 

X 
X 
X 



1\, or 

If, or 

7, or 

t, or 

3, or 

5, or 

3, or 

If or 

2; or 



31. 
^. 

f 
11. 

4i 

f 
1. 



X 
X 
X 
X 
X 
X 
X 
X 

X 
X 

X 



: 7, or f 
: 5|, or 5. 
: 10, or - f 

Art. 318. 

= 49, or 4. 

= 11, or 4. 

= 8, or — f. 

= 9, or — 5. 

= t, or —3. 

= 18, or 3. 

= 4, or — 14|. 

= 8, or — |. 

= 4, or 7^. 
= 25, or 3. 

= *(7± V55). 
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1 






.iJ<riSrr£ff& 






i 


IS. 


X = 


4. 


or — 21. 


37. 


X — 


a{ 


-1±V2). 


13. 


X = 


4, 


or \. 


38. 


X = 


7, 


or fy. 


14. 


X = 


4. 


or —26. 


89. 


X — 


1. 


. or ^. 


IS. 


X = 


49, 


or 25. 


40. 


X :^ 


± 2a. 


16. 


X = 


4, 


or«. 










17. 


X = 


5, 


or -W- 




Art. 321. 


18. 


X 


3, 


or 2. 


1. 


X — 


3, 


or 2. 


19. 


X 


9, 


or -V- 


2. 


X — 


5, 


or —2. 


20. 


X 


7, 


or 9J. 


8. 


X = 


h 


or 7. 


21. 


X = 


6, 


or W^. 


4. 


X — 


h 


or — If. 


22. 


X 


1, 


or \. 


5. 


X 


u. 


or — 2|. 


23. 


X — 


8, . 


or 6H. 


6. 


X — 


2, 


or 1 1. 


24. 


X 


16, 


or 0. 


7. 


X = 




If, or - f 


25. 


X — 


±5. 


8. 


X — 


3i> 


or — 34. 


26. 


X = 


4, 


or \. 


9. 


X = 


5, 


or — 6|. 


27. 


X = 


1, 


or -V. 


10. 


X = 


10, 


or — llf 


28. 


ic — 


1, 


or ^. 


11. 


X — 


3, 


or If. 


29. 


X = 


8, 


or -V. 


12. 


X — 


3, 


or — 4^. 


80. 


a: — 


i, 


or — 4f , 


18. 


X — 


6, 


or — 4J. 


81. 


X 


0, 


or H- 


14. 


X — 


5, 


or -^. 


32. 


X = 


±i 


^V3. 


15. 


X = 


4. 


or — 14. 


88. 


a; 


4i, 


or \. 


16. 


X — 


7, 


or -7i. 


34. 


a; — 


3, 


or 4. 


17. 


X =z 


5, 


or - 6J. 


86. 


X — 


«, 


a 
or-. 


18. 
19. 


X — 

X = 


3, 
9, 


or 6^. 
or — llf 


86. 


a? — 


4a, 


or 3fl. 


20. 


X — 


10, 


or —^. 
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21. 
22. 

23. 
24. 
26. 
26. 
27. 



X = 25, or 1. 
X = 5J, or — 2^^. 

a; = 9 (1 ± 2 V^^). 
a; = — 1^, or — 5J. 
X = lOi^, or — li^. 
a: = 7, or -— llf. 
X = 152,^ or 76. 



Art. 323. 



1. X =z 



2. .T = 



b ± V^ + 4^6? 



2a 



a ± Va^-\-b€ 



a 



3. a: = 2rt, or - 



4. X = 



6. a: = 



9tf ± aV— 279 
20 



a 



or — 



a -f J 



M 3a a 

6. a: = -J-, or ^. 



7. a? = 



8. a; = 



— 11a ± a\/i3 

■ ■■■■■■ " ■ ^p-. ■ I 

6 
c ± \/c^ + 4at; 



9. 


b±Vl^+ic{a—c) 


^ %{a-c) 


10. 


"HiC + ad 
"" d{a + by 




c 




'''' d{a^h) 


11. 


2a -b 
X — , 
ac 




3a + 24 
or 7 • 

DC 


12. 


a2± 1 

X 

a 


13. 


a -i-b 
a — 




a — b 



a + 4 

Art. 325. 

1. — 3, or — 4. 

2. 3, or 2. 

8. — 6, or 3. 

4. 12, or - 7. 

6. 11, or — 1. 

6. 25, or — 4. 

7. - 17, or 4. 

8. — 100, or 4. 

9. 15, or 13. 
10. — 45, or 25. 
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11. 

12. 

IS. 

14. 

15. 
16. 

17. 

18. 
19. 



1. 
2. 
3. 
4. 
6. 
6. 
7. 
8. 
9. 
10. 



So, or —2a. 
a b 

n. or -f 

oe be 

h or |. 

10, or — 29. 

a« 4- 1 a» — 1 
, or 



a 



a 



5c 



29c 



3 '^""21- 
a -f J, or a — d. 



vtn 



m -{- n 



, or — 



m — » 



Art. 327. 

li, or If. 

3, or — 2^. 
If, or - If 

- 2^, or - 2\. 

4, or - 3}. 
12i, or - 13i. 
i, or — li. 
14, or — If 

— f or — f 
If or - 3f 



11. 

12. 

IS. 
14. 
16. 
16. 
17. 
18. 

19. 



1|«, or — 1^. 

m n 

— , or 

n m 

1, or - If 

3, or — IH- 
— 1, or i. 

h or li- 

2, or — If. 

^, or - m. 

c d 

-, or — ^. 
a 



^' 2-a^'' 



d 



21. , or 

mn 

22. — , or 

a c 








^re. di^S. 


1. 


± 10, ± 15. 


2. 


30 yrs. ; 25 yrs. 


3. 


40 ft.; 100 ft. 


4. 


24f yds. at $ef . 


5. 


6; 21. 


6. 


14 ; 21 ; 35. 


7. 


40 weeks at $35. 


8. 


±2. 





ANSWJt!H8. 




9. 


224. 


18. 


$.20. 


10. 


60 apples ; 20 pears. 


19. 


96 rods ; 126 rods. 


11. 


4550. 


20. 


$240. 


12. 


$150. 


21. 


6 hrs. ; 12 hrs. 


18. 


30 acres. 


22. 


25; 14. 


14. 


12 rods. 


23. 


5 miles ; 3 miles. 


15. 


8 and 9. 


24. 


15 days ; 30 days. 




• 


25. 


44 yds. ; 110 yds. 




Art. 329. 


26. 


4 miles per hour. 


1. 


40 and 16. 


27. 


50 gals. ; 60 gals. 


2. 


7 and 1. 


28. 


12 miles, or 8 miles. 


3. 


120. 


29. 


5 miles per hour. 


4. 


16. 


30. 


36 rods ; 40 rods. 


5. 


11. 


31. 


45 chickens ; 


6. 


7. 




64 turkeys. 


7. 


271b. 




Art. 333. 


8. 

9. 
10. 
11. 
12. 
13. 


60 yds. at 75 cts. 

32 rods by 24 rods. 

$250. 

A, 24 ; B, 20. 

40. 

$40, or $60. 


1. 
2. 

3. 

4. 


« — 9, or •v^l681. 

a:- ±8, 


or ± V- 11'. 
X = 729, or (-y 

a; - 3, or ^41. 


14. 


84. 


5. 


X — 4:, or |v^. 


15. 


24 yds. 


6. 


a; = 1, or i\/63. 


16. 


$.08 ; $.10. 


7. 


a; = 1, or — 2. 


17. 


A, 45 da. ; B, 36 da. 


8. 


a; = 1, or ^. 
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9. 


X - ± V- 6, 


18. 

1 


X — 4:, or 69. 




. or ± \/2. 


19. 


^ 2, li. 


10. 


X = 16, or (V^)*. 




or i (7 ± V33). 


11. 


a; = 4, or ^49. 


20. 


a; — 5, — 1, 


12. 


a; = 243, or ^— 28». 


or 2 ± V— 14. 


13. 


X = 125, or 8. 


21. 


i*^ ~ 3, i. 


14. 


ar — ± 8. 




or 4(— 8± V55 


15. 


a- - 32, 


22. 


X — 12, or — 5. 


16. 


or ± iV- 57». 
:r - 1, 1. 


23. 


X 5, or 37J. 




or 1 ± 3\/l5. 


24. 


X — 10, or — 2. 


17. 


a; — 9, or — 12. 


25. 


a; — 4, or — 1. 




^r«. 


340. 





1. 


X 


2. 


X 


3. 


X 


4. 


X 


5. 


X 


6. 


X 


7. 


X 


8. 


X 


9. 


X 


10. 


X 


11. 


X 


12. 


X 



7. 
13i. 



= 3, or 3H ; y = 2, or 3f 

= 3, or - 11 ; y = - 4, or *j^. 

= 2, or — 4G ; ^ = 3, or 15. 

= 7, or 5 ; y = — 5, or — 

= 8, or 17i ; y = 6, or 

= 2, or — i ; y = 4, or If. 

= 5, or — 9| ; y = 3, or — ^\. 

= 5, or 6yV ; y = 3, or — 1^. 

= 2, or 5 ; y = 6, or 3. 

= i, or J ; y = }, or f 

= 9, or — 14tV ; y = 4, or — 6}. 

= 5, y = 3. 
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13. a; = 1, or — 50 ; y = 2, or 19. 

14. a: = 4, or — 3 ; y = 2, or — 2|. 
16. a: = 4, or — I ; y = 1, or — 3^. 

16. X = 5, or — 34 ; y = 2, or 1\\. 

17. a; = 2, or 5jt ; y = 1, or -^. 

18. .r = 13, or 67 ; a; = 7, or - 47. 

19. a; = 4, or 5^ ; y = 3, or If. 

20. x= ± iA/iO ; y = 2 T ^a/IO. 

1. aj = ± 2, or ± fi\/l5 ; y = ± 1, or ± |VT5. 

2. a; = ± 3, or ± ^\/6 ; y = ± 1, or ± |a/6. 
8. a; = ± 2, or ± 2 ; y = ± 3, or ± 1. 

5 6 

4. a; = ± 4, or ± -— ; y = T 3, or ± 



V2' ^^ ^ ' -"1/2 

5. a; = ± 10, or T HV'^T? ; 
y = ± 3, or ± flV— 47. 

6. a; = ± 5 ; y = ± 2. 

7. a: = T 3, or T 2| ; y = ± 1, or ± l\. 

8. aj = ± 3, or ± f \/2 ; y = J: 2, or ± ^V2. 

9. a; = ± 6, or T 102 ; y = ± 5, or T 59. 

10. x=i ± 1, or db MV^ ; y = ± 3, or ± AV2I 

11. X = ± 3, or ± ; y = ±2, or ± - 



>v^ii . Van 

12. x= ± 6, or q: iV2 ; y = ± 5, or ± -yV^- 
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18. X = ± 2, or T 4 V7 ; y = ± 1, or ± f v/7. 

14. a: = ± 1, or ± jV2 ; y = ± 2, or ± | V^. 

16. X = ± 6, or ± 4\/^n, y = ± 4, or ± 6v^^ 

16. X = ± 7, or ± VV^ ; y = ± 4, or ± fv^. 

17. X = ± 4, or T V7 ; y = ± 2, or ± V7. 

18. X = ± 8, or ± iV^^ ; y = it 3, or ± 5a/^ 

19. X = ± 1, or ± I ; y = ± 2, or ± 2^. 

20. X = ± I, or T HVl^ ; y = it 1, or ± i|V^- 



Art. 344. 

1. X = 11, or 9 ; y = 9, or 11 

2. X = 3, or 5 ; y = 5, or 3. 

8. a; = 5, or — 3 ; y = 3, or — 5. 

4. X = 16, or 4 ; y = 4, or 16. 

6. X = i, or — 1 ; y = — 1, or |. 
8. X = 3, or 2 ; y = 2, or 3. 

7. X = 4, or — 3 ; y = 3, or — 4. 

8. X = ± 6, or ± 3; y = ± 3, or ± 6, 

9. X = ± ^VTi ; y = ± \VTi. 

10. X = 4, 3, or — 4 ± V— 11 ; 
y z= 3, 4, or — 4 T V— 11. 

11. a; = 8, or 2 ; y = 2, or 8, 



AN8WBB8. 63 



12. a; = ± 4, or ± 3. 

y = ± 3, or ± 4. 

15. a: = ± 3, or ± 2 ; y = ± 2, or ± 3, 
14. a: = 1, or 4 ; y '= 4, or 1. 

16. a; = db 3^/2 ; y = ± V2. 

16. a; = 8, or 64 ; y = 64, or 8. 

17. a; = 9, or 4 ; y = 4, or 9. 

18. a; = 3, 2, or ± 4 VlO — 2 ; 
y = 2, 3, or qp i\/lO — 2. 

19. a; = 2, or 3 ; y = 3, or 2. 



20. a; = 4, 2, or J(-. 13 ± V377) ; 
y = 2, 4, or |(-.13T V377). 



Art. 345. 

1. a;=±2; y=±i. 

2. a; = 18i ; y = 15f 

3. a; = 10, y = 6. 

4. a: = 38, or 36 ; y = 36, or 38. 

6. a; = 26 ; y = 21. 

8. a; = i, or i ; y = i, or f 

7. a; = 10, or 2 ; y = 2, or 10. 

8. a: = 10, or — 9 ; y = 9,^ or — 10. 

9. a: = ± 2, or ± V^ ; y = ± 4, or ± 3 V^. 
10. a; == ± 3 ; y = ± 4. 
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11. 


z = ±i, or ±3; y 


r ± 3, t/r ± 4. 


It. 


z= ±2, or ±i(± V-11 


±1); 




y = ±1, or i(± V^ 


- 11 T 1). 


13. 


a; = ± 3, or ± 5 ; j 


f = ± 36, or T Hi- 


14. 


a; = 3, or 6 ; y = - 


■h or 


-1 


15. 


j; = 5, or 4 ; y = - 


-4, or 


— 5. 


16. 


a; = 6, or — 12 ; y -. 


= 2, or 


— 4. 


17. 


a: = 3, or — 6 ; y = 


: 2, or ( 


S. 


18. 


a; = 8, or — H ; y = 


= 6, or 


-H- 


19. 


a; _ 2, or 4 ; y — - 


a, or 


-8f- 


20. 


* = i or ^ ; y = 1, or — 


l. 




Art, 346. 


13. 


28 acres at $15 per A. 


1. 


9 and 11. 


14. 


4 and 5. 


2. 


40 rods ; 12 rods. 


16. 


$.50, mace ; 


3. 


36 rods ; 20 rods. 




$.25, cloves. 


4. 
5. 
6. 
7. 
8. 


23, 12. 

60, and 48 rods. 

9 and 5. 

7 feet ; 6 feet. 

A, 4 miles ; 

B, 3 miles. 


16. 

17. 

'18. 

19. 

30. 


One, $900 ; 
other, $2,025. 

5; 3. 

5 and 3. 

5; 4. 

5 and 7. 


9. 


Fore wheels, ISj^ft.; 


21. 


60 acres ; 80 acres. 




hind wheels, 15 ft. 


22. 


68 sheep, at $2 each. 


10. 


150 miles. 

• 


23. 


$1000; $11000; lljt 


11. 


45 rods ; 35 rods. 


24. 


$75 ; $10. 


12. 


36. 


26. 


6^ ; i%. 
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1. 


Art. 367. 

2:3; 3:5; 3:4; 


6. 


4a — * 






3:2; 2:3. 


7. 


X— ±20, 


or ±16; 


2. 


a:b; x + 3 : x; 




y ±16, 


or ±20. 




« y :« + y; 


8. 


H,' 






3^ — y'^ : x> + y». 


9. 


45. 




3. 


2a 5 5 
— : — • — . 


10. 


20| : 10 : : 


33 :16. 


^^9 


* ' 6' 4 




22 : lOf : : 


33 :16. 


4 






22 : 10 : : 
22 : 10 : : 


35| : 16. 


Tt« 


a^ + x^^ ^^^y- 


33 : 15. 


5. 


1 ; a; ^ 3 : a; -f 3. 


11. 


a; = ± 15 ; 




6. 


4: 7. 




y = ±6. 




7. 


243 : 128. 


12. 


32 ; 24. 




8. 


6 and 8: 


13. 


25 rds. ; 15 rds. 


0. 


V25 : a/64 ; 15 : 20 ; 


14. 


± 15 ; ±9. 






20 : 25 ; 


15. 


A^s, $300 ; B's, $350. 


10. 
11. 
12. 


v^i25: v^aie. 

6 and 10. 
The former. 
10:1. 


18. 

17. 

• 

18. 


n' + 1 

lA. 
248. 


• 


13. 


3:2. 




Art. 388 


• 


14. 


60 ; 40. 


1. 


Z = 32, S: 


= 187. 


15. 


h : a. 


2. 


n = 40, S 


= 4220. 


16. 


a; — 2 : a; + 2. 


3. 


a =z 100, (? = — 3. 






4. 


600500. 






Art. 379. 


6. 


/ = 15, dz 


= t\- 


5. 


40; 20. 


6. 


8, 13, 18, 23 


y 28, 33. 
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• 
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• 


7. 


1, A, «• 




Art. 397. 


8. 


— 86057. 


1. 


1875. 


9. 


-4; 20. 


2. 


i. , 


10. 


A 215 mi. in advance 
of B. 


3. 


486. 






4. 


tH- 


11. 


(2< — I) a. 


6. 


12288. 


12. 


afi. 










6. 


tHt- 


13. 


Last payment, $103 ; 


7. 


766. 




amount, 82704. 


14. 


4. 


8. 


5m- 


16. 


171 in. 


9. 


15, 45, 135, 405, 1215. 


16. 


11 mi. 3 for. 32 rd. 


10. 


2. 




4 yd. 


11. 


2. 


17. 


1, 3, 5, 7. 


12. 


IBf • 


18. 


3, 5, 7, 9, 11. 


13. 


- 4, 24, 144, 864. 


19. 


16, 20, 24. 


14. 


2, 4, 8. 


20. 


30, 40, 50, 60. 


15. 


4, 12, 36. 


21. 


1, Oy Oy ty ". 


16. 


150 feet. 


22. 


234. 


17. 


$120 ; $60 ; $30. 


23. 


8260, 8750, 81250, 
81750, 82250, 82750. 






24. 


57900 ft. 







ANSWERS TO PART 11. 



Art. 398. 



1. 
2. 
3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 



4. 

14. 
6. 
4. 
23. 

5. 
0. 
4. 

80. 

0. 

8. 

f 
1. 



16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 



16i. 

64 

4. 

12. 

6. 

57- 

2. 

8. 

8. 

3, 

16. 

8. 

2. 

15. 



Art. 399. 

1. dOa — 3^— 26C-I-4/+ g. 

2. 14x^ — a;3 - 17d- 
8. — Vwi + w, 

4. a?t -f 6y8 -f 18. 



5. 
6. 
7. 
8. 
9. 
10. 

11. 
12. 

13. 
14. 
15. 

16. 
17. 



19. 
20. 



a^ + 8*2 — A*^ 

4a* -f. 2a:^ — al". 
2a-i — *--2 ^ 20^. 

7v^ — a; + 10. 
6a2ci — 4{?8ai 4- 4a*ci 



10 (a — a;2) — 5Va — a^ 

15a~ -f 33J* - 29c^ + 
37d«. 

4^3 — ^a^x + |aa;2 + -^x^. 

— 3«2ic2 4- ^oxy—labyK 
Wi^ — y^ 4- (a: + ^) -. 

a^ 4- 4aa; — a^ -^ ^a^x-{- 
Sax^ 4- 2aa;3 4- 4:ah:^. 



18. 14aa;y — Qabc 



4- 3«\/a; 4- y. 

17ab^x — IbcT^ — 7. 

2«* 4- 8o3ft8 4- 4^d2 4- Id 
4- 3^2. 
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ANSWERS. 



1. 
2. 
]. 
4. 
5. 

6. 
7. 
8. 
9. 

10. 
11. 

12. 

13. 
14. 
15. 

16. 

17. 

18. 



Art. 400. 

VZt^ — 192. 

a» + &» — c» + Zabc. 

x^ + 6a?» -h 8aj» — 1. 

ic« — 28aj« + 48a? — 21. 

12a:5 — 13ar* — 342i» + 
35ar^. 

i\x^ — 90. 

32rt* 4- 54«^ — 81^*. 

a:« — 2a:» H- 1. 

— 2«-8^ -f- 17a-4a:« — 
5j:' — 24a*a:«. 

- Va? + 27. 

3 8 

x» — y^. 
x^ — y~\ 

12^4^-^ 
a*» — 3a:2ny« _^ 3a-»y2» _ 
+ 6. 



19. 



20. 



1. 



2. 



3. 
4. 
6. 
6. 

7. 

8. 

9. 

10. 

11. 

12. 
13. 



14. 



— V« + 27. 

a^ — %c^h -f 4a2^— 8o*3 
+ 16&*. 

+ 4^4 + 3w3 4- 2w2 
4- wi. 

1 — 6a 4- 9«2. 

iP^ — ^x 4- a2, 

« — a^h^ 4- J. 

:*ri 4- (t^x^ — a^x^ — ««. 

x^ — afy" 4- y2ii 

8aM — 4a*a:yi 4- ^a^a^y^ 

8aM 4- 4att 4- |a** 4- |aW 

a;¥ 4- 2a?* — 4a: — 8a;* - 
lGa;4 — 32a;* — 64. 
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16. 6a9 + 6aV-rf 4, 7a6j-^ ^ ga**-? + J^aS^-f ^ ^alj-V 

16. 3m* + |m* ofi — ^m^7^^ -f i^ * . 

17. 6a;2 + 3a;J -f fx* + fa; + Jar* + \x^ + -J. 



1. 



2. 



3. 



4. 



Art. 403. 

fl2 4. J) (a* - a2j -f Z^2). 

^3 _ ^4) (^6 4. ^3^4 4. y8). 

ic* 4- y') (a^ - i^y* + y^) 

a — b^) {qi 4- ^3^2 4. ^2^4 4, ab^ 4. ^8), 

m 4- n^) {m* -— m^yz^ 4- m^n* --'mn^ -f w*). 
a« 4- a;2) (a« — aW 4- i^^). 

y 4- y^) (^^ — -^y^ + y*) (^" — ^y* + y^)' 

a — /i) (a* + a^n 4- ^2^2 4. an^+n^) (a^^+a'w^-f-n^^). 

jt,4 _ ^3) (^16 4. ^12^3 ^ ^8^6 4. piq% 4. j,12). 
a6 _ yi) (^12 4. ^6y5 ^ ylO)^ 

^ 4- y*) {x^ — aj^y* 4- y^). 

%x^ 4- 3/) (4a;* — 6«y 4- V). 
5a4 __ 4^5) (25a^ 4. 20a:*y5 4. UyV^y 

6a8 — 10^8) (36«« 4- 60^8^2 4. 100¥). 
2m^ 4- 4^8) (4mio — Sm^w^ 4- 16w«). 
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AN8WEBB, 



(2ar» — /) (16358 ^ 8^y3 ^ 4^y6 ^ 2a?«y9 + y^y 
{a^¥ 4- a:4y3) (^4jio _ 052^5^4^3 _^ ^^6)^ 
(4ic2 4. 9y2) (I6a:4 - d^x^y^ -f 81^^). 





Art, 


404. 


4. 


2a^ + x^ 5a: -f 2. 


1. 


3? 4a; 21. 


6. 


X* Iba^ lOic -f- 24. 


2. 


x + l. 


8. a; — 3. 


6. 


lex' dQa^-h SOa^ 14x 


8. 


x-1. 


9. a; — 1. 




-6. 


4. 


X — t. 


10. a; + 1. 


7. 


x*^ 4a:3_7a«-34rr— 24. 


6. 


x — S. 


11. 2a; — 6. 


8. 


a4 _ i4a^ + 7iaJ!— I54a: 


6. 


2x+ 5. 


12. -x + 3y. 




+ i20. 


7. 


X> — 1. 




9. 


a;7 ^ a;6 _ 7a^ _ 4.3;4 ^ 


13. 


X* Ixhf^ + y*. 




15a:3_2ar^ — 12a;+8. 


14. 


a» + ^ac + W. 


10. 


a:3 8a:*-f50a:2 r^ 42. 


15. 


a? + Zs? + Zx -^ 1. 


11. 


a:* — 10a;3 + 35ar2 50a; 


16. 


iE* + SiB* + 3a; + 1. 




-f 24. 






12. 


X* 14a^+ 71ar^— 154a? 




Art. 405. 




4- 120. 


1. 


3* — 3a_ 67ar* + 25a; 


13. 


a^ 6x^ 2x^ 4-36ar^-|- 




+ 1050. 




X 30. 


2. 


42 (a;* + a;*y — xy^—y*). 


14. 


ar* Sa:^ 23a^^ + 45a; 


S. 


66a* (a* - 


-b*). 




+ 126. 



AN8WHB8. 
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Art. 406. 



1. 



3. 



5. 



6. 



7. 



8. 



9. 



10. 



11 



12. 



13. 



14 



16. 



a-i-y 


a 


3 (a 4- 2x) 


Sxy — 5^2 


4a? — 7y 


ar« + i2 


«8 


a» 


a + 2 


c 

2df 


a + b 


a — b 


a;« + 4aj 4- 4 


x^ + x + l 


3flKU — 7a 


T'ar^ — 3a; 


2a; — 1 


a— I 


a;2 — aa; + a^ 


ar« — ^2 


5ar8 + 1 


9a;3 4a; 


ar^ — aa; 4- ^ 



« + y 



a 



0^ + ax — J* 
a» — J8 



16. 



17. 



18. 



19. 



20. 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



X 


— a 




X 


+ 4 




(^ 


-Xf 




X 

x> 






x> 


— 5«» 
+ 5»J« 




ah 


— a — 


* + l 



«d 4- a -f- ^ H- 1 



^rf. 407. 



a; 4-26 



16a?2 — iya;y 
18 

5g8& 4- 4gg 4- 3y 
5* 

169a; 4- Y? 
105a; 

4ar^ 4-3^ 
3a; 

6aa; 



a — x 
2a;2 — y2 
a;* — xy 

4a 

— ^_^— ' • 

a 4- a; 



n 



ANBWBRa. 



9. 
10. 

11. 

IS. 

13. 

14. 

16. 

16. 
17. 
18. 



i3? 



a^— 1 

o« — a;** 
a — b. 

Ux + 1% 
x + 1 

1 



i» — a?' 

2a^ + 21a; + 13 
(1 - a;*) (1 - A3?) 

2 
a;* — y«* 

0. 



a; + 2 
19. 0. 
80. 1. 



21. 



22. 



23. 



24. 



(a; — 4) (a; — 7) 



X^% 


X 


3a; — 1 


a;-2 


a^ — a^i 



26 



Aab 



26. 



27. 



a« 



29. 

30. 
31. 



a; 



33. 

84. 

36. 

36. 

37. 

38. 
89. 
40. 
41. 
42. 
43. 



o* — a?* 



(to — «)* 
28. — 2a:a. 



b 
a 

I. 
1. 



32. 1. 



3-f-a^ 
a; (1 — ^) 

a; (g + 5) ^ o ft 
(a; — «)(« — ft) 

0. 



2; (a; -r- 2;) (2 — y) 

— 1. 
0. 

2. 
0. 
0. 

— !• 
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1. 1. 



2. 



3. 

4. 

5. 
6. 



8. 

12. 

13. 

14. 
15. 
16. 

17. 

18. 
23. 



Art. 409. 



abc 



a^ — ab + ¥ 
2. 

If 

ab 

a -{- b — c 



h 



7. 3. 



mn 



m -\' n 
a -\- b 



a + b -\- d 
2 

c*— ab 



9. 
10. 



11. 



a -j- b — 26 

2. 

a +b 



2 

ab 



a -\- b 
40. 
2{a-\- b). 



19. 



20. 
21. 

22. 



30. 

2ab 

a -{- b 



bn -\- c 
w — 1 

20. 

mn 

m -^ n 



Art. 410. 

I. 176 lb. 



2. 15 cwt. 

3. 6|pz.; 13|oz. 

4. lOfJ min. 

6. 27-A: niin. ; 43^ min. 

6. 16^ min. 

7. 54^4^ min. 

8. 27^ min. 

9. 32tV naiii' a^^^r '2'- 

10. 323*5^ min. after 5. 

11. 18^ min. after 8. 

12. A, $1575 ; B, $1400. 

13. $300; $450. 

14. $.70; $.80. 

15. A, 5 mi. ; B, 4 mi. 

16. 6| miles. 

17. 2 miles per hour. 

18. 30 gal. 

19. 3 mi.; 12 mi. 

20. 18^ min. of 4 o^clock. 

21. Thief, 300 ; officer, 200. 

22. $7400. 

23. Watch gains 3 min. ; 
clock loses 1 min. 

24. 28 lb. 
26. $280. 



7i 



ANSWERS. 



Art. 413. 

1. 48 yrs. ; 16 yrs. 

2. $175 ; $35. 

3. 3yV days. 

4. 2 hours. 

5. 3 mi. 

6. 27yV ^^^' after 5. 
y. 720 mi.; 20 hrs. 

Art. 413. 



I. Youngest, 



3. 



6. 



d—6m 



oldest, 



2. First, 



d -{- 6m 



ac 



second. 



he 



a -^h 



nr 



r{r -{■ ly 



{r + If ' 
nr -{- r {r + ly 

FTTp ' 

n nr^ 

(r+ 1)2' (r •+ 1)2' 

a{m + 1) a{n + 1) 
mn — 1 ' mw — 1 



hmn 
m -{' n 



miles. 



6. Breadth, :; — rods : 

ac-^-h ^ 

length, ^(l«2^) rods. 

- am — h „ 

7. r- gallons. 

8. ^i^poundB. 

a — a ^ 



9. ^: days. 



10. 



12. 



13. 



b + c 



m(d — e — r) 



11. A, 
B, 



r 



a 



men. 



4m + 3' 
am 



4m + 3' 

p ^ (^ -fl) . 
^' 4m + 3 ' 

J. a (2m 4- 1) 
' 4m + 3 ' 



A, 
B, 

c, 




2ahc 




ae 


-\- he — 
2ahe 


ah' 


ah 


-}- he — 
2ahc 

■ 


ac' 



„ 2ahc 

all, -7 T" 

ah + ac -{- he 

a{c — hd) 

• • - ■ . 

a — h 



ANSWERS. 






3. 
4. 



8. 
9. 



Art. 414. 



1. x = 

X =z 
X =z 
X = 



5. X 



6. a; = 



7. X = 



5. 
3. 
5. 

if 
a 

v 

2a — b' 

{b - ay 



2b 



X = -:r 



4m 
5 



^ — i^« 



X = a^ 



10. a: = 

11. a;=: 

12. X = 
13. 
14. x = 
16. x = 

16. a; = 

17. a: = 



Vflj 



Va + 2 

ab 

1 - 2\/^ 

1 



b. 



2ab — J^ 
2{a-^b) 

(a - by 

^^2b 

b{b — 2a) 
db — 2a 



18. X = ±^V2(d*-«^). 



a /t: 



19. X=: ±|V3. 



20. a; = ± -Va(a + 1) 



a 



21. X = 



_ fl (n — - 1) 

V2?rir'i 



22. X = 



23. a; = 



2 






24. a: = ± 2 V^ (a — b). 
26. a; = ± 3. 



26. X = 



27. a: == 



28. a; = 



— 3a ± aV— 7 



a 
«, or-- 



4a 



3a 



y^^'T 



29. a;= 



80. X = 



__ a(a±\/a^--4a^) 



2J 



a. 



b± V*^ — 2a^ 



2 



31. a? = ± 



2^» 



:6 



AN8WBB8. 



ss. 



S4. 

S5. 



S7. 
S8. 



i: 

2. 
3. 

4. 
5. 
6. 
7- 
8. 
9. 

28. 
29. 

SO. 



31. 
32. 



a (25A^ - 1) 
25*«+ 1 * 
a: = 8. 

8, w A- 

®» o»* — A- 
11, or — i. 

11, or — 1. 
a^ — he 



X = 



*-c 



Art^ 415. 



X 
X 
X 
X 
X 
X 
X 
X 
X 

X 
X 

X 

y 

X 
X 



= 1, or 2. 
= 10, or — 29. 
= 7, or |. 
= 44, or — 2. 
= 5, or — 3. 
= 11, or 3. 
= 2. 

= 2, or — 2. 
= 3, or — |. 



10. 
11. 



X 

X 



12. X 

13. X 



14. 

15. 

16. 

17. 
18. 



X 

X 

X 

X 
X 



19. X = 



; 20. 


X = 


21. 


X = 


22. 


X = 


23. 


X = 


24. 


X = 


26. 


X = 


26. 


X = 



27. x=z 



= 6, or 2f . 
= 8, or 2^. 
= 3, or -^. 
= 6, or 2f . 
= 7, or ^. 
= 5, or - ^. 
= i, or - 3. 
= 2, or - 1. 
= 4i, or f 
21, or 5. 

5, or H- 
II, or - 1. 
36, or 1^. 

9, or — 3f 

6, or -^H' 
1, or — {4- 



4, or I ; y = 8, or J. 

21, or — 11 ; y = 11, or — 21. 



= 5, or i(-5± V-75); 

= 2, or - 1 ± a/^^. 

= ± 5, or ± 3 ; 3^ = ± 3, or ± 5. 

= ± 3, or ± 4 ; y ^ ± ^> ^^ ± ^^ 



i 



ANSWERS, 
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33. X — 



34. 
35. 
36. 



1. 

2. 

3. 

4. 

6. 

6. 

8. 

9, 
10. 
11. 
12. 
13. 



X 

y 

X 
X 
X 



9, 6, or — 9 T a/5 ; 
1, 4, or — 3 ± V5. 

± 4, or T -3jjtV3 ; y = ± 5, or ± i^\/3. 
± 2, or ± yb ; y = ± 3. or ± 18. 
±3, or ±2; y = ± 2, or ± 3. 



3. 
7. 
8. 
9. 
10. 



a 

X 
X 
X 
X 



Art. 4:20. 

a; > 2. 
a? > 6. 
x> %. 
jr > 5. 
a; > 2 J. 
a: = 1. 
a; > a. 
a; < ^. 
a: = 4. 
a: = 5. 
60. 
19; 6. 

^rf. 426. 

= — 5, or 2. 
::= — 3, or — 4. 
= 13, or — 5. 

= ~ 2, or - i. 



11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 



X 

X 

X 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



= — I, or — 3. 
= ^y or \. 
== I, or — f . 
= - If or If 
= ^s or - i^. 
= — 1, or 3|. 
= 3, — 5, or 1. 
z= —%, — 3, or —6. 
= 1, 2, or 7. 
= 1, 7, or — 9. 
= — 2, 3, or — 4. 
= — 2, 4, or — 8. 
= -_ 2, — 3, or 6. 
= — 1, — 6, or 12. 
= — 1, 3, or — |. 
= 11, 2, or 1. 



Art. 433. 

1. a; = 3 ; ^ = 1. 

2. a; = 23 ; 2^ = 2. 
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ANSWERS. 




S. 


a: _ 2 ; y _ 5. 




6. 


503. 


4. 


j; = 15 ; y = 8. 




6. 


76, 70, 64, or 58. 


5. 


•e — 5 ; y — 6. 




7. 


185andl5; 119and81; ' 


6. 


a? = 30 ; y = 20. 




8. 


53 and 147. 
97. 


7. 


« — 30 ; y — 15. 




9. 


974. 


8. 


ar = 17 ; y = 13. 




10. 


15 horses ; 35 oxen. 


9. 


a; _ 5 ; y _ 6. 




11. 


6 ; 11 ; 13. 


10. 


a; = 5 ; y = 12. 












12. 


10 men ; 16 women ; 


11. 


« — 49 ; y — 22. 






4 children. 


12. 


a; — 11 ; y — 3. 




IS. 


381. 


13. 


a- = 29 ; y = 20. 




14. 


25^, 7 ; 10^, 22 ; M, 8- 


14. 


X 11 ; y 8. 




15. 


A, $2685 ; B, 13759 ; 


16. 


X 2; y 3. 




• 


C, $4833. 


16. 


a: - 2 ; y - 3. 








17. 


a: — 10 ; y 2 ; « 


= 7. 




Art. 44:1. 


18. 


X 50 ; y 40 ; 2: 


=30. 


1. 


720 ; 3628800 ; 40m j 


19. 


a; _ 3 ; y _ 4 ; « 
Art. 434. 


= 5. 


2. 
3. 


720, 120; J 
5040, 210; 
30240, 252. 

479001600. 


1. 


Calves, 6 ; hogs, 5. 




4. 


6435. 


2. 


14, or 10. 




5. 


5040. 


3. 


HogB, 5 ; sheep, 7 ; 




6. 


1680; 70. 




Iambs, 88. 




7. 


5200300. 1 


4. 


4. 




8. 


3628800. ! 



ANSWERS. 79 



Art. 444. 



2. 1 + 2a; 4- 3a;2 4. 6j^ 4. 9^4 ^ etc. 

o 1 5 15 45 . 135 . 

^- 2^":^ + "8--16^ + -32"^-"*^' 



4. I ^2x -\-3a^ -\- ^afi -\- 5a^ + etc. 
2 22 28 2^ 25ira 



6. When x = 4:y y increases 12 times as fast as x. When 
X =z iy,y increases at the same rate as x. In general^ y in- 
creases 3x times as fast as x. When x is less than 4^ y 
increases slower than .. 

Art. 471. 

"^2 ""8 "^16" 128" 

2- l + ^-2+2'--8- 

3. i_2a;-a;2~y-^. 

4. 1 _ 2a; + 3ir2 — 4a:8 + 5a:*. 

6. 1 + 6a; + 24ar» + SOa;^ + 240a;*. 

7. 1 4- 3a; -\- 9a^ -\- %W + 81a;* + etc. 

8. a-^ — 4:a^''x 4- lOa-^jf^ — 20a-'^a^ + 36a'^ — etc. 



80 ANSWERS, 



2x* lOa^ 5x^ 
9. i-i; + -^--^-f^- etc. 



10. 1 - |a:» H- Va?* - H^ - jh^ - etc. 

11. a-* — 2a-^x^ -h 3^-V — 4a-^^ -f etc. 

12. a* - K^^ - A«"^^^ - Th«"^^— AV^'^a^'-etc. 
18. a» - ^a'Mh - |ia-Vja4! __ |^a-«^*a:s _ etc 



